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Abstract. We consider crash games which are a generalization of pgaityes
in which the play value of a play is an integefpoo or co. In particular, the
play value of a finite play is given as the sum of the payoffshef imoves of
the play. Accordingly, one player aims at maximizing theyplalue whereas
the other player aims at minimizing this value. We show thatgame value of
such a crash game at positioni.e., the least upper bounds to the minimal play
value that can be enforced by the maximum player in a playisgaat v, can
be characterized by a hierarchical system of simple integeations. Moreover,
we present a practical algorithm for solving such systenm& fLin-time of our
algorithm (w.r.t. the uniform cost measure) is indepenaérhe sizes of occur-
ring numbers. Our method is based on a strategy improvenbgottitam. The
efficiency of our algorithm is comparable to the efficiencytiod discrete strat-
egy improvement algorithm developed by Voge and Jurdziftskthe simpler
Boolean case of parity games [19].

1 Introduction

Crash gamesre a generalization of parity games where game positions han-
negative ranks and additionally, each possible move of gepleomes with a payoff
in Z. A play is played by two opponents, theplayer and then-player. Thev-player
wants to maximize the play value while theplayer wants to minimize it. The play
value of a finite play is determined as the sum of payoffs of @ahosen in the play.
The play value of an infinite play, on the other hand, is deteechsimilarly as for parity
games: If the least rank of an infinitely often visited pasitis odd, then thev-player
wins, i.e., the play value iso. Accordingly, if the least rank of an infinitely often visite
position iseven then theA-player wins, i.e., the play value isco.

Thus, crash games gpayoffgames. The notable differencerteean-payoffjames,
for instance, is the fact that the goal for crash games ismataximize (resp. mini-
mize) themeanpayoff during a play but theotal payoff. Similar tomean-payoff parity
gameg3], play values are not only determined by the payoff fumetbut also by a rank
function. Also similar tomean-payoff parity gamewinning strategies are no longer
necessarilypositional(also callednemoryless9, 10]. Instead already for quite simple
crash games, unbounded memory is required. Another claganoés related to crash
games are théongest shortest paths gamfgem [14]. In contrast to our games, the
max player in longest shortest path games is bound to pssitionalstrategy which is
not the case in our setting. Also, longest shortest path galn@ot consider ranks for
positions in the game graph.



In this paper we present basic techniques for dealing witklcgames. In particular,
we show that computing the game values of a crash game cardbeectto solving
hierarchical systems of equations over the complete éaflic= Z U {—o0, co}. The
occurring equations argmple i.e., they only use the operations maximum, minimum
as well as addition restricted to at most one non-constgntaent. Since the lattice has
infinite strictly ascending and descending chains, exs@hts are necessary to solve
hierarchical systems of such equations. Our main techoaatibution therefore is to
provide a fast practical algorithm for solving these system

In hierarchical systems least and greatest fixpoint veggalternate. Such systems
naturally occur when model-checking finite-state systemrd.wtemporal logics for-
mulas (see, e.g., [1]). While classically, only two-valledics are considered, more
general complete lattices have attracted attention riydéntL8]. The approachesin [4,
18] are restricted to finite lattices. In [17] the completii¢a of the non-negative in-
tegers extended witho is considered. This lattice is of infinite height and hiehécal
systems over this lattice allow to analyze quantitativeeatpof the behavior of finite-
state systems [17]. Opposed to that paper, we here allownggative integers. Our
algorithm for solving hierarchical systems is basedstrategy improvemenStrategy
improvement has been introduced by Howard for solving stettb control problems
[12, 16]. For the two-valued logic casgtrategy improvement algorithnhsis been sug-
gested for model-checking for the modalcalculus as well as for computing game
values of parity games [11, 15, 19].

Our strategy improvement algorithm works directly on theraichical system.
Thereby a strategy is a function which selects for everyesgiore; Ve, (* V" denotes
the maximum-operator) one of the subexpressians,. Thus, a strategy describes
which side of a maximum-expression should be used and dieairzes a hierarchical
system in which maximum-operators do not occur any moreehegal, strategy im-
provement algorithms try to find optimal strategies. Therethey compute a valuation
for a given strategy which, if the strategy is not yet optingales hints on how to im-
prove the strategy locally. In our case the valuation isg&®the canonical solution of
the system which is described by the strategy.

We have not found a technique to apply this idea to generg@rtsystems directly.
Instead, we first consider the case of integer systems whHes@ations are guaranteed
to be finite. In this case, we camstrumenthe underlying lattice in such a way that the
resulting system has exactly one solution — from which theooécal solution of the
original system can be read off. The lattice obtained by nstrumentation is closely
related to the progress measures proposed by Jurdzingairigputing the winning po-
sitions in parity games [13]. Our technique is more genes@laso allows to deal with
integers instead of booleans. The interesting idea of hskiz(cast in our terminol-
ogy) is to instrument the Boolean lattice just to replaceyegiatest fixpoints by unique
fixpoints. By this, computing canonical solutions over th@okgan lattice is reduced
to computingleastsolutions over the instrumented lattice. A similar idea a&o be
applied in the integer case — given that the canonical soius finite. The result-
ing algorithm, however, will not beniform i.e., its run-time (w.r.t. the uniform cost
measure where, e.g., arithmetic operations are counte@(oy) may depend on the
sizes of occurring numbers. Instead, our instrumentatiows us to construct a uni-



form algorithm for computing canonical solutions (giveatkthey are finite) through a
generalization of the strategy iteration techniques i8]5,

Using any method for computing finite canonical solutiona asbroutine, we solve
the unrestricted case in two stages. First, we design amithigowhich can deal with
positive infinities in the equation system. Repeatedly yppglthis algorithm then al-
lows us to deal with systems whose canonical solutions m#ydmtain—oo andoo.

The rest of the paper is organized as follows. In section 2niveduce crash games
and give simple examples. In section 3, we introduce hibreat systems of simple
equations ovef, which we use as a tool for solving crash games. The correkpgon
reduction will be discussed in section 4. In section 5, we@néour key technical idea
for computing canonical solutions. There, we are first rettd to hierarchical systems
with a finite canonical solution. In section 6, we apply theeleped technique to derive
a method for computing canonical solutions without thigrieson. \WWe conclude with
section 7.

2 Crash Games

In this section we introduce crash games. Such games aredlayav-player and
a A-player. They model the situation where two opponents wamhaximize (resp.
minimize) their total sums of investments and rewards. Wileh play we therefore
associate a play value form the complete lattite= Z U {—o0, oo}, where—oo and
oo denote the least and the greatest element, respectively.

The crash gamé€' itself is given by a finite labeled graph whose nodes are egaip
with non-negative ranks and whose edges carry payoffs. ie assume that every
node has at least one out-going edge — besides a distingusgilenoded indicating
the end of finite plays. Each non-sink node either is @r aA-node. At av-node, the
V-player may choose one of the out-going edges; likewise /ainade, theA-player
has a choice. The value of a play reaching 0 is the sum of theffsayf edges chosen
during the play. For infinite plays, the play valuesc or co are determined similarly
to the play values of plays in a parity game. Formally, we @efiorash games a tuple
G = (Vy,Va, E,c,r) where

1. Vi, andV, are disjoint finite sets gbositionsthat belong to the/-player and the
A-player, respectively. The set of glbsitionsis the sef” = V{, UV,, U{0} where
0¢V,UV,.

2. E C V?isthe set oinovesvhere{v}E # ( forallv € Vi, UV, and{0} E = 0.

1 This means that every position besides the posilionust have a successor. The
position0 must not have a successor.

3. ¢: E — Zis thepayoff functionwhich associates payoffto each move.

4. r : V, UV, — Nis therank functionwhich associates a natural number to each
position fromV,, U V.

A finite playover G is a finite wordm = vy --- v, with v, = 0 and (v;,v;41) €
E foralli = 1,...,k — 1. The play value val(w) of the finite playr is the

YForE C V?andV’ C V, V'E denotes the sdtv. € V | Jv; € V' such thatvy, v2) € E}.



sum Zf;ll ¢((vi,vi+1)). Accordingly, aninfinite play over G is an infinite word
T = vvg -+ With (v;,v,41) € E for all i € N. Assume thatn denotes the nat-
ural numbemin{r(v) € Vi, U V. | v occursinfinitely ofteninr}. The play value
valg(m) then isco if m is odd and—oco otherwise. By Play we denote the set
of all plays overG and by Play(v) the set of all plays starting at € V, i.e,,
Plays(v) = Plays N {v} - (V¥ UTV™).

For a finite playr = v; - - - vi (resp. infinite playr = vyvs - - -) the set ofprefixes
of risthe se{vy ---v; | i = 0,...,k} (resp.{vy---v; | i € Ng}) which we denote
by Prefiz(m). The set of all prefixes of plays ovét ending in av-position (respA-
position) is denoted byrefiz,, (G) (resp.Prefiz , (G)). For a play prefixr = vy - - - vy,
we writec(7) for the sume;l1 e((vi,vi41)). A V-strategy (resph-strategy) is a func-
tion f : Prefiz,,(G) — V (resp.f : Prefix ,(G) — V) where, for every play prefix
m, m - f(m) is again a play prefix. A/-strategy (respA-strategy)f is positionaliff
f(mv) = f(«'v) for all play prefixesrv, 7’v ending in the samg&-positionv (resp.
A-positionv). We write F\,(G) for the set of allv-strategies and’, (G) for the set
of all A-strategies. The play is consistentwith the Vv-strategyf (resp.A-strategy
1) iff for every finite prefix«’v of =, f(7') = v wheneverr’ € Prefiz,, (G) (resp.
7' € Prefiz,(G)). For a setP of plays, we writeP|; for the set of plays fronP that
are consistent witlf. For a positiorv, we define thggame valu€(v)) by

{vhe = Vi, er o) Mvala(Playg(v)] s, )}

where, forX C Z,\/ X (resp./ X) denotes the least upper bound (resp. greatest
lower bound) ofX . Thus,((v))¢ is the least upper bound to all play values thelayer

can enforce. These definitions are analogous to the defigitio[18] for multi-valued
model checking games. For infinite plays, we inherit the wigrtondition from parity
games as considered, e.g., in [6, 19]. For the two-valueel @swell as for the finite-
valued case in [18]), however, there exist optimal str&eddr each player which are
positional. As shown in the following example, this does maitd for crash games.

Example 1.
Consider the gamé&' = (Wi, Vr, E,c,r) with Vi, = {v},

Vo =0, B = {(v,0),(©,0)}, c((v,v)) = 1, ¢((v,0)) =0 | *
andr(v) = 2 (cf. the fig.). The game value faris co. This

value, though, cannot be realized by any individual play. In

stead there is, for every € Z, a V-strategyf. such thatvals(w) = z for the single
playw € Play.(v)|s.. Forz > 0, this strategy, though, is npositional O

Note that for the two-valued case, the algorithms and coostms heavily rely on the
fact that there are optimal positional strategies for bdglygrs. For a crash ganié =
(Vv, Va, E, ¢, r) we only have the remarkable property that the choice onlgddg on
the current payoff and position. I.e., for a giver Z with z < (v))¢, there exists a/-
strategyf. with A{valq(Plays(v)|s.)} > =z and the property thaf. (mv) = f.(7'v)
whenever(rv) = ¢(n'v).



3 Hierarchical Systems of Simple Integer Equations

In the next section, we will reduce the problem of computirgng values of crash
games to the problem of solving hierarchical systems of Erimpgeger equations. An
integer equatiox = ¢ is calledsimpleiff the right-hand side is of the form

e n=c|x|etaleiNea|er Ve

wherex is a variableg, ey, eo are expressions, andc € Z. Note that we restrict ad-
dition such that the second argument is always a constaasel$econd arguments are
calledaddition constantsvhereas other constantsre calledbasic constantsThe op-
erator+a has highest precedence, followed/fwnd finally\ which has lowest prece-
dence. Asystent of simple integer equations is a finite sequerge= eq,...,x, =

e, of simple integer equations whesg, . . ., x,, are pairwise distinct variables. Let us
denote the set of variabldx, ..., x,} occurring in€ by X. The systent is called
conjunctive(disjunctivg iff no right-hand side contains the maximum-operatot *
(minimum-operator A”). For avariable assignment : X — Z an expressionr is
mapped to a valuf]u € Z as follows:

[c]u =c [x]p = p(x) [a+e]u=a+]e]n
[ex Aealp = [ea]u A le2]p [er Vel = [ea]p V [e2]

wherex is a variablee, eq, es are expressions, and ¢ € Z. Here, we extend the
operation %" to +oo by: z + (—o0) = (—o0) + 2 = —oc for all z andx + 0o =
oco+x = oo forallz > —oo. Thus, “+” distributes over/ andA. Assume tha€ denotes
the systenx; = ey,...,x, = e,. As usual, asolutionof £ is a variable assignment
w which satisfies all equations &, i.e. u(x;) = [e;]u fori = 1,...,n. We also use
the termfixpointinstead of solution. We call a variable assignmeratpre-solutionof
Eiff pu(x;) < [eiJu fori = 1,...,n and apost-solutionof £ iff u(x;) > [e;]u for

i = 1,...,n. Note that the functiorffe] : (X — Z) — Z is monotonic for every
expressiore.

A hierarchicalsystemH = (&, r) of simple integer equations consists of a system
£ of simple integer equations and a rank functiomapping the variables; of £ to
natural numbers(x;) € {1,...,d},d € N. For variables with odd (resp. even) rank,
we are interested in greatest (resp. least) solutionshé&wurthe variables of greater
ranks are assumed to live within the scopes of the variabthssmaller ranks. We call
the resulting solutioanonical In order to define the canonical solution formally, let
X = {x1,...,x,} andX,,; denote the set of variables with r(x;) b j wherexie
{=,<,>,<,>}. Then the equations; = ¢; of £ with x; € X ; define a monotonic
mapping[€&, r]] fromthe seiX . ; — Z of variable assignments with doma¥ ; into
the setX>; — Z of variable assignments with domaX- ;. Assume thay is even,
i.e., corresponds to a least solution. Given the mapfhg]; , ,, the mapping¢, ],
is given by:

[E.r]; p=n+[E )11 (p+ 1)
wherep : X; — Z is a variable assignment apd: X_; — Z is theleastvariable
assignment such that

p(xi) = el (p+p+[E, 7], (p+ 1))



for all x; € X_;. Here, the operator+” denotes combination of two variable assign-
ments with disjoint domains. The case whegris odd, i.e., corresponds to a greatest
solution is analogous. Finally, the canonical solutionis given by[&, ], applied to
the empty variable assignmeh. The next example illustrates how one can compute
the canonical solution by a transfinite fixpoint iteration.

Example 2.Consider the system of equations
X1:5+X2/\7 X9 = X3 X3:—5+X1\/1

wherer(x;) = r(x2) = 1 andr(x3) = 2. Thusxs lives within the scope ok, x».

The fixpoint iteration is illustrated in the 0 1 2 3
table at the right-hand side. The column x;|| ~ 7 7 7
labeled withi corresponds to the-th  x,|[| o~ 00 00 2
outer iteration step. The inner iterations ofl1ll ofz2l o1l o1
are illustrated by the tables in the row for *3|| " 0ioo | —ooloo | —ool2 || —ool2

the variabless. As for the outer iteration,

the column labeled with contains the value after thieth inner iteration step. Since we
are interested in greatest solutions for the variakleandx,, the outer iteration starts
with the valueco for these variables. Then, the inner iteration fgrstarts with—oo
and reaches a fixpoint after one iteration step. Then, ther @etation goes on with the
new values forx;, xo andxs. Finally, we get the canonical solution after three outer
iteration steps. a0

Note that in general transfinite fixpoint iterations are 1sseey for computing canon-
ical solutions. Related systems over non-negative intepave been considered in
[17]. Zero-one-valued systems using minimum and maximuity are also known as
Booleanfixpoint equations and can be used for checking validity apositionaly:-
calculus formulas interpreted over finite labeled traositsystems or for computing
the winning positions of parity games [1].

4 Computing Game Values

Instead of determining game values of crash games direedlyreduce this problem
to solving hierarchical systems of simple integer equatidithough there is a one-
to-one correspondence, we are here interested in the reddodm crash games to
hierarchical systems only. L&t = (14, Vi, E, ¢, r) denote a crash game. We construct
a corresponding systefi; of simple integer equations which uses variables from the
setX = {x, | v € V, UV} as follows. For each positiaone V.,, we add the equation

o %o = Ve (0] + c(v,0).
and, likewise, for each positiane V,, we add the equation
%o = Ay gop(0'] + c(v,0)
where[v] denotes the variable, if v € V4, UV, and[0] = 0. Then thehierarchical

systemH; of simple integer equations which corresponds to the crasteg: is the
pair (Eq,r¢) whererg(x,) = r(v) forv € Vi, U V4.

Example 3.



The Fig. on the right shows a crash game with two position
say,1 and2 of the respective ranks. Then the correspondir]
system of integer equations is given by

X1 =Xo+1V -2 X9 =x1 A 10
where the rank ok; equalsi.

Theorem 1. For a crash gameé7 = (14, VA, E, ¢, 1), let u* denote the canonical so-
lution of Hg. Then{v)e = u*(x,) for all v € V5, U V. FurthermoreH¢ can be
constructed in timeD(|V,, U VA| 4 |E|). Vice-versa, given a hierarchical system of
equationsH we can compute a crash gare= (15,, Vi, E, ¢, r) intime O(|€|) whose
game values corresponds to the values of the canonicalgnlot 7. a

Note that theorem 1 also holds if we defitie))c as A\, cr, (o) Vivala(T) | 7 €
Playg ..} Thus, we get the following duality theorem as a corollary:

Theorem 2. LetG = (W4, Vi, E, ¢,r) be acrash game ande V;, UV, U {0}. Then
{(vhe = /\fAeFA(G) V{vale(Play ¢ (v)[s,)}- U

5 Solving Hierarchical Systems

In this section, we present our strategy improvement algorfor computing canonical
solutions. Assume th&t = (&, r) is a hierarchical system of simple equations where
the range of is contained in the sdftl, . .., d}. Instead of solving the original system
over Z, we consider a corresponding system over an instrumeritigzkldn case that
all solutions of this system are finite, the instrumentatidlhassure that the canonical
solution is the only solution. The instrumentation tecluidnere is a generalization
of the instrumentation used in [8] to determileast solutionf systems of integer
equations. We instrumerf by introducing one extra component frokh for every

j =1,...,d. Thus, we consider the instrumented lattiegg = D; U {—o0, oo} with

Dy = Z x N? where—cc is the least ando is the greatest element and the ordering on
Dy (thefinite elements ofD,) is given by:

(a7j17 R 7jd) < (alaji7 s 7]&)
iff a < o’ ora = o’ and there exists some< k < d with the following properties:

1. 5, =jiforalli < k;
2. jr > j;. Wheneverk is even
3. jr < ji, Whenever is odd.

Note that values get larger w.r.t. this ordering when congpdsicorresponding to great-
est fixpoints are increased or components correspondiegsbfixpoints are decreased.
Addition on the finite elements db,; operates on all components simultaneously, i.e.:

(aajla"'7jd)+ (a’/aj{a"'aj:i) = (a+alajl +.717a.7d +]é)

Note that+ distributes over andA. The evaluation of an expressieverD, will be
denoted byje]*. As for expressions oveZ, [¢]* is monotonic.



A slightly different choice is made in [8] where an extra ager inc is introduced
for incrementing the extra component. Accordingly, éfimg transformation differs
from the one chosen in [8]. In order lift an equatiorx; = ¢; to Dy, we replace every
finite constanic € Z occurring ine; with (¢,0,...,0). Moreover, we replace every
equationx; = e; with x; = e; 4 1,(x,) wherel, is the(d + 1)-tuple consisting of O
everywhere besides th& + 1)-th component where it equals 1. We denote the lifted
system of simple integer equations®y. To simplify notations we defing : Dy — Z
by

B(—o0) = —o0 B(oo) = 0 B(z, 41, Jd) = 2.
The following theorem states that we can recover the caabsdadution of the original
system from the canonical solution of the correspondingditystem.

Theorem 3. Assume that&,r) is a hierarchical system. Lef* be the lifted system
corresponding ta€ and letu* be the canonical solution of the hierarchical system
(&%, 7). Thens o u* is the canonical solution of€, 7). O

Our key observation is théinite solutions of lifted systems are unique. Here, a variable
assignment is calledfiniteiff —oo < u(x;) < oo for all variablesx;. For an equation
systemé, let ae denote the sum of the smallest basic constant together Witteg:
ative addition constants. Moreover, lgt denote the sum of the largest basic constant
together with all positive addition constants. We have:

Theorem 4. Assume tha£? is the system of lifted equations corresponding to the hi-
erarchical systenf&, ) with n variables whereu;, variables are of rank. Then:
1. £% has at most one finite solution.
2. If —oo < pu(x;) < oo for a solutiony of £ and a variablex;, thenu(x;) =
(ayj1,-..,7a) for somea € [ag,be] andjy, ..., ja € Nwith 0 < ji < ng.
3. If &¥is conjunctive, the greatest solutiongfcan be computed in tim@(d-n-|&|).

Proof. To simplify the proof, here we additionally allow the congta—oco andoo to
occur as basic constants. In order to prove assertion 1, stectinsider the case of a
lifted system which consists in exactly one equation. \\jl.oonsider the equation

x=x+aAbVe

where(0,...,0) # a € Dy andb, ¢ € Dy. Assume thaj is a finite solution of the
above system. We show thais given by

e ifa <(0,...,0)
p(x) = {b\/c ifa> (0,...,0).

Note that necessarily < u(x) < b Ve If b < ¢, the statement follows immediately.
Assume therefore that> c. Firstassume that > (0, ...,0) ande < u(x) < bVe = b.
Thenpu(x) = [x+ a]]ﬁu — which is impossible for finite values. Now assume that
a < (0,...,0)ande < p(x) < bV e =b. Thenu(x) = [x + a]* 1 — which is again
impossible for finite values.

Now we consider the general case. We show assertion 1 and itair@ously.
Therefore, we first introduce the following notations. L&t denote a system of



equations ovefD,. We call a sequence of expressionsy, ..., e, a path iff for
i = 1,...,k — 1 eithere; is a variablex; andx; = e;+; is an equation of? or
e;+1 1S an immediate subexpressionef The pathr is shortiff all expressions; that
are variables are distinct. In order to define the weight ofsiesn of simple integer
equations, we seb(e) = a, if e denotes an expressieh+ a, w(e) = ¢, if e denotes
an expression, and,w(e) = 0 otherwise. Thereby, ¢’ denote expressions,denotes
an addition constant anda basic constant. Then, the sim,_, , w(e;) is called
theweightof the path. LetP denote the set of all short paths ending witlnite basic
constant. We define, .. (%) (respaw.mq» (E%)) as the maximal (resp. minimal) weight
of paths inP. Furthermore, fojj = 1, ..., d, we definew;(£*) to be the maximum of
thej + 1-th component of the weights of pathsih We call [w i, Winas ] @ndw, for
j=1,...,dthe weights of*.

Let&* be the lifted systemy; = ey, ...,x, = e,. Assume that is a finite solution
of £%. We show by induction on the number of variables occurringght-hand sides
that the following holds:

1. v is the only finite solution of*;
2. (X)) € [Winin(EY), Wi (EF)] for every variablex and
3. the(j + 1)-th component ofi(x) is less than or equal to; (£%).

The statement is obviously fulfilled if there are no variatteright-hand sides. For the
induction step lek; be a variable that occurs in a right-hand sidegfand consider
the equatiorx; = e; of £,

If e; does not contair;, we can substitute; everywhere in the remaining equations
for x; to obtain a systerﬁﬁ/ with the same set of solutions and the same weights. Since
x; does not occur in right-hand sides any more, the resultvicllby the induction
hypothesis.

Otherwise, we first have to replace the equatign= ¢; by an equatiorx; = e
s.t. (1)e does not contain the variable and (2) the systems; = ¢;0 andx; = eo
have the same set of finite solutions for every substitutionapping variables other
thanx; to finite values. Then replacing = ¢; by x; = e will preserve the set of finite
solutions. A suitable expressiaeris constructed as follows. By using distributivity, we
rewrite the equatios; = e; into

X, =%X;tale]Vey

wherex; +aAe] Ve, is in disjunctive normal form. Gived ase’ Ve, if a > (0, ..., 0)

and as} if a < (0,...,0), we get, from our considerations for a single equation, that
the systems; = e;,0 andx; = €’ (which consist of a single equation) have the same
set of finite solutions for every substitutienmapping variables other than to finite
values. Since] V e, ande), are in disjunctive normal form and have one occurrence of
the variablex; less thare, this process can be repeated to eliminate all occurrerfces o
the variablex;. Doing so, an expressianwith the desired properties can be obtained.
Thus, we can replace the equation= e; with x; = ¢ and substitute every occurrence
of x; in right-hand sides witla to obtain a systenﬁ‘ﬂ/ of equations which has the same
set of finite solutions a&*. Furthermore the weights o’ are less than or equal to the



weights of€*. Sincex; does not occur in a right-hand side &, we can apply the
induction hypothesis to finish the proof.
The above implies assertion 1. Since

[wmm(c‘:ﬁ),wmar(c‘)ﬁ)] C [(ag,0,n2,...), (bg,n1,0,...)]

andw;(£%) < n; for j = 1,...,d assertion 2 follows for finite solutions. Non-finite
solutions can be reduced to the finite case by removing aflitefivariables. The third
assertion holds, since, by similar arguments as in{7dunds of Round-Robin iteration
suffice to compute. Since elements i), are(d+1)-tuples, addition and comparison
has uniform complexity)(d). O

In particular, theorem 4 implies that finite values in sauns arebounded

Corollary 1. Assume that* denotes the canonical solution of a hierarchical system
(€,r) over Z. Then (1)u*(x;) = —oo whenever*(x;) < ag and (2) u*(x) = oo
whenevep*(x;) > bs. O

Note that this corollary has important consequences fahcgames. It implies that
every finite game value lies in the intervak, b¢].

Now assume that the canonical solutieh of the hierarchical systert€, r) over
Z and hence also the canonical solutiohof the corresponding lifted hierarchical
system(&#, r) is finite and thus by theorem 4 the only finite solution. By tiezo 3 our
problem of computing.* reduces to the computation pf. Assume thag* consists of
the equations; = ¢;,7 = 1,...,n, and Ietag andbﬂg denote the corresponding lifted
constants:

aﬁgz(ag,O,nQ,O,ml...) bﬁg:(bg,nl,O,ng,O,...)
wheren,, is the number of variables of rarik In order to computg?, we replace each
equationx; = ¢; of &% with x; = e; A b% V a%. For simplicity, we denote the resulting
system again bg?. SinceS? does not have non-finite solutions any more, by theorem 4,
1t is now theonly solution of£f. In order to computg? we proposestrategy iteration

Let M, (%) denote the set of alV-expressions ir€*. A strategyr is a function
mapping every expressien V e, in M, (%) to one of the subexpressions e,. Given
a strategyr together with an expression we writeer for the expression obtained by
recursively replacing every-expression ir€* by the respective subexpression selected
by 7. Formally,er is given as:

e =c (e1 Nea)m = e1m A eamw XT =X
(e+a)Tr =em+ar (e1 Vey)m = (w(e1 Vea))w

Accordingly, the systerd* () of equations extracted frod¥ via the strategyr is the
systemx; = e;m, i = 1,...,n, assuming thaf? is the systenx; = e;,i = 1,...,n.
£*(r) is a conjunctive system.

Assume thaj‘. denotes the greatest solution&f(r) for a strategyr. By mono-
tonicity, 4 < ¥ for all strategiesr. Given a strategy: and the greatest solutigrj. of
£*(r) our goal is to determine an improved strategysuch that the greatest solution



Algorithm 1 Strategy Improvement Algorithm

I* The systemE® has only finite solutions. */
u < variable assignment which maps every variable to;
while (2 is not a solution o€#) {

T — P(p);

1 — greatest solution af*(r);
}
return p;

pt, of E4(x') is nearer tq/f thanut , i.e.uf < u*, < uf. Thereby we pursue the policy
to modify = at all expressions = ¢; \V e, Where[r(e)]* 1t # [e]* 1t simultaneously.
Therefore, we define the strate@y;.) induced by a variable assignmenby:

el if [e1]* i > [e2]*se

Plu)(erVes) = {62 if [e]Fp < [eal s

The following lemma implies that we can considefy! ) as an improvement of.

Lemma 1. Let if denote the only solution of the systei Let . < i be a pre-
solution of&*. Let ' denote the greatest solution &f(P(x)). Thenu < p'.

Proof. Since? is the only solution of€?, 1 is no solution of€!. By the definition
of P, ;i is also a pre-solution of*(P(x)) and no solution of*(P(p)). Sincey is a
pre-solution, Knaster-Tarski’s fixpoint theorem implibaty < u/. Moreoveru # 1/,
sincey is no solution. ad

According to lemma 1, we can compyté using alg. 1. For the correctness of alg. 1
consider the following argumentation. Obviously, alg. turas the unique solutiop®

of £ whenever it terminates. Let , m,, . . . denote the sequence of occurring strategies.
Since the program variabjeis always the greatest solution &f(r) for some strategy

7, u is always a pre-solution of* andp < uf. Therefore, by lemma 1, the greatest
solutionsM,“,i of £¥(r;) form a strictly increasing sequence. In particular no st
occurs twice in the sequenge, 1o, . . .. Since the total number of strategies is bounded,
the algorithm eventually terminates. For a precise char&ettion of the run-time, let
I1(m) denote the maximal number of updates of strategies negessaystems with

m V-expressions. We have:

Theorem 5. Assume that&,r) is hierarchical system withn variables andm V-
expressions where the canonical solutignof (€, r) is finite. Thenu* can be computed
by strategy iteration in tim&(d - n - |E] - IT(m + n)). O

The following example illustrates a run of alg. 1.
Example 4.Consider the systeff€, r) given by:
X1 =X9+—-1A10 Xo =X AXog+1VO0

wherer(x;) = 1 andr(xz) = 2. The canonical solution maps to —1 andx; to 0.
The corresponding lifted systeéi is given by
X1 = ((X2+(_17 07 O) A (107 07 O))+(Oa 17 O)) A (117 17 O) \ (_17 0
xz = ((x1 Ax2+(1,0,0) v (0,0,0))+(0,0,1)) A (11,1,0) v (~1



where we already have added the safe lower and upper boufidsti#e first iteration,
the value of the program variableis the variable assignment mapping every vari-
able to the lower boun@-1,0, 1). The resulting strateg¥ (o) gives as the system:

x1 = (—1,0,1) x3 = (0,0,0)+(0,0,1) A (11,1,0)
with the obvious greatest solution. Accordingly, the nexprovement results in:

= ((x24+(—1,0,0) A (10,0,0))+(0,1,0) A (11,0,0)
=(0,0,0)+(0,0,1) A (11,1,0)

giving us the unique finite solution &* that corresponds to the canonical solutiom

The efficiency of strategy iteration crucially depends oa $ize of the factodl(m).
In practical implementations this factor seems to be ssirpgly small. Interestingly,
though, it is still open whether (or: under which circumst@s) the trivial upper bound
of 2™ for IT(m) can be significantly improved [19, 2].

6 General Canonical Solutions

In this section we show how the restriction to finite canohstdutions can be lifted.
The idea is to successively identify variables which are or oo in the canonical
solution and to remove these from the system until the reimgisystem has a finite
canonical solution. Le8 = {0 < 1} denote the Boolean lattice, and consider the
mappingsy_. : Z — B andas : Z — B defined by:

O_oo(—00) =0 a_so(z) =1 if z> —o0
Qso(0) =1 axo(z) =0 if z< o0

The mappingy_ ., commutes with arbitrary least upper bounds whereas the imgpp
Qs commutes with arbitrary greatest lower bounds. Additibnate have:

a_oo(x+a) = a_o(x) Qoo (T 4 a) = oo ()
oo (VYY) =0 () Va_o(y) ooV Y) = aoo(x) V ass(y)
oo (T AY) = 0o (@) N () Qoo (T AY) = Qoo () A oo (y)

wherex,y € Z anda € Z. Thus, the mappings_ .. anda., are homomorphisms
mapping the operationst‘a”, “ A", and “v” on Z to logical connectivities. Using these
abstractions we define, for a systémf equations oveg, the systenf _ ., of equations
overB as the system obtained frafrby applyinga_ . to all constants and substituting
the operators accordingly. Analogously, we define the gyglg of equations oveBB
using the abstraction,,. The following lemma enables us to identify some variables
that are—oc or oo in the canonical solution.

Lemma2. Assuméé&,r) is a hierarchical equation system ov&rwith canonical so-
lution p*. Let p* . and u’, denote the canonical solutions (f_., ) and (€, 7),
respectively. Then (1)*(x;) = —oo whenever* (x;) = 0 and (2)pu*(x;) = o0
whenevep’ (x;) = 1. O



In order to deal with the second source of infinities we intrelthe following notions.
Forz € Z, we write (£V#, r) for the system obtained frof¢, r) by replacingx; = e;
with x; = e; V z for every variablex; with odd rank. Accordingly, we writ€£"*, r)
for the system obtained frof€, r) by replacingx; = e; with x; = ¢; A z for every
variablex; with even rank. We have:

Lemma 3. Consider a hierarchical syste(&, r) of integer equations. Assume that
denotes the canonical solution ¢f, r), and thatu,, and u,, denote the canonical
solutions of £Vae 1 ) and (£/be T1 1), respectively. Then:

1op* < pae @andpy, < p*;

2. pq, = p* whenevep,, (x;) > a for all variablesx; of odd rank;

3. upe = p* whenevep,, (x;) < b for all variablesx; x; of even rank. 0

In order to compute the solution of a hierarchical systemirapte integer equations,
we proceed in two steps. First, we only consider systems edtionical solutiong*
which never return-co, i.e. u* (x;) > —oo for every variablex;.

Theorem 6. Assume that&, r) is a hierarchical system of simple integer equations
with n variables andm occurrences of ¥/” where the canonical solution.* never
returns—oo. Thenu* can be computed in tim@(d - n? - || - I (m + n)).

Proof. Assume that consists of the equations, = ¢; fori = 1,...,n. Let
denote the canonical solution (f.., 7). In the first stage, we remove all variables
with 1+ (x;) = 1. That means that we obtain a systéfnfrom £ by removing all
equationsx; = e¢; S.t. us(x;) = 1 and replacing all occurrences of these variables
in right-hand sides by the constaxrt. The hierarchical systeitt’, r) is equivalent to
(€,r) and moreove(E’ o, ) is equivalent td £, ) for the remaining variables.

For the second stage, assume w.l.0.g. that for all variahle& (&, r), e (x;) = 0.
Now letb := bge denote the upper bound éf for finite values. Then by corollary 1
p*(x;) < b, if p*(x;) € Z. Since the canonical solutign, of (£/°+1 ) is finite, it
can be computed by strategy iteration according to theorem 5

If up(x;) < bforall variablesx; we are done, since lemma 3 implies that= ;.
Otherwise,u;(x;) > b for some variablex; which (using corollary 1) implies that
w*(x;) = oo. Then we can again remove the equationdpand replace all occurrences
of the variablex; in right-hand sides of the remaining equationsdayto obtain an
equivalent system.

Repeating this two-stage procedure for the resulting systéth fewer variables
may identify more variables of valug> until either all variables are found to obtain
valuesoo or have values at mos$t Then we have found the canonical solutioh
Summarizing, we apply the sub-routine for finite canonigatasms at most times for
computing the abstractions and anothdimes for the bounded versions of the integer
system — giving us the complexity statement. a

In the second step, we also lift the restriction that cararsolutions should never
return—oo. The key idea is now to repeatedly use the abstractiog, together with
the algorithm from theorem 6.



Theorem 7. Assume that€,r) is a hierarchical system of simple integer equations
with n variables andm occurrences of the maximum operator. Then the canonical
solution can be computed in tind®(d - n* - |€| - IT(m + n)). 0

Proof. Assume that consists of the equations = ¢; fori = 1,...,n, and thatu*

is the canonical solution ¢, r). Let 1, denote the canonical solution #_ ., ).

In the first stage, we remove all variableswith ._.(x;) = 0. In the second stage
thereforep_ o (x;) = 1 for all variablesx;. Let furthera = a¢ denote the lower bound
of finite values in the canonical solution @, ). Let i, denote the canonical solution
of (£€Vee~1 r). By constructiony,, never returns-oo. Thus we can apply theorem 6
to computey,,. . Analogous as in the proof for theorem 6, we compuig. This will
provide us either with some new variableswith p*(x;) = —oco or verify thatu,,
already equalg*. This two-stage procedure will be repeated until we havedaihe
canonical solution.

Thus, similar to the proof of theorem 6 we repeatedly remaréables for which
l—oo returns0 followed by the computation of the canonical solution of erhrchical
system whose canonical solution never returns. Since by theorem 6, the complexity
of the corresponding sub-routined®d-n? - |€|- IT(m')) for m’ = m+n, the assertion
follows. O

Thus, using theorem 1 we have deduced our main theorem fein games:

Theorem 8. Assume that: = (V4,, VA, E, ¢, r) is a crash game. Let’ = V|, U Vj.

The valueg(v)) ¢, v € V can be computed by a strategy improvement algorithm in time
O(d-|V|*- |G| - 11(|G])), where|G| = |V| + |E| andd denotes the maximal rank of a
position occurring inG. O

7 Conclusion

In this paper, we have introduced the concept of crash garhesaweach player aims
at optimizing the total payoff of a play. Although crash gant® not admit optimal
positional strategies, we succeeded in characterizing ¢fagne values by canonical
solutions of hierarchical systems of simple integer eaunati

We then have shown how the canonical solution of a hieraatkicstem of simple
integer equations can be computed. For that, we uséasammentatiorof the under-
lying lattice to obtain a lifted system of equations wherédisolutions areinique We
exploited this insight to design a strategy iteration alfpon for hierarchical systems
with finite canonical solutions. This algorithm is quite natural anchparable in its ef-
ficiency with the discrete strategy iteration algorithmttoe Boolean case [19]. We then
showed how general hierarchical systems of simple integeatoons can be solved by
iteratedly solving systems with finite canonical solutiomsy.

Using our algorithm for hierarchical systems, we are thus &b determine the
game values of crash games. Further investigations areedded automatically de-
signing strategies with guaranteed payoffs.
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