Precise Relational Invariants Through Strategy
Iteration

Thomas Gawlitza and Helmut Seidl

TU Minchen, Institut fur Informatik, 12
85748 Munchen, Germany
{gawl i tza, seidl }@n.tum de

Abstract. We present a practical algorithm for computing exact leaktt®ns

of systems of equations over the rationals with additionltiplication with pos-

itive constants, minimum and maximum. The algorithm is Hawe strategy im-
provement combined with solving linear programming proidefor each se-
lected strategy. We apply our technique to compute the atisteast fixpoint
semantics of affine programs over the relational templatestcaint matrix do-
main [20]. In particular, we thus obtain practical algomith for computing the
abstract least fixpoint semantics over the zone and octdugiraat domain.

1 Introduction

Abstract interpretation aims at inferring run-time inearis of programs [5]. Such an
invariant may state, e.g., that a varialslds always contained in the intervéd, 99]
whenever a specific program point is reached. In order to coerguch invariants, often
an abstract semantics is considered which for each progoamt @ver-approximates
the collecting semantics at this program point. Technjc#éifie abstract semantics is
given as the least fixpoint of an appropriate system of iraéqos over a complete
lattice. Any solution of this system provides safe information whileyothle precision
of the information returned by the analysis depends on coimpas small solutions as
possible. In the example of interval analysis, clearly,simaller the interval which the
analysis returns for a given variable at a program pointbtteer is the information.

Thus, any ambitious program analyzer aims at compuéiastsolutions of the sys-
tems of in-equations in question. Since ordinary fixpoietation does not provide a
terminating algorithm in generalyideningcombined withnarrowing has been pro-
posed to accelerate fixpoint computation and thus guaréereénation of the analysis
algorithm at a moderate loss of precision [7, 8]. Findingulsgidening and narrowing
operators, however, is a kind of a black art and it is not arpciear whether the chosen
heuristics will be sufficient for a given program. As an altive to the general tech-
nique of widening and narrowing, we are interested in meghvauich allow to compute
least solutions of in-equatiopsecisely— at least for certain interesting cases.

Here, we are interested in computing precise abstract feg@stint semantics of
affine programs over a certaielational domain which enables us to describe (certain)
relations between the values of program variables. Ourd@yrtiques refer to them-
plate constraint matrix (TCMs) abstract domamroduced by Sankaranarayanan et al.
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[20]. Polyhedra of a predefined fixed shape can be represtmtaayh elements of this
domain. As a particular case, we obtain practical precigerahms also for intervals,
the zone abstract domain and octogons [16, 15].

The key idea for our precise algorithm for equations ovaonals isstrategy iter-
ation. Recently, strategy iteration (called policy iteratiorfdn10]) has been suggested
by Costan et al. as an alternative method for the wideningremtbwing approach
of Cousot and Cousot [7, 8] for computing (hopefully smadijusions of systems of
in-equations. Originally, strategy iteration has beemoidticed by Howard for solving
stochastic control problems [13,19] and is also applieceto-sum two player games
[12,18, 22] or fixpoints of min-max-plus systems [3]. In gaaiethough, naive strategy
iteration will only find some fixpoint — not necessarily thast one [4].

In [4] Costan et al. consider systems of equations over értiedervals. The authors
then generalize their idea in [10] to tzene- and octagon-domajh6, 15] as well as
to the TCM domain[20]. Their strategy iteration scheme can be applied to ram®
self mapsF’ satisfying aselection propertyThis selection property states that the self
map F' can be considered as the infimum of a set of simpler self mapsn The se-
lection property enables to compute a fixpointfofoy successively computing least
fixpoints of the simpler maps. In certain cases, e.g., forequansive self maps dg'”',
this approach returns tHeastfixpoint. In many practical cases, however, this cannot
be guaranteed. In [11], we provide a practical algorithmcimmputing least solutions
of (in-)equations over integer intervals. This algorithmaally exploits the fact that
the interval bounds are integers. Interestingly, it is muylaable to (in-)equations of
intervals with rational bounds or multiplication with fiteans such a$.5.

In contrast to [4, 10] and similar to [11] we do not apply st iteration directly
to systems of equations over the interval, the zone/octagaghe TCM domain. In-
stead, we design just one strategy improvement algoritmmdimputing least solutions
of systems of rational equations. Technically, our aldgpniin [11] relies on arnstru-
mentationof the underlying lattice [11]. This instrumentation is mmger possible for
rationals. Our main technical contribution therefore itmstruct a precise strategy
iterationwithoutextra instrumentation. For solving the subsystems saldnjea strat-
egy, we usdinear programming14, 21]. Using a similar reduction as in [11] for integer
intervals, systems of rational equations can be used fenial analysis with rational
bounds. Because of lack of space, we do not present thistiedueere. Instead, by
additionally allowing a (monotondjnear programming operatom right-hand sides
of equations, we use our techniques for computing abstast fixpoint semantics of
affine programs over the TCM domain. We emphasize that ounadstreturrprecise
answers and do not rely on widening or narrowing. Using thepkéx algorithm for
solving the occurring linear programs, our algorithm isreuaiform, i.e., the number
of arithmetic operations does not depend on the sizes ofoogunnumbers.

The paper is organized as follows. Section 2 introducesysbf rational equa-
tions and basic notations. Section 3 presents our strategsovement algorithm for
systems of rational equations. Affine programs are discusssection 4. There we
show how to compute the abstract semantics over the TCM dousig systems of
rational equations extended with linear programming dpesaSolving these systems
is discussed in section 5. Finally, we conclude with sedion
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2 Systems of Rational Equations

We are interested in computing least solutions of systenesjoitions over the ratio-
nals. Since the least upper bound of a bounded set of rasiore&d not be rational
any longer, we consider the complete lattRe= R U {—o0, o0} of real numbers
equipped with the natural orderirgand extended with-co as least ando as greatest
element. OR we consider the operations addition, multiplication withsjive con-
stants, minimum A” and maximum %" which are extended to operands &” and
“00” as follows. We setr + (—o0) = y - (—00) = —cc for z € R,y > 0; we set
T4+ o00=y-00=oc0forzecR,y>0;andwesed -z = 0forx > —oo. Forc > 0,
the operations- andc- distribute overy andA. Moreover+ distributes over-. A sys-
tem of rational equations is a sequenge= ¢y, ...,x, = e, Of rational equations
wherex;,...,x, are pairwise distinct variables, and the right-hand sideseapres-
sionse’ built up from constants and variables by means of additiantiplication with
positive constants, minimum\” and maximum %/”. Thus, an expression is defined by

the grammar

e = a|x;|el+ey|b-e|ejVvey]e] e,
wherea € Q, b € Q°, x; is a variable and’, ¢/, ¢} are expressions. Note that all
occurring constants are rationals. We call a sysfeafi rational equationsonjunctive
(resp.disjunctive iff no right-hand side of contains the maximum-operator™(resp.
minimum-operator A”). A system without occurrences of minimum and maximum
operators is callethasic As usual, every expressienevaluates to a valug]u € R
under avariable assignment : X — R. Thus, e.g.Je} +eb]u = [e}]u + [eb]u
whereel, e/, are expressions. Assume tifatlenotes the systesy = ey, ...,x, = e,
of rational equations. A variable assignmenivhich satisfies all equations &f, i.e.,
p(x;) = [e;Jufori =1,...,n,is called asolutionof £. Accordingly, we call a variable
assignment: apre-solutionof £ iff u(x;) < [e;Jufori =1,...,n and apost-solution
of £ iff u(x;) > [es]u. A solution of £ is a fixpoint of the function given through
the right-hand sides &. Since every right-hand side induces a monotonic function
[e:] : (X — R) — R, every systen€ of rational equations has a least solution. We
write p < p/ iff u(x) < p/(x) for all variablesx. Moreover, we write—oo (resp.occ)
for the variable assignment which maps every variabledo (resp.co).

We remark, that least solutions of systems of rational éguaicannot effectively
be computed by performing ordinary Kleene fixpoint iteratiBven if the least solution
is finite, infinitely many iterations may be necessary. A dergxample is the equation
x =0.5-x + 1V 0, whose least solution mapsto 2.

As a start, we consider disjunctive systems of rational #gus. We recall from
[10] that computing the least solution for such a system earetuced to solving linear
programs (LPs). For a sétand a matrixd € S™*", we write A;. for thei-th row of
A andA.; for the j-th column ofA. Accordingly A;.; denotes the element in raivand
columnyj. As usual we identifys™>! with S™. We denote the transposedAby A7
For A € R™*" andc € R™ we define the operatdiP 4 . : R~ — R by

LP 4 .(b) = \/{ch |z e R", Az < b}
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for b € R™. This operator is monotone and represents a linear prodfime. program
isinfeasiblei.e., Az < bfornoz, LP 4 .(b) returns—co. If the program is unbounded,
i.e., forallr € R, ¢’z > r for somex satisfyingAzx < b, LP 4 .(b) returnsco.

Our goal is to compute the least solution of a systeof disjunctive rational equa-
tions. For simplicity, we assume that all maximum operatonight-hand sides of
occur on top-level such as in:

X;=3x2+3V1  x3=2x;—6V5xy—1

Assume that hasn variables and the least solution is givenby In the first step, we
compute the set of variables with ;1*(x;) = —occ. This can be done in tim@(n - |£])
by performingn rounds of fixpoint iteration which results in a variable gesnentu
with u(x) = —oco iff p*(x) = —oo for all variablesx. Accordingly, the least solution
of the example system returns values exceeding for bothx; andxs.

Having determined the set of variables with 1*(x;) = —oo, we can remove
these variables from our system of equations. Thereforayomew.l.0.g. may assume
thaty* > —oo. Also, we may assume that the constanb does not occur ig. For a
moment assume furthermore thet < co. From the set of equations we can extract a
set of constraints (here in-equations) which are satisfiadtly by all post-solutions of
E. In our example these are given by:

X12%X2+3 x1>1 X9 > 2X1 — 6 X9 > bxo — 1

Since—oco < p* <K 0, the least solutions™ can be characterized as the (unique)
vectorz = (x1.,...,x,.) € R™ that represents a solution of the above constraints and
for which —(z1. + -+ + x,,.) is maximal. Thusg can be determined by solving the
appropriate LP. In the example, this results in the veeter (3, 0).

In general, it might not be the case that < oo. If this is not the case, the LP
corresponding to the systefiis not feasible. In order to deal with this case as well, we
consider the variable dependency grépk- (V, —) of £ where the set of verticds is
the set of variables and the set of edges V2 is the smallest set sx; — x; iff x; =
e; € £ andx; occurs ine;. Sincey™ > —oo and—oo does not occur as a constantin
[e]n* > —oo for every subexpression occurringdnThus,u*(x;) = oo andx; —* x;
implies p*(x;) = oo. In particular if u*(x;) = oo for some variablex; of a strongly
connected component (SCC), thef(x;) = oo for every variablex; of the same SCC.
Therefore, we proceed by processing one maximal SCC aéathker. Thereby we start
with a maximal SCQ=" = (V’, —') without in-going edges. The least solution of the
subsystem of described by’ can be computed using linear programming as sketched
above. If the corresponding LP is infeasible, thetix;) = oo for all variablesx; of
the SCC and in fact for all variables reachable from this SCC. The corresponding LP
cannot be unbounded, since this would be a contradictigri ts —oco.

Having computed the values of all variables in the first matiBCC, we replace all
occurrences of these variables in the remaining equatiptisdir values and proceed
with another maximal SCC without in-going edges. In essgiinigis the algorithm of
[10] simplified for systems of rational constraints. Sumiziag, we have:

Theorem 1 (Costan et al. 2007)The least solution of a disjunctive systénof ratio-
nal equations can be computed by solving linearly many LR®lyihomial sizes. O
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This theorem results in a polynomial algorithm if we appltenior point methods for
solving the occurring LPs [14, 21, 1]. Note, however, that thn-time then crucially
depends on the sizes of occurring numbers. At the danger ekjaonential run-time
in contrived cases, we can also rely on the simplex algoritistead: the advantage
of the latter algorithm is that its run-time isiform i.e., independent of the sizes of
occurring numbers (given that arithmetic operations, camnspn, storage and retrieval
for numbers are counted f@?(1)).

3 Least Solutions of Systems of Rational Equations

In this section we provide techniques for computing leakttsms of systems of ratio-
nal equations. Our techniques are based on (max-) stratggyvement. Let\, (£)
denote the set of all maximum subexpressions occurrirgy il (max-)strategyr is a
function mapping every expressier\ves in M., (£) to one of the subexpressions es.
Given a max-strategy together with an expressian we writee 7 for the expression
obtained by recursively replacing every maximum expressiof by the respective
subexpression selected by Assuming that is the systenx; = ¢;,i = 1,...,n, we
write () for the systenx; = e; 7,7 = 1,...,n. Thus&(n) is extracted fron€ via
the strategyr. Note that€ () is conjunctive.

Example 1.Consider the systeré of rational equations given by the equatign=
(2-x — 2 A 10) V 4. Consider the max-strategywhich maps the top-level expression
(2-x—2A10)V4to the expression. Then the systerfi(r) of conjunctive equations
is given by the equatior = 4. a

Assume thap* denotes the least solution of the systénof rational equations. Our
goal is to construct a strategy improvement algorithm fenpating..*. The algorithm
maintains a current max-strategyand a current variable assignmentThe current
variable assignment is a pre-solution of which is less than or equal {@*. For a
current max-strategy and a current variable assignmenthe algorithm performs an
accelerated least fixpoint computation on the sys&édm) which starts withu. This
fixpoint computation results in a variable assignmghivhich is a a solution o€ ()
and a pre-solution of and moreover is still less than or equalb. If x4/ is not a
solution of&, a new improved max-strategy is determined and the algorithm re-starts
with 7/ as current max-strategy apd as current variable assignment. These steps are
repeated until the least fixpoint éfis reached.

Given a current max-strategyand a solutionu of £(w), we pursue the policy to
improver at all expressions, Ve, wherefe} V e > (€] V e5) m]u simultaneously.
Formally, we introduce an improvement operakyrby:

e1 if fea]p > [e2]p
Py(m,p)(erVes) = q e if [ex]p < [e2]p
m(erVes)  if [er]p = [e2]

Note that the strategh, (m, 1) differs from only if 1 is not a solution of.
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Algorithm 1 Least Solution of The Systegof Rational Equations
T Moo} J ¢ —00;
while (p is not a solution of) {
m «— Py(m, p); u < least solution of () that is greater than or equal o
}

return g

Example 2.Consider the systerfi and the max-strategy from example 1. Lef: de-
note the unique solution &(r), i.e.,u(x) = 4. The variable assignmenptis less than
or equal to the least solution §fand the max-strategy := P, (m, u) # 7 leads to the
system&(n’) given by the equatior = (2 - x — 2 A 10). O

In order to formulate our strategy improvement algorithre,do not consider the orig-
inal system&. Instead, we replace every equation= ¢; of £ by x; = ¢; V —oc.
For simplicity, we denote the resulting system agaifb@ur algorithm starts with the
max-strategy that maps every top-level expressiondo. We denote this max-strategy
by 7_ .. Then, our strategy improvement algorithm is given as algar 1. Clearly, if
algorithm 1 terminates, it returns a solutionffit returns thdeastone, since for every
strategyr the least solution of £(m) with u/ > p is less than or equal to the least
solutiony” of £ with i/ > . Therefore the value of the program variaples always
less than or equal to*.

Two things remain to be explained. First, we need an algorfibr computing the
least solution.’ of a conjunctive system such &¢r) with p/ > p for a given variable
assignment:.. Here, we will exploit that every, to be considered is not arbitrary but a
consistent pre-solutio(see below) o (7). Secondly, we must prove that every strat-
egyw occurs only finitely often during the strategy iterationfd@e going further, we
illustrate algorithm 1 by an example.

Examp|e 3Consider the [€ = x; =0.8%1+x2V2V —00 x2= (x2+1A100)Vx; V—00
system £ of rational g(“) = = R

. (me) = X =2 X9 = —00
equations shown on|gr,) = X1 =2 X3 =X
the right. Algorithm 1 [(m) = X1 = 0.8%14%) Xz =X3+1 A 100
computes the least solutiqu® using 4 max-strategiesry, ..., m4. The strategies;

lead to the system&(m;) shown on the right. Let us consider the syst€fas). The
only solution maps every variable 20 Thus, the improvement step leads to the system
E(m4) for which we must compute the least solution which maps evanjable to
values greater than or equal20This solution maps; to 500 andxz to 100 and is
also the least solution &f. O

Assume thaf denotes the conjunctive system = e;, 7 = 1,...,n and thatu is a
pre-fixpoint of€. We define the seb,, (£) of derived constraintss the smallest set of
constraints of the formt < e such that

-x; <€ € D,(€) wheneverx; = e; with u(x;) < oo can be rewritten (using
distributivity) intox; = ¢’ A ¢”” wheree’ does not contain-operators;

- x; < 1 e € D,(€) whenever; < c-x; + e € D,(£) where0 < ¢ < 1; and

- x; <c-e+eeD,(E)wheneverx; < c-x;+ecD,(E)andx; <e € D,(E).
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Lemma 1. Assume that is a pre-solution of the conjunctive systémThenu(x) <
[e]u for everyx < e € D, (€). O

We call the pre-solutiop of £ (£-)consistentff

— [e]pu = —oc impliese = —oo for every expressioa occurring iné.
— D, (&) does not contain a derived constrakgt< c-x; +e € D, () withc > 1
andu(x;) = [c- x; + e]p. (We call such a constraintcritical).

Example 4.The pre-solution, = {x; — 2,x2 +— 2} is not £&-consistent for the
conjunctive systerfi given by the equations; = 0.75-x;+0.25-x2 andx, = 4-x1—6,
because; <1.75-x; —1.5 € D, (€) andp(x1) =2 = [1.75 - x; — 1.5] . However,
the pre-solution/’ = {x; — 3,x5 — 4} is £-consistent. O

We claim that algorithm 1 computes least solutighsf £ () with p/ > p for variable
assignmentg which are consistent pre-solutions&fonly. Since—oo is a consistent
pre-solution off (7_ ), this follows inductively using the following two lemmas.

Lemma 2. Let& be a conjunctive system apde a consistent pre-solution 6f Every
pre-solutiony’ > 1 of £ is consistent. O

Lemma 3. Assume thaf is a systemg a max-strategyy a consistent pre-solution of
E(m) andn’ = P, (m, u). Thenu is a consistent pre-solution éf{(x’). O

It remains to provide a method for computing the least sofuti’ with u/ > u of a
conjunctive systerg for aconsistenpre-solutiory of £.

3.1 Systems of Conjunctive Equations

In this subsection we consider conjunctive systehtf rational equations. Of a par-
ticular interest aréeasiblesystems. We calf feasibleiff there exists a consistent pre-
solutionp < oo of £. It turns out that feasible systems enjoy the property taehav
least consistengolution. The main challenge and the goal of this sectiorefoee is
to derive a method for computing the least consistent soiudf feasible systems. This
method then will be used to compute the least solutibof £ with ¢/ > u provided
thaty is a consistent pre-solution &fwith 1 < oo.

The restriction to consistent pre-solutions with< oo can be lifted as follows.
Assume thaj, denotes an arbitrary consistent pre-solutiol oEet X*° be the set of
variablesx with u(x) = oo. Let&’ denote the system obtained frghiby (1) removing
every equatiorx = e with x € X and (2) replacing every variable € X by the
constanto. Thenyu|x\x~ is a consistent pre-solution &f with y|x\x~ < oo and
thus the least solution &’ with " > u|x\x~ is the least consistent solution &f.
Finally, the least solutiop* of £ with p* > pis then given byu*(x) = oo forx € X
andp*(x) = ¢/ (x) forx ¢ X°°. In the following, we only consideeasiblesystems of
conjunctive rational equations. Furthermore, we assuigthle constant co does not
occur in the systems under consideration. In a first step wsider systems dbasic
equations, i.e., systems in which neithenor A occur. The following lemma implies
that every feasible system bésicequations has a least consistent solution.
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Lemma 4. Assume thaf is a feasible system of basic equations. Assumetkatoo
is a pre-solution of andy’ a consistent solution &. Thenu < p'.

Proof. Assume that denotes the systemy = ¢;,7 = 1,...,n. We proceed by induc-
tion on the number of variables occurring in right-hand sid&€. If no variable occurs
in a right-hand side of , theny is the only solution of. Thusy. < 4/, since otherwise
1 would not be a pre-solution @f. For the induction step, consider an equattgn- ¢;
of £ wherex; occurs in a right-hand sidg of £.

Case 1:¢; does not contail;

We obtain a systerd’ from £ by replacing all occurrences of; in right-hand sides
with e;. SinceD,,(£') € D,/ (€), 1 is a consistent solution &’. Sincey is also a
pre-solution of€’ and the systerd’ contains one variable less in right-hand sides we
getu < p/ by induction hypothesis.

Case 2:¢e; containsx;

Using distributivity, we rewrite the equatioty = e; equivalently into

X; =cCc-X; +e

wherec € R>? ande does not contai;. Then we obtain the systenfs and&, from

& by replacing the equatior; = ¢ - x; + e by x; = co andx; = i - e, respectively.
Then we obtain systenty and& from £ and&; by replacing all occurrences of the
variablex; in right-hand sides witho and 1; - e, respectively.

First consider the case < 1. Sincey’ is consistent we get that' (x;) > —oc.
Thus,p/(x;) € {[1% - ]/, 00} If 1/ (x;) = oo, we conclude that, sincB,,/ (£]) C
D, (&1) €D (E), ' is aconsistent solution & . Sincey is a pre-solution of; and
&} has at least one variable less in right-hand sides &have gety < u/ by induction
hypothesis. If/(x;) = [1% - e]i/, we conclude that sinc®, (£5) C Dy (&) C
D, (€), 1 is a consistent solution ;. Sincey is a pre-solution of; and&; has at
least one variable less in right-hand sides tfawe getu < p’ by induction hypothesis.

Now consider the case> 1. Again,u’(x;) > —oo, sincey’ is consistent. It follows
w'(x;) = oo. Otherwiseu’ would not be consistent, since thef(x;) = [c¢ - x; + e]u’
and thusx; < c¢-x; + e € D,/(€) would bey/-critical. Note that, sincé®,,/ (£7) C
D, (&1) € D (E), 1 is a consistent solution @f . Sincey is a pre-solution of] and
&1 has at least one variable less in right-hand sides &have gety < u/ by induction

hypothesis. a0

We now extend this result to systems of conjunctive equation

Lemma 5. Assume thaf is a feasible system of conjunctive equations. Assume that
i < oo is a pre-solution off and p’ is a consistent solution of. Thenu < u'.
Moreover, there exists at most one consistent solytiomith 1/ < co.

Proof. There exists a min-strategy (min-strategies are definddgt@max-strategies)

7 s.t./ is a consistent solution of the systeifir) of basic equations. Then < oo is

a pre-solution of (7) by monotonicity. Thusy < p’ by lemma 4. In order to show the
second statement, assume thatk oo and lety” < oo denote a consistent solution
of £. Theny' < /" andp” < p/ implying u’ = p”. O
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Using lemma 5 we conclude that every feasible conjunctiseesy has a least consistent
solution. The following theorem states this fact and moeembserves that the least
consistent solution is given by the least solution whichoisiided below by a consistent
pre-solutionu with 1 < oo.

Theorem 2. Assume thaf is a feasible conjunctive system, amek o is a consistent
pre-solution of€. Then there exists a least consistent soluidrof £ which equals the
least solutiory” of £ with i/ > p. O

In order to simplify complexity estimations, we state thikdwing corollary explicitly.

Corollary 1. Assume thaf denotes a conjunctive system withiariables. Le{(u; )ien
denote an increasing sequence of consistent pre-solutitfisLet i, denote the least
solution of€ with i > p; for ¢ € N. Then[{y; | i € N}| < n. O

We now use the results above in order to compute the leasistemissolutiory* of the
feasible conjunctive systet We first restrict our consideration to the case< cc.
Since, by lemma 5,* is theonly solution of€ with u < p* < oo, p* is in particular
the greatestsolution of € with u* <« oco. We computes* by solving a linear program
which maximizes the sum of the values of the variables ootyim £. Assume w.l.0.g.
that& is given byx; = ez(.l) ARRRWA ez(.’”) fori =1,...,n Whereez(.” do not contain
A-operators, i.e £ is in normal form. (This form can be achieved from a generahfo
in linear time by introducing at most , auxiliary variables and equations, wheng,
denotes the number of-subexpressions.) We defile as the following system of
rationalconstraints

x;<ed  fori=1,....m j=1,... k.

i
Then we must maximiz® .y ©(x) under the restriction that is a solution oCs.

Lemma 6. Assume that denotes a feasible conjunctive system and jliats oo
denotes the least consistent solutionfofThen there exists a solutigd of C¢ with
' < oo which maximizes the sul, _y 4/ (x). Furthermorey’ = p*. Thus,u* can
be computed by solving a single LP which can be extracted framlinear time. O

Example 5.Consider the systerfi(m4) from example 3. Our goal is to compute the
least solutionu” with ¢/ > = {x; — 2, %2 — 2}. Theorem 2 implies that’ is given
as theleast consistent solutio®ssuming thap’ < oo, i.e., / maps all variables to
finite values, lemma 6 implies that is given as thainiquesolution of the LP

V{Xl + Xo | X1 S 0.8 * X1 +X2, X9 S Xo + 1, X9 S 100}
Thus,,’ mapsx; to 500 andxs to 100. ad

Until now, we can only deal with feasible systefisvhose least consistent solution
w* does not map any variable te. In order to lift this restriction, we first have to
determine the se&X**° := {x € X | pu*(x) = oo}. GivenX*> we can remove each
equationx; = e; with x; € X*°° and thus obtain a system whose least consistent
solution,,*" does not map any variable to. Moreovery,  |x\x«e = pu*'.
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We reduce the problem of determiniXg > to the problem of computing the great-
est solution of arabstractedsystem of rational equations for which we know that the
greatest solution does not map any variabledmor —oco. Therefore, thisabstracted
system can be solved again by linear programming. We firshelefitransformation
[-]>° which maps the constant to 1 and every finite constant to 0 while preserving all
multiplicative factors and variable occurrences (redadtt-co does not occur in the
expressions under consideration):

x]* =x [a]> ~

[c-e]”

=0 [00] =1
=c-[e]  [ert+e]™ =[e]™ + e [er Aea]™ = [e]™ Alea]™

wherea < 00, 0 < ¢ < o0, x IS a variable and, ey, e are expressions. Assuming that
& denotes the systesy = ey, ..., x, = e, we write[£]* for the system

x1=[e1] AL ..., xy = [en] AL

The next lemma states that the $&t°° can be read off the greatest solutipf®
of [£]>°. Thus our problem reduces to computipng. Since by constructiofl <
p°(x) < 1 for every variablex, this can be done using linear programming, i.e., we
have to compute a solutiQr of Ce which maximizes the suy_ . 1*°(x). There
exists only one such solution and this solution is the geta@ution of€>°. We have:

Lemma 7. Assume thap* denotes the least consistent solution of the feasible con-
junctive systeng. Let > denote the greatest solution []>°. Thenu*(x) = oo iff
1> (x) > 0 for all variablesx. Furthermore ;> and thus{x € X | u*(x) = oo} can
be computed by solving a single LP which can be extracted framlinear time. O

Example 6.Consider again the systefi{r4) from example 3. As we already know,
the system is feasible and we are interested in computinkp#st consistent solution
©*. In order to compute the set of variables whjeh maps toco, we construct the
abstracted systemx; = 0.8 21 + 29 A1, z2 =22 A0OA1 for which we must
compute the greatest solutiari°. Thenp> can be computed using linear program-
ming. More exactlyu > is given as thainique determinedolution which maximizes
the sum)___ 1> (x). Here, obviously;> maps every variable t0. Thus, accord-
ing to lemma 7x* maps all variables to finite values — implying that the finées
assumption in example 5 is justified. a

In conclusion, our method for computing the least constsetution.* of a feasible
conjunctive systerd works as follows. Using lemma 7, we first determine theXs&t®
of variablesx with *(x) = co. After that we obtain a systed! of conjunctive equa-
tions from& by (1) removing all equations = e with x*(x) = oo and (2) replacing all
expressions with [e] ;1 by co. Thenp*|x\ x -~ is the least consistent solution&fand
moreoven*|x\ x-~ < 0o. By lemma 6,:*|x\x-- and thus:* can be determined by
solving an appropriate LP. We arrive at our result for felestionjunctive systems:

Theorem 3. The least consistent solution of a feasible conjunctivéesy$ can be
computed by solving two LPs each of which can be extracteddron linear time. O
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3.2 The Result

Consider again algorithm 1. Assume w.l.0.g. tAatenotes the systery = e; V —o0,

i = 1,...,n with least solutionu* andm, = m + n V-expressions. In order to give
a precise characterization of the run-time, I8¢m. ) denote the maximal number of
updates of strategies necessary for systemsmithmaximum expressions.

Let; denote the max-strategyafter the execution of the first statement in tkte
iteration. Accordingly, lefu; denote the variable assignmentt this point and lep;
denote the variable assignmenafter thei-th iteration. It remains to show that algo-
rithm 1 always terminates. Lemmas 2 and 3 imply thats a consistent pre-solution
of &(m;) with p; < p* for everyi. By theorem 3u; can be computed by solving two
appropriate LP problems extracted fréimThe sequenci;) is strictly increasing until
the least solution is reached. Moreover, every strategg/contained at most times
in the sequencer;). Otherwise, there would be more thateast solutions of the con-
junctive system€ () exceeding some consistent pre-solution containegkjin This
would be a contradiction to corollary 1. Therefore, the nentf iterations of the loop
executed by algorithm 1 is bounded by I7(m + n). Summarizing, we have:

Theorem 4. The least solution of a systefrof rational equations with variables and
m maximum expressions can be computed by soBsndI (m + n) LPs each of which
can be extracted froréi in linear time. O

All practical experiments with strategy iteration we knof\seem to indicate that the
number of strategy improvemerfis(m + n) (at least practically) grows quite slowly in
the number of maximums:. and the number of variables Interestingly, though, it is
still open whether (or: under which circumstances) theatpper bound o2™+" for
II(m + n) can be significantly improved [22, 2]. For a small improvetnere notice
that for expressions, V e5 in which e, is an expression without variables, all strategies
considered by algorithm 1 aftey evaluates to a greater value tharwill always select

e1. Thisin particular holds for the v-expressionsV —oo at the top-level introduced in
order to deal with-oc. Thus,IT (m. +n) in our complexity estimation can be replaced
with n - 2™v,

4 Analyzing Affine Programs

In this section we discuss affine programs, their colleciamantics as well as their
abstract semantics over the template constraint matrixa@tofa0] which subsumes the
interval as well as the zone- and octagon domains [16, 15us#&esimilar notations as

in [17]. Let X = {x1,...,X,} be the set of variables the program operates on and
letx = (x1,...,X,) denote the vector of variables. We assume that the varitdies
values inR. Then in a concrete semanticstteassigning values to the variables is
conveniently modeled by a vector= (z1,...,z,) € R"; z; is the value assigned to
variablex;. Note that we distinguish variables and their values bygiaidifferent font.
Statements in affine programs are of the following forms:

1) x:=Ax+b (2) x;:=? 3) Ax+b>0
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whereAd € R™*", b € R™. Statements of the form (1), (2) and (3) are caldiihe as-
signmentsnon-deterministic assignmerdasdguards respectively. Non-deterministic
assignments are necessary to model input routines retuumiknown values or vari-
able assignments whose right-hand sides are not affinessipns. Such a statement
may updatex; in the current state with any possible value. We denote thefsall
statements b§tmt.

As common in flow analysis, we use the program’s collectingasgics which as-
sociates a set of vectors= (z1, ..., x,) € R™ to each program point. Each statement
s € Stmt induces a transformatida] : 28" — 28", given by

[x :=Ax +b)X = {Az+b |z € X} [Ax+b>0]X = {z € X | Az+b > 0}
[xx :=7]X = {z+1; |z € X,0 e R}

for X C R™ wherel; denotes the vector whose components are zero besidetthe
component which id. The branching of amaffine programis non-deterministic. For-
mally, anaffine programis given by acontrol flow graphG = (N, E, st) that consists
of a set/V of program pointsa setE C N x Stmt x N of (control flow) edgesind
a speciaktart pointst € N. Then, the collecting semantié5 is characterized as the
least solution of the constraint system

V]st] 2 R" V[v] 2 [s](V]u]) foreach(u,s,v) € E

where the variable¥ [v], v € N take values i2®". We denote the components of the
collecting semantic¥ by V[v] forv € N.

Example 7Let G = (N, E, st) denote the affine pro-
gram shown on the right and I&t denotes the collect-
ing semantics of7. For simplicity, we do not use matrj-
ces in the control-flow graph. However, all statements
can be considered as affine assignments and guards
spectively. The statemeltks, x3) = (1,2 - x;), for
instance, represents the affine assignment

100 0
x:=(000])x+|1
200 0

A program analysis could, for instance, aim to answer thetipre whether at program
point5 the program variables takes values within the intervé, 9], only. Formally,
this is the question wheth&f[5] C {(z1,22,23) | 0 < 23 <9, z1,22 € R} — which
is the case here. a

Xgi=X3 X1~ Xy iy 41

We now consider an abstract semantics which is an over-gjppation of thecollect-
ing semanticsWe assume that we are given a complete latficef abstract values
(with partial orderingC). Assume that we are given a function : 28" — D (the
abstraction) and a functiop, : D — 28" (the concretization) which form a Galois-
connection. The elements im (2%") are calledopen(see e.g. [9]). The best abstract

transformer[[s]]f[D : D — D for a statement (see, e.g., [6]) is given by

[s5, = ap o [s] o -
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In particular,[[s]]fm always returns open elements. We emphasize that we areroedce

with best abstract transformeinly. Theabstract semanticﬁﬂg of the affine program
G = (N, E, st) overD is given as the least solution of the system of constraints

Vist] 2 Tp Vi[v] 3 [s]*(VE[u]) foreach(u,s,v) € E

where the variableV%[v], v € N take values i and T denotes the greatest element
of D. We denote the components of the abstract semabfidsy V;![v] for v € N.

Vlg represents an over-approximation of the collecting seivat [7], i.e., Vlg [v] 3
ap(V[v]) andyp(VE[v]) 2 V[v] for everyv € N. Since every transformés]’, always
returns open elements, we deduce from the theory of Gatwigactions (see e.g. [9])
thatV;¥[v],v € N are open.

In this paper we consider the complete lattice introducd@@j. For that, we con-
sider a fixedemplate constraints matrik € R™*". Each row in this matrix represents
a linear combination of variables of interest. Special sag¢his domain are intervals,
zones and octagons [16, 15, 20]. All these domains repregéntasses of convex poly-
hedra in the vector spad®” (n the number of variables). Let us v wI 0.g. assume that
T does not contain rows consisting of zeros only. TheBet= R together with
the component-wise partial ordering forms a complete lattice. Theoncretization
vz Tr — 2®" and theabstractionar,. : 28" — 77 are defined by

rp(e) = fr €R" [ Te < ¢} ar(X) = AMce B | vzp(c) 2 X}

forc e R, X C R™. As shown in [20]v7,. andvyz,. form a Galois-connection. Thus,
the abstract semantid‘éﬁT of an affine prograndz = (N, E, st) is well-defined.

In [20] the author allows one template constraint matrixdach program point. For
simplicity and similar to [10], we consider one global teatpl constraint matrix only.
Note also that open elementsBf are calleccanonicalin [20].

We now show how to compute the abstract semaﬁﬂﬁ:Ts of the affine program
G = (N, E,st) which uses variableXs = {xi,...,x,}. First of all we have to
describe the abstract effqpﬂ]ﬁTT for each statementby a linear program. We have:

Lemma8. Letc € Ty, A € R™™ b € R", x = (x1,...,%x,)" andi = 1,...,m.
Then:

(IIX —AX+b]]TT ) —T b+LPT(T1 A)T( )

2. ([Ax+b > 0]%, ©), = LP 4 17(¢') whereA' := (_TA) andc = (g)

3. [xx ]]T c< forgetTk + ¢. Moreover[x, : 7]]“T ¢ = forgety;, + c whenever

cis open Thereby the vectfirrget ;. € Ir is defined by

o o0 If Ti-k # O
(forgetT,k)i, = {O if T;., = 0. O

Note that the post operator in [20] combines an affine assggmimnd a guard. In or-
der to compute the abstract semanlﬁ@% of G over7r, we rely on our methods for
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systems of rational equations presented in section 3. Wié@atlly allow the LP oper-
ator to occur in right-hand sides, i.e., we additionallpalsubexpressions of the form:
LPyp(er,...,em) WhereA € R™*™ b € R™ ande; are expressions. We call such
expressions and equatiowgh LP. We define:

[LPay(er,. .. em)i=LPay ([e1]pss -, [em])")

Since again all operators in expressions with LP are momg®rery system of rational
equations with LP has a least solution. For the computatfow}‘g, we construct a
systenC¢ of rational constraints with LP which uses varialiles= {x,; | v € N,i =
1,...,m} (m is the number of rows of") as follows. For the start poirst of the
affine program we introduce the constrairts; > oo fori = 1, ..., m. According to

lemma 8 we introduce a constraint for every control flow eflge, v) € E and every
i1 =1,...,mas shown in the following table.

control flow edge |constraint

(u, X := AX +b, v)[Xpi > Ti.b+ LPpp, a)r (Xut, - -+ Xuym)
(u, Ax+b>0, v) [xy; > LP T (Xu, 15+ - - s Xy D10y - < -5 byy)
T
(4)

v

(u, xp :=7, v) Xo,i (forgetp )i + Xui

The correctness follows from lemma 8 and the fact I@%Tt[v], v € N are open.

Theorem 5. Let V}T be the abstract semantics of the affine progré@m= (N, E, st)
over7r and lety* be the least solution of the corresponding syst&mof rational
constraints with LP. Thth}T [v]), = p*(xvs) forve Nyi=1,....m. O

Example 8.

Let V denote the collecting se- setof constraints:
mantics of the affine program jj 52

G = (N, E,st) of example 7. 24, <23+ ¢
For our analysis we choose the—z2 <

set of constraints shown on the _;i = 2_’2;;;%
right which lead to the template ., <.
constraint matrixl". Our goal is —#3 <¢s

to determine for every program poing vector(cy, . . ., cs) which is as small as possi-
ble and for which every vectdrr1, z2, 23) € Vv] fulfills the constraints. Let us con-
sider the edgél, —x; +10 > 0,2) € E which is an abbreviation fqfl, Ax+b > 0, 2)

(using the matrices above). This edge leads amongst othtre tonstraint

|
COoONNO O =

[=NeReNBel Vol )

H
Il

el = = =]

0

0

x21 > LP 1\ FL1,%12, .., X1,8,10,0,0)
T

Here, for instance, evaluating the right-hand side of threstaint above under the vari-
able assignmento results in the valué0. Finally, the whole syster@ describes the
abstract semantidﬁ}T. Here, in particular(V}T B)7. =9 and(Vqﬁ—T [5])s. = 0 which
means that the value of the program variablas betweer) and9 at program poins.
This result is optimal and could not be established usirgriat analysis. a

By theorem 5, our problem reduces to computing least salstid systems of rational
equationswith LP. Such systems will be discussed in the next section.
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5 Systems of Rational Equations with LP

Our goal is to apply algorithm 1 also for computing the leadtigon n* of a systen€
of rational equationwith LP. In order to use the results from section 3, we state the fol-
lowing lemma which can be shown using the duality theorentifi@ar programming.

Lemma9. Let A € R™*™ with 4;. # (0,...,0) fori = 1,...,m andb € R".
There exists a finite (possibly empty) setlt(LP ) = {y1,...,yx} € R™ with
v1,...,yr > 0and ATy; = ... = ATy, = b such that for every: € R with
LP 4 p(c) > —ooitholds thatLP ,5(c) = Ay cpmui(Lp 4. cly. 0

We also extent the definition &f(n) for a strategyr and the definition of the improve-
ment operatoP, in the natural way. Moreover, for@njunctivesystem&, we extend
the notion ofconsistencyo a notion ofLP-consistency

In order to defind_P-consistencyet us, for everyLP 4 ,-operator, fix a finite set
mult(LP 4 3) of vectors which satisfies the claims of lemma 9. Eetenote a conjunc-
tive system of rational equations with LP. We first define thasformatiorj-] by:

[a] =a [x]=x [e1+e]=[er]+[ed] [c-e]=c-[e] [exAea]=][er] Neo]
[LPA7b(el’ ct em)] = /\yEmult(LPA,b)([el]’ ct [em])y
wherea € R, ¢ € R>?, x is a variable and; are expressions. Therebly:], . . ., [em])y

denotes the expressign - [e1]+- - - + Ym. - [e:] @and we assume that an expresdios;

is simplified to0 (This is correct, since; does not evaluate te oo in the cases which
have to be considered). Assuming tigatlenotes the system;, = e;,i = 1,...,n,
we write [£] for the systemx; = [e;],i = 1,...,n. Then, we call a pre-solution
w of & LP-consistentiff [LP4(e1,...,em)]p > —oo for every subexpression
LP 4p(eq,...,en) andy is a consistent pre-solution f].

We have to ensure thatwill be a LP-consistent pre-solution 6fwhenever algo-
rithm 1 computes the least solutiphof [£] with 1/ > u. This is fulfilled, since lemmas
2 and 3 can be formulated literally identical for LP-consigty instead of consistency.

Assume thatu is a LP-consistent pre-solution @f. It remains to compute the
least solutiony’ of £ with i/ > u. Sincef is LP-consistent and thus in particular
[LPap(er,...,em)]p > —oo for every subexpressiohP 4 (e, ..., em), lemma 9
implies thaty’ is the least solution of¢] with 1/ > u. Since[£] denotes a conjunc-
tive systemwithout LP, we can compute it and moreover corollary 1 implies thatever
conjunctive systerd is considered at mosttimes in algorithm 1. We find:

Lemma 10. Assume thaf denotes a conjunctive system with LP which usesri-
ables andn V-expressions. Algorithm 1 computes at most7 (m + n) times the least
solutiony’ of () with u/ > p for somer and some LP-consistent pre-solutiprof
E(m). After that, it returns the least solution 6f O

We want to compute the least solutigh of £ with / > p which is also the least
solution of [€] with 1/ > p. Recall from section 3 that for this purpose we essentially
have to compute least consistent solutions of feasiblesysbf conjunctive equations.
Writing down the systerf€] explicitly and solving it after this would be too inefficient
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Therefore we aim at computing the least consistent solutfdhe feasible syster¢]
without explicit representation. For that purpose, asswrhe.g. that€ is given by

xizegl)/\---/\egki) fore=1,...,n

X; = LPa, b, (X1,...,%),,) fori=n'+1,...,n
where theegj) do neither contaim\- nor LP 4 y-operators. This form can be achieved
by introducing variables. Recall from section 3 that theeye ) is given by

xig[ez(-j)] / / forzizl,/...,n’,jzl,...,ki
X S /\meult(LPAiybi)(xl""’xmi)y fori=n +1,...,TL

We define the syste®;” of rational constraints as the system:

xige(j) fori=1,...,n", j=1,...,k;

3
X; < LPa, 3, (x),...,%],.) fori=n"+1,...,n
Using lemma 9 we conclude that the sets of solutiphwith ./ > 1 of C4F and of
Cje) are equal. In particular, the sets of solutigriiswith 1/ > 1 which maximize the
sumy . x /' (x) are equal.

As in section 3 we first assume that the least consistentigonlut of £ does not
map any variable tec. In this situation, the above considerations and lemma 6 im-
plies, thatu* is the uniquely determined solution 6% which maximizes the sum
> xex #¥(x). In order to compute it using linear programming, we havelitnieate
all occurrences of.P 4 ,-operators. Therefore, consider a constraint

x < LPA7b(X1,...,Xm)

occurring inC£¥. Using the definition of the. P 4 ,-operator we can conceptually re-
place the right-hand side wit/{6”y | y € R", Ay < (x1,...,%m)" }. Since we
are interested in maximizing the value of the variablanyway we replace the above
constraint with the constraints

x<by.-yi+--+0bn - yYn, A -yi1+ -4+ Anyn <x; fori=1,...,m

whereys,...,y, are fresh variables. This replacement step preserves khtosq.*
which maximizes the surh . ©*. Doing this for everyL P 4 ,-expression ir€ we
obtain a system of constraints witholuf 4 ,-expressions. Thus, we can compute
by linear programming. We have:

Lemma 11. Assume thati < oo is a LP-consistent pre-solution of the conjunctive
systent with LP. Assume that* < o is the least consistent solution [¢f|. Thenu*
can be computed by solving one LP which can be extracteddroniinear time. O

Until now we have assumed that the least consistent solytionf [£] maps every
variable to values strictly smaller then. As in section 3, we have to identify the vari-
ablesx with 1*(x) = oo in order to lift this restriction. For that, by lemma 7, we rhus
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compute the greatest solutipii® of the systeni [£] ]°°. For this purpose we extend
the abstractiof]™ by setting[LP 4 y(e1, .., em)]” = LPap([e1]™, ..., [em]™). It
turns out tha.* is also the greatest solution #]>°. Sincex> maps every variable

to a finite value.* is the only solution finite solution af;¢)~ which maximizes the
sumy__ x #°°(x). Thus,u*> can again be computed using linear programming. Since
we can identify the seftx € X | ©*(x) = oo} in this way, we can lift the restriction to
systems with finite least consistent solutions in lemma 14 have:

Lemma 12. Assume that < oo denotes a LP-consistent pre-solution of the conjunc-
tive systeng with LP. Lety* denote the least consistent solutiorj®f Thenu* can be
computed by solving two LP problems which can be extracteddrin linear time. O

In conclusion, we obtain our main result for systems of ral@quations with LP:

Theorem 6. The least solution of a systefiof rational equations with LP which uses
n variables andn maximum expressions can be computed by soBinglI (m + n)
LPs each of which can be extracted fréghin linear time. O

Finally, combining theorem 5 and 6, we derive our main refsuithe analysis of affine
programs:

Theorem 7. Assume tha€& = (N, E, st) denotes an affine program. L& c R™*",
indeg(v) = {(u,s,v") € E | v =v}andmy = m -} n maz(indeg(v) —
1,0). The abstract fixpoint semantics@fover 7 can be computed by solving at most
3m|N| - II(my + m|N|) LPs. O

It remains to emphasize that all least solutions (respradtssemantics) computed by
our methods are rational whenever all numbers occurriniggnrtput are rational.

6 Conclusion

We presented a practical strategy improvement algorithmadoputing exact least so-
lutions of systems of equations over the rationals with taldj multiplication with
positive constants, maximum and minimum. The algorithmasea on strategy im-
provement combined with LP solving for each selected gisatehere each strategy
can be selected only linearly often. We extended the methodder to deal a special
LP-operator in right-hand sides of equations. We appliedexhniques to compute the
abstract least fixpoint semantics of affine programs oveteimplate constraint matrix
domain. In particular, we thus obtain practical algorithfmsdealing with zones and
octagons. It remains for future work to experiment with picat implementations of
the proposed approaches.
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