
Propagating Di�erences:An E�cient New Fixpoint Algorithmfor Distributive Constraint SystemsChristian Fecht1 and Helmut Seidl21 Universit�at des Saarlandes, Postfach 151150, D-66041 Saarbr�ucken, Germany,fecht@cs.uni-sb.de2 Fachbereich IV { Informatik, Universit�at Trier, D-54286 Trier, Germany,seidl@psi.uni-trier.deAbstract. Integrating semi-naive �xpoint iteration from deductive databases [3, 2, 4] as well as continuations into worklist-based solvers, wederive a new application independent local �xpoint algorithm for dis-tributive constraint systems. Seemingly di�erent e�cient algorithms forabstract interpretation like those for linear constant propagation for im-perative languages [17] as well as for control-ow analysis for functionallanguages [13] turn out to be instances of our scheme. Besides this sys-tematizing contribution we also derive a new e�cient algorithm for ab-stract OLDT-resolution as considered in [15, 16, 25] for Prolog.1 IntroductionE�cient application independent local solvers for general classes of constraint systemshave been successfully used in program analyzers like GAIA [9, 6], PLAIA [20] orGENA [10, 11] for Prolog and PAG [1] for imperative languages. The advantages ofapplication independence are obvious: the algorithmic ideas can be pointed out moreclearly and are not superseded by application speci�c aspects. Correctness can thereforebe proven more easily. Once proven correct, the solver then can be instantiated todi�erent application domains { thus allowing for reusable implementations. For theoverall correctness of every such application it simply remains to check whether or notthe constraint system correctly models the problem to be analyzed. Reasoning aboutthe solution process itself can be totally abandoned.In [12], we considered systems of equations of the form x = fx (x a variable) and triedto minimize the number of evaluations of right-hand sides fx during the solution pro-cess. Accordingly, we viewed these as (almost) atomic actions. In practical applications,however, like the abstract interpretation of Prolog programs, right-hand sides representcomplicated functions. In this paper, we therefore try to minimize not just the numberof evaluations but the overall work on right-hand sides. Clearly, improvements in thisdirection can no longer abstract completely from algorithms implementing right-handsides. Nonetheless, we aim at optimizations in an as application independent settingas possible.We start by observing that right-hand sides fx of de�ning equations x = fx often areof the form fx � t1 t : : : t tk where the ti represent independent contributions to thevalue of x. We take care of that by considering now systems of constraints of the formx w t. Having adapted standard worklist-based equation solvers to such constraint



systems, we investigate the impact of two further optimizations. First, we try to avoididentical subcomputations which would contribute nothing new to the next iteration.Thus, whenever a variable y accessed during the last evaluation of right-hand side thas changed it's value, we try to avoid reevaluation of t as a whole. Instead, we resumeevaluation just with the access to y.To do this in a clean way, we adapt the model of (generalized) computation trees.We argue that many common expression languages for right-hand sides can easily andautomatically be translated into this model. This model has the advantage to makecontinuations, i.e., remaining parts of computations after returns from variable look-ups, explicit. So far, continuations have not been used in connection with worklist-basedsolver algorithms. Only for topdown-solver TD of Le Charlier and Van Hentenryck [5,12] a related technique has been suggested and practically applied to the analysis ofProlog, by Englebert et al. in [9].In case, however, computation on larger values is much more expensive than onsmaller ones, continuation based worklist solvers can be further improved by callingcontinuations not with the complete new value of the modi�ed variable but just itsincrement. This concept clearly is an instance of the very old idea of optimizationthrough reduction in strength as considered, e.g., by Paige [22]. A similar idea has beenconsidered for recursive query evaluation in deductive databases to avoid computing thesame tuples again and again [3, 4]. Semi-naive iteration, therefore, propagates just thosetuples to the respective next iteration which have been newly encountered. Originally,this optimization has been considered for rules of the form x � f y where x and y aremutually recursive relations and unary operator f is distributive, i.e., f (s1 [ s2) =f s1[f s2. An extension to n-ary f is contained in [2]. A general combination, however,of this principle with continuations and local worklist solvers seems to be new. To makethe combination work, we need an operator di� which when applied to abstract valuesd1 and d2 determines the necessary part from d1 t d2 given d1 for which reevaluationshould take place. We then provide a set of su�cient conditions guaranteeing thecorrectness of the resulting algorithm.Propagating di�erences is orthogonal to the other optimizations of worklist solversconsidered in [12]. Thus, we are free to add timestamps or just depth-�rst priorities toobtain even more competitive �xpoint algorithms (see [12]). We refrained from doingso to keep the exposition as simple as possible. We underline generality as well asusefulness of our new �xpoint algorithm by giving three important applications, namely,distributive framework IDE for interprocedural analysis of imperative languages [17],control-ow analysis for higher-order functional languages [13], and abstract OLDT-resolution as considered in [15, 16] for Prolog. In the �rst two cases, we obtain similarcomplexity results as for known special purpose algorithms. Completely new algorithmsare obtained for abstract OLDT-resolution.Another e�ort to exhibit computational similarities at least between control-owanalysis and certain interprocedural analyses has been undertaken by Reps and hiscoworkers [18, 19]. It is based on the graph-theoretic notion of context-free languagereachability. This approach, however, is much more limited in its applicability thanours since it does not work for binary operators and lattices which are not of the formD = 2A for some un-ordered base set A.The paper is organized as follows. In sections 2 through 6 we introduce our basicconcepts. Especially, we introduce the notions of computation trees and weak mono-tonicity of computation trees. In the following three sections, we successively derivedi�erential �xpoint algorithm WR�. Conventional worklist solver WR is introducedin section 7. Continuations are added in section 8 to obtain solverWRC from which weobtain algorithmWR� in section 9. The results of section 9 are su�cient to derive fast



algorithms for framework IDE (section 10) as well as control-ow analysis (section 11).Framework IDE has been proposed by Horwitz, Reps and Sagiv for interproceduralanalysis of imperative programs and applied to interprocedural linear constant propa-gation [17]. A variant of control-ow analysis (\set-based analysis") has been proposedby Heintze for the analysis of ML [13]. Another variant, even more in the spirit of themethods used here, has been applied in [26] to a higher-order functional language withcall-by-need semantics to obtain a termination analysis for deforestation. In section 12we extend applicability of algorithm WR� further by introducing generalized compu-tation trees. This generalization takes into account independence of subcomputations.Especially, it allows to derive new algorithms for abstract OLDT-resolution [15, 16, 25](section 13). As an example implementation, we integrated an enhanced version of �x-point algorithm WR� into program analyzer generator GENA for Prolog [10, 11] andpractically evaluated the generated analyzers on our benchmark suite of large Prologprograms. The results are reported in section 14.2 Constraint SystemsAssume D is a complete lattice of values. A constraint system S with set variablesV over lattice D consists of a set of constraints x w t where left-hand side x 2 V isa variable and t, the right-hand side, represents a function [[t]] : (V ! D) ! D fromvariable assignments to values. Le Charlier and Van Hentenryck in [5] and Fecht andSeidl in [12] presented their solvers in a setting which was (almost) independent of theimplementation of right-hand sides. In this paper, we insist on a general formulationas well. As in [12] we assume that1. set V of variables is always �nite;2. complete lattice D has �nite height;3. evaluation of right-hand sides is always terminating.In contrast to [5, 12], however, our new algorithms take also into account how right-hand sides are evaluated.3 Computation TreesOperationally, every evaluation of right-hand side t on variable assignment � can beviewed as a sequence alternating between variable lookups and internal computationswhich, eventually, terminates to return the result. Formally, this type of evaluationcan be represented as a D-branching computation tree (ct for short) of �nite depth.The set T (V;D) of all computation trees is the least set T containing d 2 D, x 2 Vtogether with all pairs hx;Ci where x 2 V and C : D ! T . Given t 2 T (V;D), function[[t]] : (V ! D) ! D implemented by t and set dep(t; ) of variables accessed duringevaluation of t are given by:[[d]] � = d dep(d; �) = ;[[x]] � = � x dep(x; �) = fxg[[hx; Ci]] � = [[C (� x)]] � dep(hx;Ci; �) = fxg [ dep(C (� x); �)Clearly, ct x can be viewed as an abbreviation of ct hx; �d:di. Representations of equiv-alent computation trees can be obtained for various expression languages.



Example 1. Assume right-hand sides are given bye ::= d j x j f x j g (x1; x2)where, d denotes an element in D, and f and g represent monotonic functions D !D and D2 ! D, respectively. For simplicity, we do not distinguish (notationally)between these symbols and their respective meanings. Standard intra-procedural data-ow analyzes for imperative languages naturally introduce constraint systems of thissimple type (mostly even without occurrences of binary operators g). The computationtree t for expression e can be chosen as e itself if e 2 D[V . For e � f x, we set t = hx; fiand for e � g (x1; x2), t = hx1; Ci where C d = hx2; Cdi and Cd d0 = g (d; d0). utFurther examples of useful expression languages together with their translations into(generalized) computation trees can be found in sections 11, 12, and 13. It should beemphasized that we do not advocate ct's as speci�cation language for right-hand sides.In the �rst place, ct's serve as an abstract notion of algorithm for right-hand sides. Inthe second place, however, ct's (resp. their generalization as considered in section 12)can be viewed as the conceptual intermediate representation for our �xpoint iteratorsto rely on, meaning, that evaluation of right-hand sides should provide for every accessto variable y some representation C of the remaining part of the evaluation. As inexample 1, such C typically consists of a tuple of values together with the reachedprogram point.4 SolutionsVariable assignment � : V ! D is called solution for S if � x w [[t]] � for all constraintsx w t in S. Every system S has at least one solution, namely the trivial one mappingevery variable to >, the top element of D. In general, we are interested in computinga \good" solution, i.e., one which is as small as possible or, at least, non{trivial. Withsystem S we associate function GS : (V ! D) ! V ! D de�ned by GS � x =Ff[[t]] � j x w t 2 Sg. If we are lucky, all right-hand sides t represent monotonicfunctions. Then GS is monotonic as well, and therefore has a least �xpoint which is alsothe least solution of S. As observed in [8, 12], the constraint systems for interproceduralanalysis of (imperative or logic) languages often are not monotonic but just weaklymonotonic.5 Weak Monotonicity of Computation TreesAssume we are given a partial ordering \�" on variables. Variable assignment � : V !D is called monotonic if for all x1 � x2, � x1 v � x2. On computation trees we de�nea relation \�" by:� ? � t for every t; and d1 � d2 if d1 v d2;� x1 � x2 as ct's if also x1 � x2 as variables;� hx1; C1i � hx2; C2i if x1 � x2 and C1 d1 � C2 d2 for all d1 v d2.Constraint system S is called weakly monotonic i� for every x1 � x2 and constraintx1 w t1 in S, some constraint x2 w t2 2 S exists such that t1 � t2. S is called monotonicif it is weakly monotonic for variable ordering \=". We have:Proposition 2. Assume �1; �2 are variable assignments where �1 v �2 and at leastone of the �i is monotonic. Then t1 � t2 implies:



1. dep(t1; �1) � dep(t2; �2); 2. [[t1]] �1 v [[t2]] �2. utHere, s1 � s2 for sets s1; s2 � V i� for all x1 2 s1, x1 � x2 for some x2 2 s2. Semanticproperty 2 coincides with what was called \weakly monotonic" in [12] { adapted toconstraint systems. It is a derived property here since we started out from syntacticproperties of computation trees (not just their meanings as in [12]). As in [12] weconclude:Corollary 3. If S is weakly monotonic, then:1. If � is monotonic, then GS � is again monotonic;2. S has a unique least solution � given by � = Fj�0GjS ?.Especially, this least solution � is monotonic. ut6 Local Fixpoint ComputationAssume set V of variables is tremendously large while at the same time we are onlyinterested in the values for a rather small subset X of variables. Then we should try tocompute the values of a solution only for variables from X and all those variables y that\inuence" values for variables in X. This is the idea of local �xpoint computation.Evaluation of computation tree t on argument � does not necessarily consult allvalues � x; x 2 V . Therefore, evaluation of tmay succeed already for partial � : V ; D.If evaluation of t on � succeeds, we can de�ne the set dep(t; �) accessed during thisevaluation in the same way as in section 3 for complete functions. Given partial variableassignment � : V ; D, variable y directly inuences (relative to �) variable x ify 2 dep(t; �) for some right-hand side t of x. Let then \inuencing" denote the reexiveand transitive closure of this relation. Partial variable assignment � is called X{stablei� for every y 2 V inuencing some x 2 X relative to �, and every constraint y w tin S for y, [[t]] � is de�ned with � y w [[t]] �. A solver, �nally, computes for constraintsystem S and set X of variables an X-stable partial assignment �; furthermore, if S isweakly monotonic and � is its least solution, then � y = � y for all y inuencing somevariable in X (relative to �).7 The Worklist Solver with RecursionThe �rst solver WR we consider is a local worklist algorithm enhanced with recursivedescent into new variables (Fig. 1). Solver WR is an adaption of a simpli�cation ofsolver WRT in [12] to constraint systems. Opposed to WRT, no time stamps aremaintained.For every encountered variable x algorithm WR (globally) maintains the currentvalue � x together with a set in x of constraints z w t such that evaluation of t(on �) may access value � x. The set of constraints to be reevaluated is kept in datastructure W, called worklist. Initially, W is empty. The algorithm starts by initializingall variables from set X by calling procedure Init. Procedure Init when applied tovariable x �rst checks whether x has already been encountered, i.e., is contained in setdom. If this is not the case, x is added to dom, � x is initialized to ? and set in x ofconstraints potentially inuenced by x is initialized to ;. Then a �rst approximationfor x is computed by evaluating all right-hand sides t for x and adding the results to� x. If a value di�erent from ? has been obtained, all elements from set in x have tobe added to W. After that, set inx is emptied.



dom = ;; W = ;;forall (x 2 X) Init(x);while (W 6= ;) fx w t = Extract(W);new = [[t]] (�y:Eval(x w t; y));if (new 6v � x) f� x = � x t new ;W = W [ inx;inx = ;;ggvoid Init(V x) fif (x 62 dom) fdom = dom [ fxg;� x = ?; in x = ;;forall (x w t 2 S)� x = � x t [[t]] (�y:Eval(x w t; y));if (� x 6= ?) fW = W [ in x;inx = ;;gggD Eval(Constraint r; V y) fInit(y);in y = in y [ frg;return � y;g Fig. 1. Algorithm WR.As long as W is nonempty, the algorithm now iteratively extracts constraints x w tfrom W and evaluates right-hand side t on current partial variable assignment �. If[[t]] � is not subsumed by � x, the value of � for x is updated. Since the value for x haschanged, the constraints r in in x may no longer be satis�ed by �; therefore, they areadded to W. Afterwards, in x is reset to ;.However, right-hand sides t of constraints r are not evaluated on � directly. Thereare two reasons for this. First, � may not be de�ned for all variables y the evaluation oft may access; second, we have to determine all y accessed by the evaluation of t on �.Therefore, t is applied to auxiliary function �y:Eval(r; y). When applied to constraintr and variable y, Eval �rst initializes y by calling Init. Then r is added to in y, andthe value of � for y (which now is always de�ned) is returned.Theorem 4. Algorithm WR is a solver. ut8 The Continuation SolverSolver WR contains ine�ciencies. Consider constraint x w t where, during evaluationof t, value � y has been accessed at subtree t0 = hy;Ci of t. Now assume � y obtains



new value new. Then reevaluation of complete right-hand side t is initiated. Instead ofdoing so, we would like to initiate reevaluation only of subtree C new . Function C insubtree t0 can be interpreted as (syntactic representation of) the continuation wherereevaluation of t has to proceed if the value of � for y has been returned. We modifysolver WR therefore as follows:� Whenever during evaluation of right-hand side of constraint x w t, subtree t0 =hy;Ci is reached, we not just access value � y and apply continuation C butadditionally add (x;C) to the in-set of variable y.� Whenever � y has obtained a new value, we add to W all pairs (x; hy; Ci), (x;C) 2in y, to initiate their later reevaluations.The in-sets of resulting algorithm WRC now contain elements from V �Cont whereCont = D ! T (V;D), whereas worklist W obtains elements from V � T (V;D). Inorder to have continuations explicitly available for insertion into in-sets, we change thefunctionality of the argument of [[:]] (and hence also [[:]]) by passing down the currentcontinuation into the argument. We de�ne:[[d]] �0 = d [[x]] �0 = �0 (�d:d) x [[hx; Ci]] �0 = [[C (�0 C x)]]�0where �0 C x = � x. Using this modi�ed de�nition of the semantics of computationtrees we �nally adapt the functionality of Eval. The new function Eval consumes threearguments, namely variables x and y together with continuation C. Here, variablex represents the left-hand side of the current constraint, y represents the variablewhose value is being accessed, and C is the current continuation. Given these threearguments, Eval �rst calls Init for y to make sure that � y as well as in y have alreadybeen initialized. Then it adds (x;C) to set in y. Finally, it returns � y. We obtain:Theorem 5. Algorithm WRC is a solver. utA similar optimization for topdown solver TD [5, 12] in the context of analysis of Prologprograms has been called clause pre�x optimization [9]. As far we know, an applicationindependent exposition for worklist based solvers has not considered before.9 The Di�erential Fixpoint AlgorithmAssume variable y has changed its value. Instead of reevaluating all trees hy; Ci fromset in of y with the new value, we may initiate reevaluation just for the increment.This optimization is especially helpful, if computation on \larger" values is much moreexpensive than computations on \smaller" ones. The increase of values is determinedby some function di� : D �D ! D satisfyingd1 t di�(d1; d2) = d1 t d2Example 6. If D = 2A, A a set, we may choose for di� set di�erence.If D = M ! R, M a set and R a complete lattice, di�(f1; f2) can be de�ned asdi�(f1; f2) v = ? if f2 v v f1 v and di�(f1; f2) v = f2 v otherwise. utTo make our idea work, we have to impose further restrictions onto the structure ofright-hand sides t. We call S distributive if S is weakly monotonic and for every subtermhx;Ci of right-hand sides of S, d1; d2, and d such that d = d1td2 and arbitrary variableassignment �:dep(C d1; �) [ dep(C d2; �) � dep(C d; �) and [[C d1]] � t [[C d2]] � w [[C d]] �



dom = ;; W = ;;forall (x 2 X) Init(x);while (W 6= ;) f(x;C;�) = Extract(W);new = [[C �]] (�C; y:Eval(x;C; y));if (new 6v � x)f� = di�(� x; new);� x = � x t new ;forall ((x0; C0) 2 in x)W = W [ f(x0; C0; �)g;ggvoid Init(V x)fif (x 62 dom) fdom = dom [ fxg;� x = ?; in x = ;;forall (x w t 2 S))� x = � x t [[t]] (�C; y:Eval(x;C; y));if (� x 6= ?)forall ((x0; C0) 2 in x)W = W [ f(x0; C0; (� x))g;ggD Eval(V x;Cont C; V y) fInit(y);in y = in y [ f(x;C)g;return � y;g Fig. 2. Algorithm WR�.In interesting applications, S is even monotonic and variable dependencies are \static",i.e., independent of �. Furthermore, equality holds in the second inclusion. This isespecially the case if right-hand sides are given through expressions as in Example 1,where all operators f and g are distributive in each of their arguments.In order to propagate increments, we change solver WRC as follows. Assume � yhas obtained a new value which di�ers from the old one by � and (x;C) 2 in y.� Instead of adding (x; hy; Ci) to W (as for WRC), we add (x;C;�). Thus, nowworklist W contains elements from V �Cont�D.� If we extract triple (x;C;�) from W, we evaluate ct C � to obtain a (possibly)new increment for x.In contrast, however, to WRC and WR, it is no longer safe to empty sets in yafter use. The resulting di�erential worklist algorithm with recursive descent into newvariables (WR� for short) is given in Figure 2.Theorem 7. For distributive S, WR� computes an X-stable partial least solution.ut



Note that we did not claim algorithm WR� to be a solver: and indeed this is notthe case. Opposed to solvers WR and WRC , algorithm WR� may fail to computethe least solution for constraint systems which are not distributive.10 The Distributive Framework IDEAs a �rst application, let us consider the distributive framework IDE for interproce-dural analysis of imperative languages as suggested by Horwitz et al. [17] and applied,e.g., to linear constant propagation. Framework IDE assigns to program points elementsfrom lattice D =M ! L of program states, where M is some �nite base set (e.g., theset of currently visible program variables), and L is a lattice of abstract values.The crucial point of program analysis in framework IDE consists in determiningsummary functions from D ! D to describe e�ects of procedures. The lattice of pos-sible transfer functions for statements as well as for summary functions for proceduresin IDE is given by F = M2 ! R where R � L ! L is assumed to be a lattice ofdistributive functions of (small) �nite height (e.g., 4 for linear constant propagation)which contains �x:? and is closed under composition. The transformer in D ! Dde�ned by f 2 F is given as[[f ]] � v0 = Fv2M f (v; v0) (� v)Clearly, [[f ]] is distributive, i.e., [[f ]] (�1t�2) = [[f ]] �1t [[f ]] �2. Computing the summaryfunctions for procedures in this framework boils down to solving a constraint systemS over F where right-hand sides e are of the form:e ::= f j x j f � x j x2 � x1where f 2 F . Since all functions in F are distributive, function composition � : F2 ! Fis distributive in each argument. Thus, constraint system S is a special case of theconstraint systems from example 1. Therefore, we can apply WR� to compute theleast solution of S e�ciently { provided operations \�" and \t" can be computede�ciently. Using a di�-function similar to the last one of Example 6, we obtain:Theorem 8. If operations in R can be executed in time O(1), then the summaryfunctions for program p according to interprocedural framework IDE can be computedby WR� in time O(jpj � jM j3). utThe complexity bound in Theorem 8 should be compared with O(jpj � jM j5) which canbe derived for WR. By saving factor jM j2, we �nd the same complexity as has beenobtained in [17] for a special purpose algorithm.11 Control-Flow AnalysisControl-ow analysis (cfa for short) is an analysis for higher-order functional languagespossibly with recursive data types [13]. Cfa on program p tries to compute for everyexpression t occurring in p a superset of expressions into which t may evolve duringprogram execution, see, e.g., [23, 24, 21, 26]. Let A denote the set of subexpressions ofp and D = 2A. Then cfa for a lazy language as in [26] can be formalized through aconstraint system S over domain D with set V of in variables yt; t 2 A, where right-hand sides of constraints consist of expressions e of one of the following forms:e ::= fag j x j (a 2 x1);x2



for a 2 A. Here, we view (a 2 x1);x2 as speci�cation of ct hx1; Ci where C d = ;if a 62 d and C d = x2 otherwise. Let us assume set V of variables is just orderedby equality. Then S is not only monotonic but also distributive. As function di�, wesimply choose set di�rence. With these de�nitions, algorithm WR� can be applied.Let us assume that the maximal cardinality of an occurring set is bounded by s �jpj. Furthermore, let I denote the complexity of inserting a single element into a setof maximally s elements. In case, for example, we can represent sets as bit vectors,I = O(1). In case, the program is large but we nevertheless expect sets to be sparsewe may use some suitable hashing scheme to achieve approximately the same e�ect.Otherwise, we may represent sets through balanced ordered trees giving extra costI = O(log s).Cfa introduces O(jpj2) constraints of the form y � (a 2 x1);x2. Inorder to avoid cre-ation of (a representation of) all these in advance, we introduce the following additionaloptimization. We start iteration with constraint system S0 lacking all constraints ofthis form. Instead, we introduce function r : V ! D ! 2constraints which, dependingon the value of variables, returns the set of constraints to be added to the presentconstraint system. r is given by:r x d = fy � x2 j a 2 d; y � (a 2 x);x2 2 SgThus especially, r x (d1 [d2) = (r x d1)[ (r x d2). Whenever variable x is incrementedby �, we add all constraints from r x � to the current constraint system by insertingthem into worklist W. For cfa, each application r x � can be evaluated in time O(j�j).Thus, if the cardinalities of all occurring sets is bounded by s, at most O(jpj � s)constraints of the form y � x are added to S0. Each of these introduces an amountO(s � I) of work. Therefore, we obtain:Theorem 9. If s is the maximal cardinality of occurring sets, the least solution ofconstraint system S for cfa on program p can be computed by the optimized WR�algorithm in time O(jpj � s2 � I). utThe idea of dynamic extension of constraint systems is especially appealing and clearlycan also be cast in a more general setting. Here, it results in an e�cient algorithmwhich is comparable to the one proposed by Heintze in [13].12 Generalized Computation TreesIn practical applications, certain subcomputations for right-hand sides turn out to beindependent. For example, the values for a set of variables may be accessed in any orderif it is just the least upper bound of returned values which matters. To describe suchkinds of phenomena formally, we introduce set GT (V;D) of generalized computationtrees (gct's for short). Gct's t are given by:t ::= d j x j S j ht; Ciwhere S � GT (V;D) is �nite and C : D ! GT (V;D). Thus, we not only allow setsof computation trees but also (sets of) computation trees as selectors of computationtrees. Given t 2 GT (V;D), function [[t]] : (V ! D) ! D implemented by t as well asset dep(t; ) of variables accessed during evaluation are de�ned by:[[d]] � = d dep(d; �) = ;[[x]] � = � x dep(x; �) = fxg[[S]] � = Ff[[t]] � j t 2 Sg dep(S; �) = Sfdep(t; �) j t 2 Sg[[ht; Ci]] � = [[C ([[t]] �)]] � dep(ht; Ci; �) = dep(t; �) [ dep(C ([[t]] �); �)



While sets of trees conveniently allow to make independence of subcomputations ex-plicit (see our example application in section 13), nesting of trees into selectors easesthe translation of deeper nesting of operator applications.Example 10. Assume expressions e are given by the grammar:e ::= d j x j f e j g (e1; e2)where d 2 D and f and g denote monotonic functions in D ! D and D2 ! D,respectively. The gct te for e can then be constructed by:� te = e if e 2 D [ V ;� te = hte0 ; �d:f di if e � f e0;� te = hte1 ; Ci with C d1 = hte2 ; �d2:g (d1; d2)i if e � g (e1; e2). utFor partial ordering \�" on set V of variables, we de�ne relation \�" on gct's by:� ? � t for every t; and d1 � d2 if d1 v d2;� x1 � x2 as gct's if also x1 � x2 as variables;� S1 � S2 if for all t1 2 S1, t1 � t2 for some t2 2 S2;� ht1; C1i � ht2; C2i if t1 � t2 and for all d1 v d2, C d1 � C d2.Now assume the right-hand sides of constraint system S all are given through gct's.Then S is called weakly monotonic i� for every x1 � x2 and constraint x1 w t1 in Ssome constraint x2 w t2 in S exists such that t1 � t2. With these extended de�nitionsprop. 2, cor. 3 as well as Theorem 4 hold. Therefore, algorithm WR is also a solverfor constraint systems where right-hand sides are represented by gct's.Function C in t = ht0; Ci can now only be interpreted as a representation of thecontinuation where reevaluation of t has to start if the evaluation of subtree t0 on � hasterminated. t0 again may be of the form hs; C0i. Consequently, we have to deal withlists  of continuations. Thus, whenever during evaluation of t an access to variable yoccurs, we now have to add pairs (x; ) to the in-set of variable y. As in section 8, wetherefore change the functionality of [[:]] by de�ning:[[d]] �0  = d [[S]] �0  = Ff[[t]] �0 j t 2 Sg[[x]] �0  = �0  x [[ht; Ci]] �0  = [[C ([[t]] �0 (C:))]]�0 where �0  x = � x. The goal here is to avoid reevaluation of whole set S just becauseone of its elements has changed its value. Therefore, we propagate list  arriving at setS of trees immediately down to each of its elements.Now assume � y has changed its value by �. Then we add all triples (x; ; �) to Wwhere (x; ) 2 iny. Having extracted such a triple from the worklist, the new solverapplies list  to the new value �. The iterative application process is implemented by:app [] d �0 = d app (C:) d �0 = app  ([[C d]] �0 ) �0The resulting value then gives the new contribution to the value of � for x. As forWR� for ordinary evaluation trees, in-sets cannot be emptied after use. Carrying thede�nition of distributivity from section 9 over to gct's, we obtain:Theorem 11. For distributive S with gct's as right-hand sides, algorithmWR� com-putes an X-stable partial least solution. utAs an advanced application of gct's, we consider abstract OLDT-resolution [15, 16, 25].



13 Abstract OLDT-ResolutionGiven Prolog program p, abstract OLDT-resolution tries to compute for every programpoint x the set of (abstract) values arriving at x. Let A denote the set of possiblevalues. Lattice D to compute in is then given by D = 2A. Coarse-grained analysisassigns to each predicate an abstract state transformer A ! D, whereas �ne-grainedanalysis additionally assigns transformers also to every program point [15]. Instead ofconsidering transformers as a whole (as, e.g., in the algorithm for framework IDE insection 10), transformer valued variable x is replaced by a set of variables, namelyx a; a 2 A, where x a represents the return value of the transformer for x on inputa. Thus, each variable x a potentially receives a value from D. The idea is that, inpractice, set A may be tremendously large, while at the same time each transformer iscalled only on a small number of inputs. Thus, in this application we explicitly rely ondemand-driven exploration of the variable space.To every transformer variable x the analysis assigns a �nite set of constraint schemesx � � e where � formally represents the argument to the transformer, and e is anexpression built up according to the following grammar (see [25]):e ::= s � j E f e f ::= �a:s (g a) j x j �a:(x (g a)2 a)Here, s : A! D denotes the singleton map de�ned by sa = fag, and E : (A! D) !D ! D denotes the usual extension function de�ned by E f d = Sff a j a 2 dg. Thus,expressions e are built up from s � = f�g by successive applications of extensions E ffor three possible types of functions f : A ! D. Unary functions g : A ! A are usedto model basic computation steps, passing of actual parameters into procedures andreturning of results, whereas binary operators 2 : D � A ! D conveniently allow tomodel local states of procedures. They are used to combine the set of return valuesof procedures with the local state before the call [25]. In case of �ne-grained analysis,every scheme for right-hand sides contains at most two occurrences of \E", whereascoarse-grained analysis possibly introduces also deeper nesting.The set of constraints for variable x a; a 2 A; are obtained from the set of constraintschemes for x by instantiating � with actual parameter a. The resulting right-handsides can be implemented through gct's tfag. For d 2 D, gct td is of the form td = d ortd = hSd; Ci such that C d0 returns some tree t0d0 , and Sd = fsa j a 2 dg. The forms forelements sa of Sd correspond to the three possible forms for f in expressions E f e, i.e,sa ::= s (g a) j xa j hx (g a); �d0:d0 2 aiConstraint system S for abstract OLDT-resolution then turns out to be monotonic aswell as distributive. As operator di�, we choose: di�(d1; d2) = d2nd1. Therefore, we canapply algorithm WR�. Let us assume that applications g a and insertion into sets canbe executed in time O(1), whereas evaluation of d2 a needs time O(#d). Then:Theorem 12. Fine-grained OLDT-resolution for program p with abstract values fromA can be executed by WR� in time O(N � s2) where N � jpj �#A is the number ofconsidered variables, and s � #A is the maximal cardinality of occurring sets. utWR� saves an extra factor O(s2) over solver WR. An algorithm with similar savingshas been suggested by Horwitz et al. [18]. Their graph-based algorithm, however, isneither able to treat binary operators nor deeper nested right-hand sides as ours.In the usual application for program analysis, A is equipped with some partial ab-straction ordering \v", implying that set d � A contains the same information as itslower closure d# = fa 2 A j 9a0 2 d : a v a0g. In this case, we may decide to compute



with lower subsets of A right from the beginning [15, 25]. Here, subset d � A is calledlower i� d = d#. If all occurring functions f as well as operators 2 are monotonic, thenwe can represent lower sets d by their maximal elements and do all computations justwith such anti-chains. The resulting constraint system then turns out to be no longermonotonic. However, it is still weakly monotonic w.r.t. variable ordering \�" given byx1 a1 � x2 a2 i� x1 � x2 and a1 v a2. As function di� for anti-chains, we choosedi�(d1; d2) = d2n(d1#) = fa2 2 d2 j 8a1 2 d1 : a2 6v a1gAgain, we can apply the di�erential worklist algorithm. Here, we found no compara-ble algorithm in the literature. WR� beats conventional solvers for this application(see section 14). A simple estimation of the runtime complexity, however, is no longerpossible since even large sets may have succinct representations by short anti-chains.14 Practical ExperimentsWe have adapted the fastest general-purpose equation solver from [12], namelyWDFS(for a distinction called WDFSEqu here), to constraint systems giving general-purposeconstraint solverWDFSCon . SolverWDFSCon is similar to solverWR, but addition-ally maintains priorities on variables and, before return from an update of � for variablex, evaluates all constraints y w t from the worklist where y has higher priority as thevariable below x (cf. [12]). To solver WDFSCon we added propagation of di�erences(the \�") in the same way as we added propagation of di�erences to solver WR insection 9. All �xpoint algorithms have been integrated into GENA [10, 11]. GENA isa generator for Prolog program analyzers written in SML. We generated analyzers forabstract OLDT-resolution for PS+POS+LIN which is S�ndergaard's pair sharing domainenhanced with POS for inferring groundness [27, 7]. Its abstract substitutions are pairsof bdd's and graphs over variables. Thus, we maintain anti-chains of such elements.The generated analyzers were run on large real-world programs. aqua-c (about 560KB)is the source code of an early version of Peter van Roy's Aquarius Prolog compiler.chat (about 170KB) is David H.D. Warren's chat-80 system. The numbers reportedin table 1, are the absolute runtimes in seconds (including system time) obtained forSML-NJ, version 109.29, on a Sun 20 with 64 MB main memory.Comparing the three algorithms for OLDT-resolution, we �nd that all of these havestill quite acceptable runtimes (perhaps with exeption of aqua-c) where algorithmWDFSCon� almost always outperforms the others. Compared with equation solverWDFSEqu , algorithm WDFSCon� saves approximately 40% of the runtime where usu-ally less than half of the gain is obtained by maintaining constraints. The maximalrelative gain of 48% could be observed for program readq where no advantage at allcould be drawn out of constraints. Opposed to that, for Stefan Diehl's interpreter foraction semantics action, propagation of di�erences did not give (signi�cantly) betternumbers than considering constraints alone { program ann even showed a (moderate)decrease in e�ciency (factor 3.32). Also opposed to the general picture, constraintsfor aqua-c resulted in an improvement of 25% only { of which 9% was lost throughpropagation of di�erences! This slowdown is even more surprising, since it could not becon�rmed with analyzer runs on aqua-c for other abstract domains. Table 2 reports theruntimes found for aqua-c on domain CompCon. Abstract domain CompCon analyzeswhether variables are bound to atoms or are composite. For CompCon, constraints in-troduced a slowdown of 18% whereas propagation of di�erences resulted in a gain ofe�ciency by 38% over WDFSEqu .
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