
Tree Automata for Code SelectionChristian Ferdinand�Helmut SeidlyReinhard WilhelmFB 14 { Informatik, Universit�at des SaarlandesSaarbr�ucken GermanyAbstractWe deal with the generation of code selectors in compiler backends. Thefundamental concepts are systematically derived from the theory of regu-lar tree grammars and �nite tree automata. We use this general approachto construct algorithms that generalize and improve existing methods.1 IntroductionA code generator for a compiler is applied to an intermediate representation(IR) of the input program that has been computed during preceding phasesof compilation. This intermediate representation can be viewed as code for anabstract machine. The task of code generation is to translate this code into ane�cient sequence of instructions for a concrete machine.Besides register allocation and instruction scheduling (for processors withpipelined architectures), code selection, i.e., the selection of instructions, isone subtask of code generation. It is especially important for CISC (ComplexI nstruction Set Computer) architectures where there are usually many pos-sibilities to generate code for the same piece of program. However, with theincreasing complexity of RISC architectures the problem reappears.Example 1.1 Consider the simplest member of the MC680x0 family, namelythe MC68000. The instructionMOVE.B dist(A1, D1.W), D5loads one byte into the lowest quarter of data register D5. The address of theoperand is determined by adding the lower half of the contents of D1 togetherwith the 8 bit constant dist to the contents of base register A1. This addressingmode is called \address register indirect with index and 8 bit displacement". Ifthe costs of instructions are counted in terms of execution time, i.e., the numberof necessary processor cycles, then this instruction has cost 14. An alternativecode sequence without indexed addressing and displacement is:�Funded by the ESPRIT Project #5399 (COMPARE)yFunded by DFG SFB #124 VLSI-Design and Parallelism



ADD.W #dist, A1 cost: 16ADD.W D1, A1 cost: 8MOVE.B (A1), D5 cost: 8with total cost 32Another possibility is:ADD.W D1, A1 cost: 8MOVE.B dist(A1), D5 cost: 12with total cost 20This example shows the necessity of an intelligent code selection algorithmfor CISC architectures.Note, however, that the two alternative code sequences above are equiva-lent only with respect to the storage and to the result register D5. They arenot equivalent with respect to the condition codes and register A1! The codeselector has to guarantee that these alternatives are valid in a given context.2We assume, as usual, that there is some canonical way to translate thecontrol structure of programs, that storage allocation and storage layout of datastructures has been determined before, and that access to data are representedappropriately in the IR. What is left to the code selector is the generation ofcode for expression trees.The use of code selector generators signi�cantly simpli�es the developmentof code generators for new target architectures.The input of a code selector generator is some kind of machine languagedescription. We expect the IR to be a tree form (at least conceptually). Onepossibility to describe machine instructions is by rules of a regular tree gram-mar. The right hand side of a rule describes the \e�ect" of the instruction (interms of IR operators). The terminals denote (sub-)operations that are ex-ecuted by the instruction. Nonterminals denote locations or resource classes,e.g., di�erent types of registers. The left hand side nonterminal of a rule de-scribes where (i.e., in which resource class) the result of the instruction will bestored.Such a machine grammar must generate all possible IR trees of expressions.A derivation tree for an IR tree describes one possibility to generate code forthe corresponding expression. In general (especially for CISC processors), themachine grammar is ambiguous. In this case several derivation trees may existfor the same expression corresponding to several possible instruction sequences.To allow for a selection of an e�cient instruction sequence one annotates therules of the grammar with costs that, e.g., give the number of machine cyclesto execute the instruction. The goal is to pick the minimal cost derivation tree.This corresponds to a locally optimal instruction sequence. However, there areprocessors (e.g., Motorola 68020) for which the number of necessary machinecycles cannot precisely be predicted since the execution time depends on theruntime context. Here, we have to use approximations.The number of combinations of instructions, addressing modes and wordlengths of customary CISC processors is rather large (in the order of 1000). Toavoid the introduction of distinct rules and costs for all combinations one splitsthe rules for instructions into operator rules, rules for addressing modes andlengths of operands.



- @@@,,,, bbbb��� DREGwordAREG wconstplus plusbyteDREG indir
DREG ! indir(byte(plus(plus(AREG ;word(DREG ));wconst)))Figure 1: Instruction of example 1.1. Nonterminals are in uppercase. Terminalsare in lowercase.To enlarge the applicability of code selection one can allow jump or assign-ment operators at the root node of a tree. Jumps or assignments do not returna \result" in the above sense. Therefore, rules for such instructions contain adummy nonterminal as left hand sides. This nonterminal does not occur in theright hand sides of any of the rules.2 Comparison to Related WorkRipken [26] was the �rst to suggest a machine description language for processorarchitectures from which a code generator should be generated. Since thenecessary tree parsing algorithms were not available Glanville and Graham [11,12] proposed a linearization of the intermediate language to apply LALR parsertechniques to code selection. This idea was further developed and brought toapplicability by Henry [14]. Other approaches combined e�cient algorithmsfor pattern matching in trees [18, 17, 3, 20] with dynamic programming todetermine locally optimal instruction sequences [1, 15, 27] or extended the treepattern matchers to allow for a direct selection of locally optimal instructionsequences [24, 16].In a sequence of publications Giegerich and Schmal [10, 9] try to developa uni�ed framework for the two di�erent approaches of tree pattern matchingand tree parsing. The problem of code selection is reduced to determining theinverse of a \derivor", i.e., a tree homomorphism from a target algebra to anIR-algebra.Pelegri-Llopart [23] and Emmelmann [6] use (restricted versions of) termrewriting systems as speci�cation tools for their generators. These systems al-



low for more convenient machine descriptions. E.g., commutativity of operatorscan be expressed easily.Most of these works do not really exploit the theoretically well known con-nections between algorithms for tree pattern matching and tree parsing on theone side and �nite tree automata on the other. A good overview about theclassical results on tree automata can be found in [8, 21]. Without explicitlyreferring to code selection Kron in [18] anticipates many of today's techniquesfor tree pattern matching.For simplicity, we restrict ourselves to machine descriptions by means ofregular tree grammars. A compilation of ground term rewriting systems orother restricted classes of rewrite systems to tree automata is possible as well(see [23, 4, 6]).3 Tree Pattern MatchingA ranked alphabet is a �nite set � of operators1 together with a ranking function� : � ! N0. We write �k for fa 2 � j �(a) = kg. The homogeneous treelanguage over �, T� is the smallest set T such that� �0 � T ;� If t1; : : : ; tn are in T and a 2 �n then a(t1; : : : ; tn) 2 T .As usual, nodes or occurrences in a tree are denoted by addresses in N�. Theset O(t) of nodes of a tree t = a(t1; : : : ; tk) is inductively de�ned by:O(t) := f�g[Skj=1 j:O(tj). The subtree t=n of t at node n is de�ned by t=� := tand t=n := tj=n0 if t = a(t1; : : : ; tk) and n = j:n0.Assume V is a set of variables of rank 0. A member of T�(V ) := T�[V iscalled a pattern over �. A pattern is called linear if no variable in it occursmore than once.Example 3.1 Let � = fa; cons; nilg with �(a) = �(nil) = 0; �(cons) = 2.Trees over � are, e.g., a, cons(nil ; nil); cons(cons(a; nil); nil).Let V = fXg: Then, X; cons(nil ; X), and cons(X; nil) are patterns over �.2A substitution is a map � : V ! T�(V ). � is extended to a map � :T�(V ) ! T�(V ) by t� := x� if t = x 2 V and t� := a(t1�; : : : ; tk�) if t =a(t1; : : : ; tk).2 We also write t� = t[t1nx1; : : : ; tknxk] if the variables occurringin t are from fx1; : : : ; xkg and xj� = tj for all j.A pattern � 2 T�(V ) with variables from fx1; : : : ; xkg matches a tree t ifthere are trees t1; : : : ; tk in T� such that t = � [t1nx1; : : : : : : ; tknxk].De�nition 3.1 (The Tree Pattern Matching Problem)An instance of the tree pattern matching problem consists of a �nite set ofpatterns T = f�1; : : : ; �kg � T�(V ) together with an input tree t 2 T�. Thesolution of the tree pattern matching problem for this instance is the set ofall pairs (n; i) such that pattern �i matches t=n. An algorithm that for every1in functional languages also called constructors.2Traditionally, the application of a substitution � to a pattern t is written t�.



input tree t 2 T� returns the solution of the tree pattern matching problemfor (T; t) is called a tree pattern matcher for T . An algorithm that on inputof a pattern set T returns a tree pattern matcher for T is called a tree patternmatcher generator . 2Example 3.2 Assume �1 = cons(X; nil) and �2 = cons(a;X) are patterns,and t = cons(cons(a; nil); nil) is an input tree. The solution of the instance(f�1; �2g; t) of the pattern matching problem is the set f("; 1); (1; 1); (1; 2)g:2In fact, we are interested in constructing e�cient tree pattern matcher genera-tors. The pattern matchers generated by the following algorithms will only workfor linear patterns. We have two possibilities to generate tree pattern match-ers for sets of non-linear patterns. First, we can introduce tests for equality ofsubtrees whenever needed. This may not be e�cient since the pattern matchermay have to visit the same subtree several times. The second alternative isto let the tree pattern matcher execute all possible equality tests in advance.This is achieved by representing the input tree as a directed acyclic graph thatcontains exactly one node for each set of equal subtrees. This subtree graphcan be computed in linear time [5].4 Tree ParsingA regular tree grammar G is a triple (N;�; P ) where� N is a �nite set of nonterminals,� � is the ranked alphabet of terminals, 3� P is a �nite set of rules of the form X ! s with X 2 N and s 2 T�[N .Let p : X ! s be a rule of P . p is called a chain rule if s 2 N , and anon-chain rule otherwise. p is of type (X1; : : : ; Xk) ! X if the j-th occurrenceof a nonterminal in s is Xj . For a right side s, we de�ne the pattern ~s as thepattern in T�(fx1; : : : ; xkg) that one obtains from s by replacing, for all j, thej-th occurrence of a nonterminal by the variable xj .A X{derivation tree for a tree t 2 T�[N is a tree  2 TP[N satisfying thefollowing conditions:� If  2 N then  = X = t.� If  62 N then  = p( 1; : : : ;  k) for some rule p : X ! s 2 P oftype (X1; : : : ; Xk) ! X such that t = ~s[t1nx1; : : : ; tknxk] and  j areXj{derivation trees for the trees tj .Finally, we de�ne the derivation head , head( ), of a X{derivation tree  .� If  = X then head( ) := X.� If  = p( 1; : : : ;  k) and p is a non-chain rule then head( ) := p.3The notion \terminals" was chosen in analogy to context free word grammars.



� If  = p( 1) and p is a chain rule then head( ) := p � head( 1).The derivation head of a X{derivation tree is also called X{derivation head.Thus, the derivation head of  describes the \upper" part of  , whichconsists of a sequence of applications of chain rules followed by the �rst non-chain rule or a nonterminal.For X 2 N we de�ne the language of G relative to X as L(G;X) := ft 2T� j 9 2 TP[N :  is a X{derivation tree for tg.Example 4.1 Let G1 be the regular tree grammar (N1;�; P1);� = fa; cons; nilg with �(a) = �(nil ) = 0; �(cons) = 2, N1 = fE; Sg andP1 = f S ! nil,S ! cons(E; S);E ! agL(G1; S) is the set of linear lists of a's including the empty list, i.e., L(G1; S) =fnil ; cons(a; nil); cons(a; cons(a; nil)); : : :g: 2Example 4.2 Let Gm be the regular tree grammar (Nm ;�; Pm);� = fconst ;m; plus;REGg with �(const ) = 0; �(m) = 1; �(plus) = 2,Nm = fREGg andPm = f addmc : REG ! plus(m(const);REG);addm : REG ! plus(m(REG);REG);add : REG ! plus(REG ;REG);ldmc : REG ! m(const);ldm : REG ! m(REG);ldc : REG ! const ;ld : REG ! REGgPm describes a subset of an instruction set of a simple processor. The rules arelabeled with the names of the corresponding instructions.The �rst three rules represent instructions for addition that add� the contents of a storage cell whose address is given by a constant� the contents of a storage cell whose address resides in a register� the contents of a register itselfto the contents of a register and store the resulting value into a register.The remaining rules describe load instructions that load� the contents of a storage cell whose address is given by a constant� the contents of a storage cell whose address is given by the contents of aregister� a constant� the contents of a registerinto a register. 2



De�nition 4.1 (The Tree Parsing Problem)An instance of the tree parsing problem consists of a regular tree grammar Gtogether with a nonterminal X and an input tree t. The solution of the treeparsing problem for this instance is (a representation of) the set of all X{derivation trees of G for t. A tree parser for G is an algorithm that, for everytree t, returns the solution of the instance (G; t) of the tree parsing problem.A tree parser generator is an algorithm that, for every regular tree grammarG, returns a tree parser for G. 2Similar to regular word languages, the family of languages generated by reg-ular tree grammars (relative to some nonterminal) has particularly nice prop-erties. For example, it is closed under intersection and complementation. Also,emptyness can be decided in polynomial time.In the following we show how �nite tree automata can be used to implementboth tree pattern matchers and tree parsers.5 Finite Tree AutomataA �nite tree automaton A is a 4-tuple A = (Q;�; �; QF ) where� Q is a �nite set of states;� QF � Q is the set of �nal or accepting states;� � is the �nite ranked input alphabet; and� � � Sj�0Q� �j �Qj is the set of transitions.The automatonA is called deterministic if for every a 2 �k and every sequenceq1; : : : ; qk of states there is at most one transition (q; a; q1 : : : qk) 2 �. In thiscase, � can be written as a partial function� � : Sj�0 �j � Qj ! QGiven an input tree t the automaton A traverses t. At every visited node,A changes its state according to the transition from � chosen at this node.If A is deterministic then there is at most one possible choice at every node,otherwise there may be several. Technically, we describe such a computation byan annotation of the input tree. For this, we introduce an extended alphabet�� Q whose operators now consist of pairs of operators from � and states ofA. So, let � � Q be the ranked alphabet fha; qi j a 2 �; q 2 Qg whereha; qi has the same rank as a. A q{computation � of the �nite tree au-tomaton A on the input tree t = a(t1; : : : ; tm) is inductively de�ned as atree � = ha; qi(�1; : : : ; �m) 2 T��Q where �j are qj{computations for thesubtrees tj, j = 1; : : : ;m, for some states qj such that (q; a; q1 : : : qm) is a tran-sition from �. � is called accepting , if q 2 QF . The language L(A) acceptedby A consists of all trees for which an accepting computation of A exists. Atransition � 2 � is called superuous if it does not occur in any computationof A. Clearly, superuous transitions can be removed from � without changingthe \behavior" of A.



In the literature a distinction is sometimes made between bottom-up treeautomata and top-down tree automata which in the nondeterministic case areequivalent [8]. According to our de�nition of a computation the direction isirrelevant. In informal descriptions we allow ourselves any of the two views tosupport intuition.If A is deterministic then at most one computation exists for every inputtree. We can then extend the partial function � to a partial function �� : T� !Q by: ��(t) = �(a; ��(t1) : : : ��(tk)) whenever t = a(t1; : : : ; tk). For simplicity,we also denote �� by �. Induction on the structure of t shows that ��(t) isde�ned and equals q if and only if a q{computation of A for t exists.As a �rst application consider the tree pattern matching problem. Let � bea linear pattern in T�(V ). We want to construct a (possibly non-deterministic)�nite tree automaton A� that detects whether or not � matches the given in-put tree. Intuitively, A� works as follows. Outside of pattern � , A� is inan unspeci�c state ?; whereas inside of pattern � the state memorizes thesubpattern already traversed. Since we are not interested in the precise num-bering of the variables we replace all variables by ? (\everything is matchedby a variable"). Hence in the sequel, we assume that � 2 T�[f?g. Thenwe de�ne A� := (Q� ;�; �� ; Q�;F ) where Q� := fs j s subpattern of �g [ f?g,Q�;F := f�g, and �� is de�ned as follows.� (?; a;? : : :?) 2 � for all a 2 �;� If s 2 Q� and s = a(s1; : : : ; sk) then (s; a; s1 : : : sk) 2 �.Obviously, we have:1. For every tree t there is a ?{computation;2. For a tree t there is a �{computation if and only if � matches t.The example easily generalizes to the case of a set T = f�1; : : : ; �ng of linearpatterns of which we again w.l.o.g. assume that all occurrences of variables arereplaced with ?. As the set of states for the �nite tree automaton AT we nowchoose QT := Snj=1Q�j with QT;F := T . The de�nition of the set of transitionsdoes not change.If we want to determine which patterns of T match an input tree t we justhave to compute the set of all �nal states of accepting computations of AT fort. A method to determine this set can be obtained from AT by means of thesubset construction for �nite tree automata.De�nition 5.1 (Subset Construction I)Let A = (Q;�; �; QF ) be a �nite tree automaton. The corresponding subsetautomaton is the deterministic �nite tree automaton P (A) = (Q1;�; �1; Q1;F )with� Q1 := 2Q is the power set of Q;� Q1;F := fB � Q j B \QF 6= ;g;� �1 is the (total) function with�1(a;B1 : : :Bk) = fq 2 Q j 9q1 2 B1; : : : ; qk 2 Bk : (q; a; q1 : : : qk) 2 �g.2



By induction on the structure of an input tree one �nds:Lemma 5.1 Let t 2 T�. Then �1(t) is the set of all states q 2 Q for whichthere is a q{computation of A for t. Especially, L(A) = L(P (A)). 2The subset construction provides an algorithm to generate tree patternmatchers. The generation proceeds in two stages. Given pattern set T , we �rstconstruct the �nite tree automaton AT . Then we apply the subset constructionto obtain P (AT ) = (Q;�; �; QF ). Whenever an input tree t is given, the set�(t) \ T consists precisely of all patterns from T that match t.Example 5.1 Let T = f�1; �2g with�1 = b(a(a(X1; X2); X3); X4) and �2 = b(X1; c(X2; c(X3; X4))).Then, AT = (QT ;�; �T ; QT;F ) whereQT = f?, a(?;?), a(a(?;?);?), b(a(a(?;?);?);?),c(?;?), c(?; c(?;?)), b(?; c(?; c(?;?))) g. 2AT needs 7 states. If we apply Construction I we �nd that for our exam-ple (as for most practical cases) this construction is hopelessly ine�cient: thegenerated automaton for the given two small (!) patterns has already 27 = 128states. It can be shown that in the worst case exponentially many states areinevitable. However, often most of the states introduced by Construction I aresuperuous. For instance in our example the set fa(?;?); b(?; c(?; c(?;?)))gis generated which consists of \contradicting" patterns, i.e., patterns that can-not match the same tree. Therefore, we present a \cheaper" Construction II,which from the beginning generates only such subsets of states that actuallyoccur in computations of the subset automaton.De�nition 5.2 (Subset Construction II)Let A = (Q;�; �; QF ) be a �nite tree automaton. The corresponding (re-duced) subset automaton is the deterministic �nite tree automaton Pr(A) =(Qr;�; �r; Qr;F ) with Qr;F := fB 2 Qr j B \QF 6= ;g whose sets of states andtransitions are iteratively determined by Qr := Sn�0Q(n)r and �r := Sn�0 �(n)rwhere� Q(0)r := ;; �(0)r := ;;� Assume n > 0. For a 2 �k and B1; : : : ; Bk 2 Q(n�1)r let B := fq 2 Q j9q1 2 B1; : : : ; qk 2 Bk : (q; a; q1 : : : qk) 2 �g. If B 6= ; then B 2 Q(n)r and(B; a;B1 : : :Bk) 2 �(n)r . 2Since for all n, Q(n)r � Q(n+1)r and �(n)r � �(n+1)r iteration can be terminatedas soon as no new states are generated. Therefore, Qr = Q(n)r and �r = �(n)r forthe �rst n with Q(n)r = Q(n+1)r . Consequently, the algorithm terminates afterat most 2jQj iterations.By induction on the structure of an input tree one �nds:Lemma 5.2



1. For every t 2 T� the following holds.� If �r(t) is unde�ned then no computation of A for t exists.� If �r(t) is de�ned then �r(t) is the set of all states q for which aq{computation of A for t exists.2. L(A) = L(Pr(A)).3. For every state B 2 Qr , a tree t exists such that �r(t) = B. 2Consider the �nite tree automaton AT . We �nd that no longer all subsetsof subpatterns are generated as new states but only subsets that are maximallycompatible. Here, a set S � T of patterns is called compatible if a tree t existsthat is matched by every pattern in S. S is called maximally compatible ifthere is a tree that is matched by all patterns from S and not matched by anyof the patterns in TnS.The set of states Qr of the reduced subset automaton for AT consists exactlyof the maximally compatible subsets S of subpatterns. Thus, we obtain for ourexample:Qr = f f?g; f?; b(a(a(?;?);?);?); b(?; c(?; c(?;?)))g,f?; a(?;?)g; f?; a(?;?); a(a(?;?);?)g; f?; b(a(a(?;?);?);?)g;f?; c(?;?)g; f?; c(?;?);c(?; c(?;?))g; f?; b(?; c(?; c(?;?)))ggThe reduced subset automaton possesses eight states! Compared with 128states, according to Construction I, this is a signi�cant improvement.6 How to Generate Tree ParsersLet G = (N;�; P ) be a regular tree grammar and X 2 N . To obtain adescription of all possible X{derivation trees for a given input tree, we pro-ceed as in the case of tree pattern matching. First, we construct a (possiblynon-deterministic) �nite tree automaton AG;X whose computations representderivation trees of G. Then, we apply Subset Construction II to AG;X . Thisautomaton is the basis of our tree parser.Intuitively, the �nite tree automaton AG;X operates on input t 62 N asfollows. At the root, AG;X guesses an X{derivation head p1 : : : pkp of an X{derivation tree for t with p : X 0 ! s. Then, AG;X veri�es that s in fact\�ts" i.e., that ~s matches t. If during veri�cation, AG;X hits a node wherethe right hand side s contains a nonterminal Xj , then AG;X again guessesan Xj{derivation head and so on. Formally, we therefore de�ne AG;X =(QG;�; �G; fXg) where QG = N [ fs0 j 9X ! s 2 P with s0 subpattern of sg.�G consists of two components: the �rst one is responsible for the veri�cationof the right hand sides whereas the second one performs the guesses. We de�ne:�G := (f(s; a; s1 : : : sk) j s = a(s1; : : : ; sk) 2 QGg) [(f(X; s; �) j s 2 � and 9X{derivation tree for sg [f(X; a; s1 : : : sk) j 9X 0 ! s 2 P : 9X{derivation tree for X 0and s = a(s1; : : : ; sk)g)It can be shown that several of the tree parsers described in the literaturecan be obtained from AG;X as de�ned above by means of Subset Construction



II. However, taking a closer look at the de�nition one �nds that �G containsseveral superuous transitions! The automaton also allows (s; a; s1 : : : sk) ifs is a right hand side but itself is not a proper subpattern of another righthand side. Obviously, such transitions cannot be used by any X{computation.Therefore, we de�ne instead:�G := f(s; a; s1 : : : sk) j s = a(s1; : : : ; sk) is a proper subpattern of a righthand sideg [f(X; s; �) j s 2 � and 9X{derivation tree for sg [f(X; a; s1 : : : sk) j 9X 0 ! s 2 P : 9X{derivation tree for X 0and s = a(s1; : : : ; sk)gExample 6.1 Let Gm be the grammar from example 4.2. The non-deterministic automaton A = (Q;�; �; QF ) for Gm has the set of statesQ = fconst;REG;m(const);m(REG)gand the set of transitions:� = f (const; const; �)(REG; const; �)(REG;REG; �)(m(const);m; const)(REG;m; const)(m(REG);m;REG)(REG;m;REG)(REG; plus;m(const) REG)(REG; plus;m(REG) REG)(REG; plus;REG REG)gThe reduced subset automaton Ar = (Qr ;�; �r; QF;r) for A has the set ofstates Qr = fq1; q2; q3; q4g whereq1 = fREGgq2 = fconst ;REGgq3 = fm(REG);REGgq4 = fm(const);REG ;m(REG)gWe have:Lemma 6.1 Let G be a regular tree grammar and t an input tree.� A X{derivation tree of G exists for t if and only if a X{computation ofAG;X exists for t.Especially, L(G;X) = L(AG;X).� Let A = (Q;�; �; QF ) be the (reduced) subset automaton for AG;X . Then�(t) \N = fX 0 2 N j 9X 0{derivation tree for tg. 2It is easy to reconstruct the X{derivation trees of G for a given input treet from the X{computations of AG;X for t.4 Hence, the tree parsing problem4However, observe that the number of X{computations for t is always �nite even if thenumber ofX{derivation trees may be in�nite. This is due to the fact that the set of derivationheads corresponding to a guessing transition may form an in�nite regular set.



for a regular tree grammarG can be reduced to the problem of determining allaccepting computations of a �nite tree automaton A for a given input tree.Let A = (Q;�; �; QF ) be a �nite tree automaton and Ar = (Qr;�; �r ; Qr;F )the corresponding (reduced) subset automaton. The following algorithm non-deterministically traverses a q{computation of a tree t, given a B{computationof Ar for t. A corresponding deterministic algorithm, enumerating all q-computations, can be derived by systematically making all possible choices.Let � = (B; a;B1 : : :Bk) 2 �r and q 2 B. De�ne�(� )q := f(q; a; q1 : : : qk) 2 � j q1 2 B1; : : : ; qk 2 Bkg�(� )q denotes the set of transitions of A corresponding to � with q assuccessor state.Assume � = ha;Bi(�1; : : : ; �k) is the B{computation of Ar for t. The algo-rithm traverses � in pre-order. Let � be the transition chosen at the root of �.The algorithm selects a transition (q; a; q1 : : : qk) 2 �(� )q . Then, recursively qj{computations  j , j = 1; : : : ; k, are determined from the Bj{computations �j .Finally, the algorithm returns ha; qi( 1; : : : ;  k). Di�erent choices of transitionscorrespond to di�erent derivation trees.7 Application to Code SelectionWe would like to apply our tree parser generator to the code selection problem.In this setting we have to select the \best" derivation tree from the possiblyhuge set of all derivation trees. As for the generation of tree parsers, we proceedin three steps. We assume that the rules of the grammarG are annotated withcost functions that describe the \costs" of the corresponding instruction. Wetranslate these cost functions into cost functions for the transitions of the treeautomaton AG;X . Finally, we show how a cheapest computation of AG;X canbe determined from the computation of the subset automaton for AG;X .Hence, assume that for every rule p of type (X1; : : : ; Xk) ! X we are givena k-ary function C(p) : N0k ! N0. C can be extended to a function that mapsevery derivation tree  to costs C( ) 2 N0. If  = X 2 N then C( ) := 0.If  = p( 1; : : : ;  k) then C( ) := C(p)C( 1) : : :C( k), i.e., we apply thefunction C(p) to the already computed values C( 1); : : : ; C( k).Analogously, we can attach cost functions to transitions of �nite tree au-tomata and use them to compute the costs of computations.A cost measure C is called monotone or additive if C(p) is monotone or ofthe form C(p) = cp + x1 + � � �+ xk; cp 2 N0; respectively, for all p 2 P . Costmeasures that are used in practice are usually additive. Examples are costmeasures that compute the number of necessary processor cycles5, the numberof referenced memory cells, or the number of the operands of an instruction.A cost measure that is monotone but not additive is given by CR, which com-putes the minimal number of registers necessary to evaluate an expression. Theadvantage of additive cost measures (even if they approximate \reality" in com-plex processor architectures rather roughly) is that they are easy to implementand maintain.5This measure is not additive for all machines (e.g., Motorola 68020).



A simple cost measure is C] which maps every chain rule p to the costfunction C](p) = x1 and every non-chain rule p of type (X1; : : : ; Xk) ! X tothe cost function C](p) = 1 + x1 + � � �+ xk. Then for every derivation tree  ,C]( ) evaluates to the number of occurrences of non-chain rules in  .We now translate the cost annotation C of the grammar G into a costannotationC� of the corresponding tree automatonAG;X for some nonterminalX of G. The proposed constructions assume an additive cost measure. In thiscase, we can represent the cost function of every rule by a cost in N0. Hencein the sequel we consider C as a function from P ! N0. Then we de�ne C� asfollows.� If � = (X; a; �) for a 2 � then C�(� ) is the minimal cost of a X{derivationtree for a.� If � = (s; a; s1 : : : sk) with s = a(s1; : : : ; sk) then C�(� ) := 0.� If � = (X; a; s1 : : : sk) then C�(� ) is the minimum of the values (+C(p))for rules p : X 0 ! a(s1; : : : ; sk) and minimal cost  of a X{derivation treefor X 0.By this de�nition, the cost C�(�) of a X{computation � coincides with theminimal cost of a X{derivation tree represented by �.More generally, assume A = (Q;�; �; QF ) is a �nite tree automaton and C :� ! N0 is an additive cost measure. Let Ar = (Qr ;�; �r; Qr;F ) be the (reduced)subset automaton for A. We modify the above algorithm enumerating thecomputations of A to return a cheapest computation of A only. The ideais to provide every choice point of the algorithm with information about anoptimal choice. Assume � is a B{computation of the subset automaton Arfor some input tree t. To � we attach two tuples C(�) = hC(�)qiq2B andD(�) = hD(�)qiq2B where C(�)q contains the cost of a cheapest q{computationfor t and D(�)q the transition selected at the root of a q{computation with costC(�)q. The tuples C(�=n) and D(�=n) for all nodes n of � can be computedduring a post-order traversal of �.Now, the modi�ed algorithm traverses the computation � of Ar for t in pre-order. At every node n it selects the corresponding component from D(�=n).Thus, it returns a q{computation of A for t with minimal costs.Computing all the tuples of costs can be rather expensive. Therefore,Pelegri{Llopart succeeded to incorporate the cost computations into the statetransitions themselves [23, 24]. He observed that for usual machine gram-mars Gm = (Nm;�; Pm), the di�erences of the minimal costs of X{derivationtrees and X 0{derivation trees for the same tree t are bounded by some con-stant. This is due to the presence of MOVE instructions in most physicalmachines that introduce chain rules between (almost) all nonterminals [24].This is the reason why it su�ces to consider cost di�erences instead of to-tal costs, when constructing a cheapest computation of the non-deterministicautomaton A = (Q;�; �; QF ) from the computation of the subset automaton.Finitely many cost di�erences can be compiled into the states of the subsetautomaton. This results in the subset automaton Ac = (Qc;�; �c; Qc;F ). As-sume � 2 Qc is a state of Ac. Then � contains information about reached statesq of A together with a cost di�erence d, i.e., � : B ! N0 maps a subset B of Qto N0. For q 2 B, the cost di�erence �(q) describes the di�erence between thecost of a cheapest q{computation of A and the cost of a cheapest computation.



De�nition 7.1 (Subset Construction III)Let A = (Q;�; �; QF ) be a �nite tree automaton and C : � ! N0 a cost functionthat maps every transition from � to a cost in N0. The corresponding (reduced)subset automaton with integrated costs is the deterministic �nite tree automatonPc(A) = (Qc;�; �c; Qc;F ) with Qc;F := f� : B ! N0 2 Qc j B\QF 6= ;g whosesets of states and transitions are iteratively given by Qc := Sn�0Q(n)c and�c := Sn�0 �(n)c as follows.� Q(0)c := ;; �(0)c := ;;� Let n > 0. For a 2 �k and �j 2 Q(n�1)c with domain Bj, j = 1; : : : ; k, letB := fq 2 Q j 9qj 2 Bj : (q; a; q1 : : : qk) 2 �g where for q 2 B,dq := minfC(� )+�(q1)+ : : :+�(qk) j 9qj 2 Bj : � = (q; a; q1 : : : qk) 2 �g.If B 6= ;, de�ne the mapping � : B ! N0 by �(q) := dq � d whered := minfdq j q 2 Bg.Then � is added to Q(n)c and (�; a; �1 : : :�k) is added to �(n)c . 2The algorithm to construct a q{computation of A from a computation ofthe subset automaton can be used to compute cheapest computations whengiven a computation of the (reduced) subset automaton with integrated costsAc = (Qc;�; �c; Qc;F ) just by replacing the sets of transitions �(� )q with�c(� )q. Here, for a transition � = (�; a; �1 : : :�k) 2 �c and q in the do-main of �, �c(� )q denotes the set of cheapest transitions of A contained in� with q as successor state. Assume Bj is the domain of �j , j = 1; : : : ; k.Then �c(� )q formally is de�ned by �c(� )q := f� = (q; a; q1 : : : qk) 2 � jq1 2 B1; : : : ; qk 2 Bk such that C(�) + �1(q1) + : : :+ �k(qk) is minimalg. Let� = ha;Bi(�1; : : : ; �k) be the B{computation of Ac for some input tree t. Thealgorithm traverses � in pre-order. Let � be the transition at the root of �.The algorithm chooses a transition (q; a; q1 : : : qk), now from �c(� )q. Then, itrecursively determines qj{computations  j , j = 1; : : : ; k from �j. As the resultit returns ha; qi( 1; : : : ;  k). All possible outputs are cheapest q{computationsof A.The advantage of subset automata with integrated costs is that they allowfor a much faster construction of a cheapest computation of the original treeautomaton. In general, the subset automata of Construction III are largerthan the corresponding automata generated by Construction II without costdi�erences. Also, Construction III terminates only for �nite tree automata withcost functions where the di�erences between cheapest computations for trees tare bounded by a constant.We give a su�cient condition guaranteeing that the di�erence between thecosts of cheapest computations for every input tree is bounded.A subset S � Q is called� unavoidable i� the number of computations � without using states fromS is �nite;� dominating i� for all trees t = a(t1; : : : ; tk) 2 T�, all computations � =ha; qi(�1; : : : ; �k) of A for t with � = (q; a; q1; : : : ; qk) being the transitionat the root of �, and every s 2 S the following holds: whenever there isa s{computation of A for t then also (s; a; q1 : : : qk) 2 �.



In the context of code selection, S corresponds to the set of \universal" reg-isters; \unavoidable" means that every instruction sequence for expressionsformer or later uses such registers whereas the property of being \dominating"corresponds to the existence of move{instructions. Note that for the tree au-tomaton of example 6.1, the set fREGg is both unavoidable and dominating.We prove:Lemma 7.1 Assume that some set S of states exists for a tree automaton Athat is both unavoidable and dominating. Then for every additive cost functionc the di�erence of costs of cheapest computations is bounded.Proof: We extend the notion of a computation of a tree automaton to com-putations on input trees containing variables. Assume V = fx1; : : : ; xkg andt 2 T�(V ). A (q; p1 : : : pk){computation � of the �nite tree automaton A on tis a tree � 2 T��Q(V ) with the following properties. � = xj whenever t = xj,and q = pj, and � = ha; qi(�1; : : : ; �m) whenever t = a(t1; : : : ; tm), where �jare (qj ; p1 : : : pk){computations for the subtrees tj , j = 1; : : : ;m (for suitablestates qj) and (q; a; q1 : : : qm) is a transition from �.Assume n = #Q, L is the maximal rank of a symbol of the input alphabet,� denotes the maximal cost of a transition of A, i.e., � = maxfc(� )j� 2 �g.Consider some tree t 2 T�, and let � and �0 denote the cheapest com-putation and the cheapest q{computation respectively of A for t. If q 2 Sthen c(�0) � c(�) � �. Otherwise, we decompose t = t0[t1; : : : ; tm], � =�0[�1; : : : ; �m] and �0 = �00[�01; : : : ; �0m] such that1. For all i � 0, �i and �0i are computations of A for ti;2. No variable occurs in t0 (and in �0 and �00) more than once;3. �00 is a (q; s1 : : : sm){computation without using states from S, but wheres1; : : : ; sm 2 S.Since S is unavoidable, depth(�00) = depth(t0) < n. Hence, m � Ln�1, andc(�00) < � � 2 � Ln�1.Since S is dominating, c(�0j) � c(�j) � � for j > 0. Therefore, we canconclude:c(�0) � c(�) � c(�00) + mXj=1[c(�0j)� c(�j)]� 2 �� � Ln�1 + � � Ln�1= 3 �� � Ln�1This implies the assertion. 2Having constructed the subset automaton for A, the su�cient conditionprovided by Lemma 7.1 can be tested rather e�ciently. Note however, that itis independent of the cost function c. Therefore, it does not detect boundednessimplied by the speci�c choice of the cost function.



Example 7.1 Let Gc be the grammar from example 4.2 with following costs:Pc = f addmc : REG ! plus(m(const);REG) cost : 3;addm : REG ! plus(m(REG);REG) cost : 3;add : REG ! plus(REG ;REG) cost : 2;ldmc : REG ! m(const ) cost : 2;ldm : REG ! m(REG ) cost : 2;ldc : REG ! const cost : 1;ld : REG ! REG cost : 1gThe subset automatonAc = (Qc;�; �c; QF;c) according to Subset Construc-tion III has the set of states Qc = f�1; �2; �3; �4g where�1 : REG ! 0�2 : const ! 0REG ! 1�3 : m(REG) ! 0REG ! 2�4 : m(const) ! 0REG ! 2m(REG) ! 1The next section deals with e�cient implementation techniques for treeautomata. For simplicity, we will only consider subset constructions withoutintegrated costs.8 Implementation of Deterministic FiniteTree AutomataAssume A = (Q;�; �; QF ) is a deterministic tree automaton. As a �rst ap-proach, we represent the set �a of transitions for an operator a of rank k as ak{dimensional array Ma. Ma[q1; : : : ; qk] = �(a; q1 : : : qk) whenever � is de�nedfor these arguments and Ma[q1; : : : ; qk] = ? otherwise, where ? is a specialerror symbol.Assume that the input tree t is given as a node labeled ordered rooted tree.The state at a node n with label a 2 �k is determined as Ma[q1; : : : ; qk] whereq1; : : : ; qk are the states at the children of n. The states are computed duringa post-order traversal of t. Therefore, the computation time for such a \run"of the tree automaton consists of the time spent for the tree traversal, whichis proportional to the size of t, together with an indexed array access for everynode in t.In most existing processors, the time for such an array access is proportionalto the number of indices. Since every subtree of t takes part in indexed accessesonly once the total time is linear in the size of t and independent of the ranksof operators.Example 8.1 The reduced subset automaton Ar = (Qr ;�; �r; QF;r) from ex-ample 6.1 has the set of transitions �r (represented as tables):



�r;const = q2�r;REG = q1 child�r;m = q1 q2 q3 q4q3 q4 q3 q3right child�r;plus = q1 q2 q3 q4q1 q1 q1 q1 q1left q2 q1 q1 q1 q1child q3 q1 q1 q1 q1q4 q1 q1 q1 q1The representation of � as a set of arrays is usually rather storage spaceconsuming because the size of an array Ma for an operator a 2 �k is propor-tional to jQjk, i.e., exponential in the rank of a no matter how many (few)de�ned transitions the implemented automaton has for a. In most of the casesoccurring in practice the necessary storage space can signi�cantly be reducedby standard table compression methods.An alternative method to represent the transition functions �a is providedby decision trees (see �gure 2). Let Q and D be �nite sets and H : Qk ! D apartial function. A decision tree for H is a leaf labeled tree of height k whoseset of vertices V is given by V = V0 [ : : :[ Vk whereVj := fq1 : : : qj j 9qj+1; : : : ; qk 2 Q : H(q1 : : : qjqj+1 : : : qk) is de�ned g:Here, nodes q1 : : : qj�1 and q1 : : : qj�1q0 are connected by a directed edge(of level j) with label q0. Furthermore, the leaves b = q1 : : : qk are labeled withH(q1 : : : qk).For an operator a of rank k, we can represent �a by the decision tree for thefunction Ha that is given by Ha(q1 : : : qk) := �(a; q1 : : : qk). The nodes of thedecision tree exactly represent the pre�xes of state sequences occurring in �a.The state at a node n with label a 2 �k in the input tree for whose sons wehave already computed the states q1; : : : ; qk is obtained by following the pathin the decision tree for �a whose edges successively are labeled with q1; : : : ; qk.The label at the �nal node on this path yields the desired result.In case of the above presented tree parser generator the generated determi-nistic �nite tree automaton is of the form Pr(AG;X ) for some regular tree gram-mar G and some nonterminal X of G. Here, we are not only interested in thestate (of the subset automaton) at some node n but also in the set of possibletransitions of the tree automatonAG;X at n. Accordingly, we choose Ha \moreinformative", i.e., asHa(B1 : : :Bk) := h�(a;B1 : : :Bk);�iwhere � := f(q; a; q1 : : : qk) 2 �G j qj 2 Bjg.If we represent the tree automaton by decision trees then the required stor-age space for the automaton is proportional to the size of �. However, if thetransition function � of the deterministic �nite tree automatonA is total (which



is always the case for automata obtained by Subset Construction I) then thedecision trees have the same size as the arrays.�
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Figure 2: Compressed decision trees for the grammar of example 4.2Decision trees can (possibly) more economically be represented by identify-ing isomorphic subtrees. Such a graph is called a compressed decision tree ordecision graph. Especially, we can represent a decision tree by its subtree graph.A (compressed) decision tree Ta again can be represented by a 2-dimensionalarray Na whose �rst component is indexed with the inner nodes v of Ta andwhose second component is indexed with labels q of edges. The entry Na[v; q]contains the successor node of v in Ta when following the edge labeled with q,if such a node exists, and ? otherwise.In the worst case, arrays Na are up to a linear factor of the same sizes asarrays Ma. In practice however, arrays Na are signi�cantly smaller. Again, thearrays Na can be subject to all kinds of further table compression methods.For example [2] consider various decision tree and table compression methodsfor tree automata.Uncompressed decision trees often do not �t into main storage. Hence,one is interested in directly producing compressed decision trees during thegeneration phase. This leads to Subset Construction IV.Let A = (Q;�; �; QF ) be a (non-deterministic) �nite tree automaton anda 2 �k. The idea of Subset Construction IV is to generate a decision graph for



the set of transitions (�r)a of the reduced subset automaton for a such that thenodes are sets of transitions of A tagged with the level of the node. The root isthe complete �a tagged 0. Edges are labeled with sets of states. An edge withlabel B leads from a node (v; j � 1) to a node (v0; j) if and only if v0 consistsof all transitions of v that have a j-th argument q 2 B. A leaf b is additionallylabeled with the set of all states that occur as left sides in transitions in b. Thegeneration of this graph can be combined with the Subset Construction II.De�nition 8.1 (Subset Construction IV)Let A = (Q;�; �; QF ) be a �nite tree automaton. For n � 0 we de�ne a set ofstates Q(n)s and graphs T (n)a , a 2 �, as follows.Q(0)s := ; and T (0)a , a 2 �, are empty graphs.Let n > 0 and a 2 �k. Then T (n)a has a set of vertices V = V0 [ : : : [ Vkand a set of edges E, which are de�ned as follows.� V0 := f(�a; 0)g.� Assume j > 0 and Vj�1 has already been de�ned. For every (v; j � 1) 2Vj�1 and B 2 Q(n�1)s consider the set v0 := f(q; a; q1 : : : qk) 2 v j qj 2 Bg.If v0 6= ; then we add (v0; j) to the set Vj and an edge (v; v0), with labelB, to E.� Every node (v; k) 2 Vk is labeled with the set fq 2 Q j 9q1; : : :qk 2 Q :(q; a; q1 : : : qk) 2 vg.The set Q(n)s is the set of all labels of leaves (b; k) of graphs T (n)a , a 2 �.2T (n)a is a subgraph of T (n+1)a , and T (n)a = T (n+1)a provided Q(n)s = Q(n+1)s .By induction over n one proves:Lemma 8.1 Assume A = (Q;�; �; QF ) is a �nite tree automaton, and Q(n)rand �(n)r are the n-th approximations to the sets of states and transitions, re-spectively, of the reduced subset automaton according to Subset ConstructionII. Then for all n � 0:� Q(n)s = Q(n)r ;� The graph obtained from T (n)a by removing all nodes of which no labeledleaf can be reached is a decision graph for (�(n)r )a. 2Therefore, de�ne Ta := T (n)a for the �rst n with Q(n)s = Q(n+1)s . Assume Aitself has no superuous transitions. It turns out that then Ta does not containuseless nodes, i.e., it is a compressed decision tree for (�r)a.For our generated tree parser every leaf b should not only contain the stateof the subset automaton but also the set of the transitions of A that correspondto the path to (b; k), namely b itself! Provided the �nite tree automaton A didnot contain superuous transitions, the generated decision graph equipped withthis extended labeling Ha is minimal .



Lemma 8.2 Assume A = (Q;�; �; QF ) is a �nite tree automaton without su-peruous transitions. Then for all a 2 �:� Ta is a decision graph for �a;� Ta is isomorphic to the subtree graph of the decision tree for Ha.Proof: We only prove the second statement. Assume Ta were not isomorphicto the subtree graph of the decision tree for Ha. Then two nodes (v; j) 6=(v0; j) exist from which the same set of leaves are reachable. However, if everytransition of A is used in some computation then the set of transitions of a nodein Ta is precisely the union of the sets of transitions of the leaves reachable fromit. Hence, v = v0 in contradiction to our assumption. 2Construction IV generalizes the method (implicitly) described in [18], whichfor the special case of tree pattern matchers directly generates compresseddecision trees. [27] use a similar construction to derive tree parsers.The Construction IV is optimal in that it returns decision graphs with aminimal number of nodes. However, Chase in [Ch87] observed that many statesof the generated subset automaton are equivalent w.r.t. transitions. Again, letA = (Q;�; �; QF ) be a �nite tree automaton and a 2 �k. For j = 1; : : : ; k wede�ne the set Qa;j := fqj j (q; a; q1 : : : qk) 2 �g. The (a; j){relevant part of aset B � Q is the set B \ Qa;j. Within the decision graph Ta of ConstructionIV, sets of states with identical (a; j)-relevant parts lead from the same nodes(v; j � 1) to the same nodes (v0; j).The �fth subset construction returns compressed decision trees T 0a whosesets of vertices coincide with those of the Ta, but whose edges of level j areonly labeled with (a; j)-relevant parts. Thus, the decision graphs themselvescan be represented much more succinctly. The price one has to pay is tomaintain separate tables that, for all a 2 �k, j 2 f1; : : : ; kg, and occurring setsof states B, contain the (a; j)-relevant parts of B. Determining the state at anode n with label a 2 �k of the input tree is now done in two steps. First forthe states B1; : : : ; Bk at the children of n, we successively have to look up the(a; j)-relevant parts B0j . Then, the path with edge labeling B01; : : : ; B0k in thedecision graph for a yields the result.As in Subset Construction IV, we construct the modi�ed decision graphsby \need".De�nition 8.2 (Subset Construction V)Let A = (Q;�; �; QF ) be a �nite tree automaton. For n � 0 we de�ne a set ofstates Q(n)s graphs T 0(n)a , a 2 �k, together with sets R(n)a;j = fB \ Qa;j j B 2Q(n)s gnf;g for 1 � j � k as follows.Q(0)s := ; and T 0(0)a , a 2 � are empty graphs.Let n > 0 and a 2 �k.T 0(n)a has a set of vertices V = V0 [ : : :[Vk and a set of edges E, which arede�ned as follows.� V0 := f(�a; 0)g.



� Assume j > 0 and Vj�1 has already been de�ned. For every (v; j � 1) 2Vj�1 and B 2 R(n�1)a;j consider the set v0 := f(q; a; q1 : : : qk) 2 v j qj 2 Bg.If v0 6= ; then we add (v0; j) to the set Vj and an edge ((v; j � 1); (v0; j)),with label B, to E.� Every node (v; k) 2 Vk is labeled with the set fq 2 Q j 9q1; : : :qk 2 Q :(q; a; q1 : : : qk) 2 vg.The set Q(n)s is the set of all labels of leaves (b; k) in T 0(n)a , a 2 �. 2Chase uses the idea of an equivalence relation on states to generate com-pressed tables for pattern matching [3]. C. Peper observes that in case ofoperators of arity6 2, the sets of states corresponding to the labels on edgesbetween two nodes of the compressed decision tree in Construction IV coincidewith Chase's equivalence classes [25]. For greater arities, our Construction Vgeneralizes the methods both of Chase and Kron.9 Practical ExperienceThe presented subset constructions have been implemented in an experimentalgenerator [25]. Given an annotated regular tree grammar it produces tablesand a driver program that selects code for an IR tree. As an example, theprocessor NSC32000 was described by a grammar [19]. This grammar has761 rules with 49 nonterminals and 173 terminals. The tree parser generatedaccording Subset Construction II has 791 states. The arrays M for this parserwould have 52938937 entries. The representation as compressed decision trees,i.e., as arrays Na according to Subset Construction V needs 13241 entries.Applying table compression methods as described in [2] we can further reducethe needed storage space to 3771 entries. The generation time including tablecompression on a SPARC station II was 10.7 seconds.The compressed parser tables according to Subset Construction V withintegrated costs (processor cycles) for the grammars vax.bwl and mot.bwlthat describe integer (byte, word, long) subsets of the VAX and the Motorola68000 need 7317 and 61572 entries.For detailed numbers on generation times and table sizes of code selectorswe refer the reader to [3, 16, 23].10 ConclusionThe present paper systematically presents the basic theory behind code selec-tion. We exhibit the connections both of tree pattern matching and tree parsingalgorithms to �nite tree automata. We present general methods for the imple-mentation of tree automata. Especially, we generalize the method of Kron toarbitrary tree automata. This makes it possible to write e�cient generators ofe�cient code selectors.Our results are also of interest for other areas. Both tree pattern match-ing and tree parsing are useful for checking the syntactic applicability of tree6In most existing systems the arity of operators is restricted to at most 2.
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