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Abstract. We present a practical algorithm for computing exact least solutions
of systems of equations over the rationals with addition, multiplication with pos-
itive constants, minimum and maximum. The algorithm is based on strategy im-
provement combined with solving linear programming problems for each se-
lected strategy. We apply our technique to compute the abstract least fixpoint
semantics of affine programs over the relational template constraint matrix do-
main [20]. In particular, we thus obtain practical algorithms for computing the
abstract least fixpoint semantics over the zone and octagon abstract domain.

1 Introduction

Abstract interpretation aims at inferring run-time invariants of programs [5]. Such an
invariant may state, e.g., that a variablex is always contained in the interval[2, 99]
whenever a specific program point is reached. In order to compute such invariants, often
an abstract semantics is considered which for each program point over-approximates
the collecting semantics at this program point. Technically, the abstract semantics is
given as the least fixpoint of an appropriate system of in-equations over a complete
lattice.Anysolution of this system provides safe information while only theprecision
of the information returned by the analysis depends on computing as small solutions as
possible. In the example of interval analysis, clearly, thesmaller the interval which the
analysis returns for a given variable at a program point, thebetter is the information.

Thus, any ambitious program analyzer aims at computingleastsolutions of the sys-
tems of in-equations in question. Since ordinary fixpoint iteration does not provide a
terminating algorithm in general,wideningcombined withnarrowing has been pro-
posed to accelerate fixpoint computation and thus guaranteetermination of the analysis
algorithm at a moderate loss of precision [7, 8]. Finding useful widening and narrowing
operators, however, is a kind of a black art and it is not a priori clear whether the chosen
heuristics will be sufficient for a given program. As an alternative to the general tech-
nique of widening and narrowing, we are interested in methods which allow to compute
least solutions of in-equationsprecisely– at least for certain interesting cases.

Here, we are interested in computing precise abstract leastfixpoint semantics of
affine programs over a certainrelationaldomain which enables us to describe (certain)
relations between the values of program variables. Our key techniques refer to thetem-
plate constraint matrix (TCMs) abstract domainintroduced by Sankaranarayanan et al.
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[20]. Polyhedra of a predefined fixed shape can be representedthrough elements of this
domain. As a particular case, we obtain practical precise algorithms also for intervals,
the zone abstract domain and octogons [16, 15].

The key idea for our precise algorithm for equations over rationals isstrategy iter-
ation. Recently, strategy iteration (called policy iteration in[4, 10]) has been suggested
by Costan et al. as an alternative method for the widening andnarrowing approach
of Cousot and Cousot [7, 8] for computing (hopefully small) solutions of systems of
in-equations. Originally, strategy iteration has been introduced by Howard for solving
stochastic control problems [13, 19] and is also applied to zero-sum two player games
[12, 18, 22] or fixpoints of min-max-plus systems [3]. In general, though, naive strategy
iteration will only find some fixpoint — not necessarily the least one [4].

In [4] Costan et al. consider systems of equations over integer intervals. The authors
then generalize their idea in [10] to thezone- and octagon-domain[16, 15] as well as
to theTCM domain[20]. Their strategy iteration scheme can be applied to monotone
self mapsF satisfying aselection property. This selection property states that the self
mapF can be considered as the infimum of a set of simpler self maps. Then the se-
lection property enables to compute a fixpoint ofF by successively computing least
fixpoints of the simpler maps. In certain cases, e.g., for non-expansive self maps onR

n
,

this approach returns theleastfixpoint. In many practical cases, however, this cannot
be guaranteed. In [11], we provide a practical algorithm forcomputing least solutions
of (in-)equations over integer intervals. This algorithm crucially exploits the fact that
the interval bounds are integers. Interestingly, it is not applicable to (in-)equations of
intervals with rational bounds or multiplication with fractions such as0.5.

In contrast to [4, 10] and similar to [11] we do not apply strategy iteration directly
to systems of equations over the interval, the zone/octagonor the TCM domain. In-
stead, we design just one strategy improvement algorithm for computing least solutions
of systems of rational equations. Technically, our algorithm in [11] relies on aninstru-
mentationof the underlying lattice [11]. This instrumentation is no longer possible for
rationals. Our main technical contribution therefore is toconstruct a precise strategy
iterationwithoutextra instrumentation. For solving the subsystems selected by a strat-
egy, we uselinear programming[14, 21]. Using a similar reduction as in [11] for integer
intervals, systems of rational equations can be used for interval analysis with rational
bounds. Because of lack of space, we do not present this reduction here. Instead, by
additionally allowing a (monotone)linear programming operatorin right-hand sides
of equations, we use our techniques for computing abstract least fixpoint semantics of
affine programs over the TCM domain. We emphasize that our methods returnprecise
answers and do not rely on widening or narrowing. Using the simplex algorithm for
solving the occurring linear programs, our algorithm is even uniform, i.e., the number
of arithmetic operations does not depend on the sizes of occurring numbers.

The paper is organized as follows. Section 2 introduces systems of rational equa-
tions and basic notations. Section 3 presents our strategy improvement algorithm for
systems of rational equations. Affine programs are discussed in section 4. There we
show how to compute the abstract semantics over the TCM domain using systems of
rational equations extended with linear programming operators. Solving these systems
is discussed in section 5. Finally, we conclude with section6.
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2 Systems of Rational Equations

We are interested in computing least solutions of systems ofequations over the ratio-
nals. Since the least upper bound of a bounded set of rationals need not be rational
any longer, we consider the complete latticeR = R ∪ {−∞,∞} of real numbers
equipped with the natural ordering≤ and extended with−∞ as least and∞ as greatest
element. OnR we consider the operations addition, multiplication with positive con-
stants, minimum “∧” and maximum “∨” which are extended to operands “−∞” and
“∞” as follows. We setx + (−∞) = y · (−∞) = −∞ for x ∈ R, y ≥ 0; we set
x + ∞ = y · ∞ = ∞ for x ∈ R, y > 0; and we set0 · x = 0 for x > −∞. Forc > 0,
the operations+ andc· distribute over∨ and∧. Moreover+ distributes overc·. A sys-
tem of rational equations is a sequencex1 = e1, . . . ,xn = en of rational equations
wherex1, . . . ,xn are pairwise distinct variables, and the right-hand sides are expres-
sionse′ built up from constants and variables by means of addition, multiplication with
positive constants, minimum “∧” and maximum “∨”. Thus, an expression is defined by
the grammar

e′ ::= a | xi | e′1 + e′2 | b · e′ | e′1 ∨ e′2 | e′1 ∧ e′2

wherea ∈ Q, b ∈ Q>0, xi is a variable ande′, e′1, e
′
2 are expressions. Note that all

occurring constants are rationals. We call a systemE of rational equationsconjunctive
(resp.disjunctive) iff no right-hand side ofE contains the maximum-operator “∨” (resp.
minimum-operator “∧”). A system without occurrences of minimum and maximum
operators is calledbasic. As usual, every expressione evaluates to a value[[e]]µ ∈ R

under avariable assignmentµ : X → R. Thus, e.g.,[[e′1 + e′2]]µ = [[e′1]]µ + [[e′2]]µ
wheree′1, e

′
2 are expressions. Assume thatE denotes the systemx1 = e1, . . . ,xn = en

of rational equations. A variable assignmentµ which satisfies all equations ofE , i.e.,
µ(xi) = [[ei]]µ for i = 1, . . . , n, is called asolutionof E . Accordingly, we call a variable
assignmentµ apre-solutionof E iff µ(xi) ≤ [[ei]]µ for i = 1, . . . , n and apost-solution
of E iff µ(xi) ≥ [[ei]]µ. A solution of E is a fixpoint of the function given through
the right-hand sides ofE . Since every right-hand sideei induces a monotonic function
[[ei]] : (X → R) → R, every systemE of rational equations has a least solution. We
write µ ≪ µ′ iff µ(x) < µ′(x) for all variablesx. Moreover, we write−∞ (resp.∞)
for the variable assignment which maps every variable to−∞ (resp.∞).

We remark, that least solutions of systems of rational equations cannot effectively
be computed by performing ordinary Kleene fixpoint iteration. Even if the least solution
is finite, infinitely many iterations may be necessary. A simple example is the equation
x = 0.5 · x + 1 ∨ 0, whose least solution mapsx to 2.

As a start, we consider disjunctive systems of rational equations. We recall from
[10] that computing the least solution for such a system can be reduced to solving linear
programs (LPs). For a setS and a matrixA ∈ Sm×n, we writeAi· for the i-th row of
A andA·j for thej-th column ofA. AccordinglyAi·j denotes the element in rowi and
columnj. As usual we identifySm×1 with Sm. We denote the transposed ofA by AT .
ForA ∈ Rm×n andc ∈ Rn we define the operatorLPA,c : R

m
→ R by

LPA,c(b) =
∨

{cT x | x ∈ Rn, Ax ≤ b}
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for b ∈ Rm. This operator is monotone and represents a linear program.If the program
is infeasible, i.e.,Ax ≤ b for nox, LPA,c(b) returns−∞. If the program is unbounded,
i.e., for allr ∈ R, cT x > r for somex satisfyingAx ≤ b, LPA,c(b) returns∞.

Our goal is to compute the least solution of a systemE of disjunctive rational equa-
tions. For simplicity, we assume that all maximum operatorsin right-hand sides ofE
occur on top-level such as in:

x1 = 1
3x2 + 3 ∨ 1 x2 = 2x1 − 6 ∨ 5x2 − 1

Assume thatE hasn variables and the least solution is given byµ∗. In the first step, we
compute the set of variablesxi with µ∗(xi) = −∞. This can be done in timeO(n · |E|)
by performingn rounds of fixpoint iteration which results in a variable assignmentµ
with µ(x) = −∞ iff µ∗(x) = −∞ for all variablesx. Accordingly, the least solution
of the example system returns values exceeding−∞ for bothx1 andx2.

Having determined the set of variablesxi with µ∗(xi) = −∞, we can remove
these variables from our system of equations. Therefore, wenow w.l.o.g. may assume
thatµ∗ ≫ −∞. Also, we may assume that the constant−∞ does not occur inE . For a
moment assume furthermore thatµ∗ ≪ ∞. From the set of equations we can extract a
set of constraints (here in-equations) which are satisfied exactly by all post-solutions of
E . In our example these are given by:

x1 ≥ 1
3x2 + 3 x1 ≥ 1 x2 ≥ 2x1 − 6 x2 ≥ 5x2 − 1

Since−∞ ≪ µ∗ ≪ ∞, the least solutionµ∗ can be characterized as the (unique)
vectorx = (x1·, . . . , xn·) ∈ Rn that represents a solution of the above constraints and
for which−(x1· + · · · + xn·) is maximal. Thus,x can be determined by solving the
appropriate LP. In the example, this results in the vectorx = (3, 0).

In general, it might not be the case thatµ∗ ≪ ∞. If this is not the case, the LP
corresponding to the systemE is not feasible. In order to deal with this case as well, we
consider the variable dependency graphG = (V,→) of E where the set of verticesV is
the set of variables and the set of edges→⊆ V 2 is the smallest set s.t.xj → xi iff xi =
ei ∈ E andxj occurs inei. Sinceµ∗ ≫ −∞ and−∞ does not occur as a constant inE ,
[[e]]µ∗ > −∞ for every subexpression occurring inE . Thus,µ∗(xj) = ∞ andxj →∗ xi

impliesµ∗(xi) = ∞. In particular ifµ∗(xi) = ∞ for some variablexi of a strongly
connected component (SCC), thenµ∗(xj) = ∞ for every variablexj of the same SCC.
Therefore, we proceed by processing one maximal SCC after the other. Thereby we start
with a maximal SCCG′ = (V ′,→′) without in-going edges. The least solution of the
subsystem ofE described byG′ can be computed using linear programming as sketched
above. If the corresponding LP is infeasible, thenµ∗(xi) = ∞ for all variablesxi of
the SCC and in fact for all variablesxi reachable from this SCC. The corresponding LP
cannot be unbounded, since this would be a contradiction toµ∗ ≫ −∞.

Having computed the values of all variables in the first maximal SCC, we replace all
occurrences of these variables in the remaining equations by their values and proceed
with another maximal SCC without in-going edges. In essence, this is the algorithm of
[10] simplified for systems of rational constraints. Summarizing, we have:

Theorem 1 (Costan et al. 2007).The least solution of a disjunctive systemE of ratio-
nal equations can be computed by solving linearly many LPs ofpolynomial sizes. ⊓⊔
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This theorem results in a polynomial algorithm if we apply interior point methods for
solving the occurring LPs [14, 21, 1]. Note, however, that the run-time then crucially
depends on the sizes of occurring numbers. At the danger of anexponential run-time
in contrived cases, we can also rely on the simplex algorithminstead: the advantage
of the latter algorithm is that its run-time isuniform, i.e., independent of the sizes of
occurring numbers (given that arithmetic operations, comparison, storage and retrieval
for numbers are counted forO(1)).

3 Least Solutions of Systems of Rational Equations

In this section we provide techniques for computing least solutions of systems of ratio-
nal equations. Our techniques are based on (max-) strategy improvement. LetM∨(E)
denote the set of all maximum subexpressions occurring inE . A (max-)strategyπ is a
function mapping every expressione1∨e2 in M∨(E) to one of the subexpressionse1, e2.
Given a max-strategyπ together with an expressione, we writee π for the expression
obtained by recursively replacing every maximum expression in E by the respective
subexpression selected byπ. Assuming thatE is the systemxi = ei, i = 1, . . . , n, we
write E(π) for the systemxi = ei π, i = 1, . . . , n. ThusE(π) is extracted fromE via
the strategyπ. Note thatE(π) is conjunctive.

Example 1.Consider the systemE of rational equations given by the equationx =
(2 · x − 2 ∧ 10) ∨ 4. Consider the max-strategyπ which maps the top-level expression
(2 ·x− 2∧ 10)∨ 4 to the expression4. Then the systemE(π) of conjunctive equations
is given by the equationx = 4. ⊓⊔

Assume thatµ∗ denotes the least solution of the systemE of rational equations. Our
goal is to construct a strategy improvement algorithm for computingµ∗. The algorithm
maintains a current max-strategyπ and a current variable assignmentµ. The current
variable assignmentµ is a pre-solution ofE which is less than or equal toµ∗. For a
current max-strategyπ and a current variable assignmentµ, the algorithm performs an
accelerated least fixpoint computation on the systemE(π) which starts withµ. This
fixpoint computation results in a variable assignmentµ′ which is a a solution ofE(π)
and a pre-solution ofE and moreover is still less than or equal toµ∗. If µ′ is not a
solution ofE , a new improved max-strategyπ′ is determined and the algorithm re-starts
with π′ as current max-strategy andµ′ as current variable assignment. These steps are
repeated until the least fixpoint ofE is reached.

Given a current max-strategyπ and a solutionµ of E(π), we pursue the policy to
improveπ at all expressionse′1∨e′2 where[[e′1 ∨ e′2]]µ > [[(e′1 ∨ e′2) π]]µ simultaneously.
Formally, we introduce an improvement operatorP∨ by:

P∨(π, µ)(e1 ∨ e2) =







e1 if [[e1]]µ > [[e2]]µ
e2 if [[e1]]µ < [[e2]]µ
π(e1 ∨ e2) if [[e1]]µ = [[e2]]µ

Note that the strategyP∨(π, µ) differs fromπ only if µ is not a solution ofE .
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Algorithm 1 Least Solution of The SystemE of Rational Equations
π ← π−∞; µ← −∞;

while (µ is not a solution ofE) {
π ← P∨(π, µ); µ← least solution ofE(π) that is greater than or equal toµ;

}

return µ

Example 2.Consider the systemE and the max-strategyπ from example 1. Letµ de-
note the unique solution ofE(π), i.e.,µ(x) = 4. The variable assignmentµ is less than
or equal to the least solution ofE and the max-strategyπ′ := P∨(π, µ) 6= π leads to the
systemE(π′) given by the equationx = (2 · x − 2 ∧ 10). ⊓⊔

In order to formulate our strategy improvement algorithm, we do not consider the orig-
inal systemE . Instead, we replace every equationxi = ei of E by xi = ei ∨ −∞.
For simplicity, we denote the resulting system again byE . Our algorithm starts with the
max-strategy that maps every top-level expression to−∞. We denote this max-strategy
by π−∞. Then, our strategy improvement algorithm is given as algorithm 1. Clearly, if
algorithm 1 terminates, it returns a solution ofE . It returns theleastone, since for every
strategyπ the least solutionµ′ of E(π) with µ′ ≥ µ is less than or equal to the least
solutionµ′′ of E with µ′′ ≥ µ. Therefore the value of the program variableµ is always
less than or equal toµ∗.

Two things remain to be explained. First, we need an algorithm for computing the
least solutionµ′ of a conjunctive system such asE(π) with µ′ ≥ µ for a given variable
assignmentµ. Here, we will exploit that everyµ to be considered is not arbitrary but a
consistent pre-solution(see below) ofE(π). Secondly, we must prove that every strat-
egyπ occurs only finitely often during the strategy iteration. Before going further, we
illustrate algorithm 1 by an example.

Example 3. E ≡ x1 = 0.8·x1+x2 ∨ 2 ∨ −∞ x2 = (x2+1 ∧ 100) ∨ x1 ∨−∞
E(π1) ≡ x1 = −∞ x2 = −∞
E(π2) ≡ x1 = 2 x2 = −∞
E(π3) ≡ x1 = 2 x2 = x1

E(π4) ≡ x1 = 0.8·x1+x2 x2 = x2+1 ∧ 100

Consider the
system E of rational
equations shown on
the right. Algorithm 1
computes the least solutionµ∗ using 4 max-strategiesπ1, . . . , π4. The strategiesπi

lead to the systemsE(πi) shown on the right. Let us consider the systemE(π3). The
only solution maps every variable to2. Thus, the improvement step leads to the system
E(π4) for which we must compute the least solution which maps everyvariable to
values greater than or equal to2. This solution mapsx1 to 500 andx2 to 100 and is
also the least solution ofE . ⊓⊔

Assume thatE denotes the conjunctive systemxi = ei, i = 1, . . . , n and thatµ is a
pre-fixpoint ofE . We define the setDµ(E) of derived constraintsas the smallest set of
constraints of the formx ≤ e such that

– xi ≤ e′ ∈ Dµ(E) wheneverxi = ei with µ(xi) < ∞ can be rewritten (using
distributivity) intoxi = e′ ∧ e′′ wheree′ does not contain∧-operators;

– xi ≤
1

1−c
· e ∈ Dµ(E) wheneverxi ≤ c · xi + e ∈ Dµ(E) where0 < c < 1; and

– xi ≤ c · e′ + e ∈ Dµ(E) wheneverxi ≤ c ·xj + e ∈ Dµ(E) andxj ≤ e′ ∈ Dµ(E).
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Lemma 1. Assume thatµ is a pre-solution of the conjunctive systemE . Thenµ(x) ≤
[[e]]µ for everyx ≤ e ∈ Dµ(E). ⊓⊔

We call the pre-solutionµ of E (E-)consistentiff

– [[e]]µ = −∞ impliese = −∞ for every expressione occurring inE .
– Dµ(E) does not contain a derived constraintxi ≤ c · xi + e ∈ Dµ(E) with c ≥ 1

andµ(xi) = [[c · xi + e]]µ. (We call such a constraintµ-critical).

Example 4.The pre-solutionµ = {x1 7→ 2,x2 7→ 2} is not E-consistent for the
conjunctive systemE given by the equationsx1 = 0.75·x1+0.25·x2 andx2 = 4·x1−6,
becausex1 ≤ 1.75 ·x1 −1.5 ∈ Dµ(E) andµ(x1) = 2 = [[1.75 · x1 − 1.5]]µ. However,
the pre-solutionµ′ = {x1 7→ 3,x2 7→ 4} is E-consistent. ⊓⊔

We claim that algorithm 1 computes least solutionsµ′ of E(π) with µ′ ≥ µ for variable
assignmentsµ which are consistent pre-solutions ofE , only. Since−∞ is a consistent
pre-solution ofE(π−∞), this follows inductively using the following two lemmas.

Lemma 2. LetE be a conjunctive system andµ be a consistent pre-solution ofE . Every
pre-solutionµ′ ≥ µ of E is consistent. ⊓⊔

Lemma 3. Assume thatE is a system,π a max-strategy,µ a consistent pre-solution of
E(π) andπ′ = P∨(π, µ). Thenµ is a consistent pre-solution ofE(π′). ⊓⊔

It remains to provide a method for computing the least solution µ′ with µ′ ≥ µ of a
conjunctive systemE for aconsistentpre-solutionµ of E .

3.1 Systems of Conjunctive Equations

In this subsection we consider conjunctive systemsE of rational equations. Of a par-
ticular interest arefeasiblesystems. We callE feasibleiff there exists a consistent pre-
solutionµ ≪ ∞ of E . It turns out that feasible systems enjoy the property to have a
least consistentsolution. The main challenge and the goal of this section therefore is
to derive a method for computing the least consistent solution of feasible systems. This
method then will be used to compute the least solutionµ′ of E with µ′ ≥ µ provided
thatµ is a consistent pre-solution ofE with µ ≪ ∞.

The restriction to consistent pre-solutions withµ ≪ ∞ can be lifted as follows.
Assume thatµ denotes an arbitrary consistent pre-solution ofE . Let X∞ be the set of
variablesx with µ(x) = ∞. LetE ′ denote the system obtained fromE by (1) removing
every equationx = e with x ∈ X∞ and (2) replacing every variablex ∈ X∞ by the
constant∞. Thenµ|X\X∞ is a consistent pre-solution ofE ′ with µ|X\X∞ ≪ ∞ and
thus the least solution ofE ′ with µ′ ≥ µ|X\X∞ is the least consistent solution ofE ′.
Finally, the least solutionµ∗ of E with µ∗ ≥ µ is then given byµ∗(x) = ∞ for x ∈ X∞

andµ∗(x) = µ′(x) for x /∈ X∞. In the following, we only considerfeasiblesystems of
conjunctive rational equations. Furthermore, we assume that the constant−∞ does not
occur in the systems under consideration. In a first step we consider systems ofbasic
equations, i.e., systems in which neither∨ nor∧ occur. The following lemma implies
that every feasible system ofbasicequations has a least consistent solution.
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Lemma 4. Assume thatE is a feasible system of basic equations. Assume thatµ ≪ ∞
is a pre-solution ofE andµ′ a consistent solution ofE . Thenµ ≤ µ′.

Proof. Assume thatE denotes the systemxi = ei, i = 1, . . . , n. We proceed by induc-
tion on the number of variables occurring in right-hand sides ofE . If no variable occurs
in a right-hand side ofE , thenµ′ is the only solution ofE . Thusµ ≤ µ′, since otherwise
µ would not be a pre-solution ofE . For the induction step, consider an equationxi = ei

of E wherexi occurs in a right-hand sideej of E .

Case 1:ei does not containxi

We obtain a systemE ′ from E by replacing all occurrences ofxi in right-hand sides
with ei. SinceDµ′(E ′) ⊆ Dµ′(E), µ′ is a consistent solution ofE ′. Sinceµ is also a
pre-solution ofE ′ and the systemE ′ contains one variable less in right-hand sides we
getµ ≤ µ′ by induction hypothesis.

Case 2:ei containsxi

Using distributivity, we rewrite the equationxi = ei equivalently into

xi = c · xi + e

wherec ∈ R>0 ande does not containxi. Then we obtain the systemsE1 andE2 from
E by replacing the equationxi = c · xi + e by xi = ∞ andxi = 1

1−c
· e, respectively.

Then we obtain systemsE ′
1 andE ′

2 from E1 andE2 by replacing all occurrences of the
variablexi in right-hand sides with∞ and 1

1−c
· e, respectively.

First consider the casec < 1. Sinceµ′ is consistent we get thatµ′(xi) > −∞.
Thus,µ′(xi) ∈ {[[ 1

1−c
· e]]µ′,∞}. If µ′(xi) = ∞, we conclude that, sinceDµ′(E ′

1) ⊆
Dµ′(E1) ⊆ Dµ′(E), µ′ is a consistent solution ofE ′

1. Sinceµ is a pre-solution ofE ′
1 and

E ′
1 has at least one variable less in right-hand sides thanE , we getµ ≤ µ′ by induction

hypothesis. Ifµ′(xi) = [[ 1
1−c

· e]]µ′, we conclude that sinceDµ′(E ′
2) ⊆ Dµ′(E2) ⊆

Dµ′(E), µ′ is a consistent solution ofE ′
2. Sinceµ is a pre-solution ofE ′

2 andE ′
2 has at

least one variable less in right-hand sides thanE , we getµ ≤ µ′ by induction hypothesis.
Now consider the casec ≥ 1. Again,µ′(xi) > −∞, sinceµ′ is consistent. It follows

µ′(xi) = ∞. Otherwiseµ′ would not be consistent, since thenµ′(xi) = [[c · xi + e]]µ′

and thusxi ≤ c · xi + e ∈ Dµ′(E) would beµ′-critical. Note that, sinceDµ′(E ′
1) ⊆

Dµ′(E1) ⊆ Dµ′(E), µ′ is a consistent solution ofE ′
1. Sinceµ is a pre-solution ofE ′

1 and
E ′
1 has at least one variable less in right-hand sides thanE , we getµ ≤ µ′ by induction

hypothesis. ⊓⊔

We now extend this result to systems of conjunctive equations.

Lemma 5. Assume thatE is a feasible system of conjunctive equations. Assume that
µ ≪ ∞ is a pre-solution ofE and µ′ is a consistent solution ofE . Thenµ ≤ µ′.
Moreover, there exists at most one consistent solutionµ′ with µ′ ≪ ∞.

Proof. There exists a min-strategy (min-strategies are defined analog to max-strategies)
π s.t.µ′ is a consistent solution of the systemE(π) of basic equations. Thenµ ≪ ∞ is
a pre-solution ofE(π) by monotonicity. Thus,µ ≤ µ′ by lemma 4. In order to show the
second statement, assume thatµ′ ≪ ∞ and letµ′′ ≪ ∞ denote a consistent solution
of E . Thenµ′ ≤ µ′′ andµ′′ ≤ µ′ implying µ′ = µ′′. ⊓⊔
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Using lemma 5 we conclude that every feasible conjunctive system has a least consistent
solution. The following theorem states this fact and moreover observes that the least
consistent solution is given by the least solution which is bounded below by a consistent
pre-solutionµ with µ ≪ ∞.

Theorem 2. Assume thatE is a feasible conjunctive system, andµ ≪ ∞ is a consistent
pre-solution ofE . Then there exists a least consistent solutionµ∗ of E which equals the
least solutionµ′ of E with µ′ ≥ µ. ⊓⊔

In order to simplify complexity estimations, we state the following corollary explicitly.

Corollary 1. Assume thatE denotes a conjunctive system withn variables. Let(µi)i∈N

denote an increasing sequence of consistent pre-solutionsof E . Letµ′
i denote the least

solution ofE with µ′
i ≥ µi for i ∈ N. Then|{µ′

i | i ∈ N}| ≤ n. ⊓⊔

We now use the results above in order to compute the least consistent solutionµ∗ of the
feasible conjunctive systemE . We first restrict our consideration to the caseµ∗ ≪ ∞.
Since, by lemma 5,µ∗ is theonly solution ofE with µ ≤ µ∗ ≪ ∞, µ∗ is in particular
thegreatestsolution ofE with µ∗ ≪ ∞. We computeµ∗ by solving a linear program
which maximizes the sum of the values of the variables occurring in E . Assume w.l.o.g.
thatE is given byxi = e

(1)
i ∧ · · · ∧ e

(ki)
i for i = 1, . . . , n wheree

(j)
i do not contain

∧-operators, i.e.,E is in normal form. (This form can be achieved from a general form
in linear time by introducing at mostm∧ auxiliary variables and equations, wherem∧

denotes the number of∧-subexpressions.) We defineCE as the following system of
rationalconstraints:

xi ≤ e
(j)
i for i = 1, . . . , n, j = 1, . . . , ki.

Then we must maximize
∑

x∈X
µ(x) under the restriction thatµ is a solution ofCE .

Lemma 6. Assume thatE denotes a feasible conjunctive system and thatµ∗ ≪ ∞
denotes the least consistent solution ofE . Then there exists a solutionµ′ of CE with
µ′ ≪ ∞ which maximizes the sum

∑

x∈X
µ′(x). Furthermore,µ′ = µ∗. Thus,µ∗ can

be computed by solving a single LP which can be extracted fromE in linear time. ⊓⊔

Example 5.Consider the systemE(π4) from example 3. Our goal is to compute the
least solutionµ′ with µ′ ≥ µ = {x1 7→ 2,x2 7→ 2}. Theorem 2 implies thatµ′ is given
as theleast consistent solution. Assuming thatµ′ ≪ ∞, i.e.,µ′ maps all variables to
finite values, lemma 6 implies thatµ′ is given as theuniquesolution of the LP

∨

{x1 + x2 | x1 ≤ 0.8 · x1 + x2, x2 ≤ x2 + 1, x2 ≤ 100}.

Thus,µ′ mapsx1 to 500 andx2 to 100. ⊓⊔

Until now, we can only deal with feasible systemsE whose least consistent solution
µ∗ does not map any variable to∞. In order to lift this restriction, we first have to
determine the setX∗∞ := {x ∈ X | µ∗(x) = ∞}. GivenX∗∞ we can remove each
equationxi = ei with xi ∈ X∗∞ and thus obtain a system whose least consistent
solutionµ∗′ does not map any variable to∞. Moreoverµ ∗ |X\X∗∞ = µ∗′.
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We reduce the problem of determiningX∗∞ to the problem of computing the great-
est solution of anabstractedsystem of rational equations for which we know that the
greatest solution does not map any variable to∞ or −∞. Therefore, thisabstracted
system can be solved again by linear programming. We first define a transformation
[·]∞ which maps the constant∞ to 1 and every finite constant to 0 while preserving all
multiplicative factors and variable occurrences (recall that−∞ does not occur in the
expressions under consideration):

[x]∞ = x [a]∞ = 0 [∞]∞ = 1
[c · e]

∞
= c · [e]

∞
[e1 + e2]

∞
= [e1]

∞
+ [e2]

∞
[e1 ∧ e2]

∞
= [e1]

∞
∧ [e2]

∞

wherea < ∞, 0 < c < ∞, x is a variable ande, e1, e2 are expressions. Assuming that
E denotes the systemx1 = e1, . . . ,xn = en we write [E ]∞ for the system

x1 = [e1]
∞ ∧ 1, . . . ,xn = [en]∞ ∧ 1.

The next lemma states that the setX∗∞ can be read off the greatest solutionµ∞

of [E ]∞. Thus our problem reduces to computingµ∞. Since by construction0 ≤
µ∞(x) ≤ 1 for every variablex, this can be done using linear programming, i.e., we
have to compute a solutionµ∞ of CE∞ which maximizes the sum

∑

x∈X
µ∞(x). There

exists only one such solution and this solution is the greatest solution ofE∞. We have:

Lemma 7. Assume thatµ∗ denotes the least consistent solution of the feasible con-
junctive systemE . Let µ∞ denote the greatest solution of[E ]∞. Thenµ∗(x) = ∞ iff
µ∞(x) > 0 for all variablesx. Furthermore,µ∞ and thus{x ∈ X | µ∗(x) = ∞} can
be computed by solving a single LP which can be extracted fromE in linear time. ⊓⊔

Example 6.Consider again the systemE(π4) from example 3. As we already know,
the system is feasible and we are interested in computing theleast consistent solution
µ∗. In order to compute the set of variables whichµ∗ maps to∞, we construct the
abstracted system x1 = 0.8 · x1 + x2 ∧ 1, x2 = x2 ∧ 0 ∧ 1 for which we must
compute the greatest solutionµ∞. Thenµ∞ can be computed using linear program-
ming. More exactly,µ∞ is given as theunique determinedsolution which maximizes
the sum

∑

x∈X
µ∞(x). Here, obviously,µ∞ maps every variable to0. Thus, accord-

ing to lemma 7,µ∗ maps all variables to finite values — implying that the finiteness
assumption in example 5 is justified. ⊓⊔

In conclusion, our method for computing the least consistent solutionµ∗ of a feasible
conjunctive systemE works as follows. Using lemma 7, we first determine the setX∗∞

of variablesx with µ∗(x) = ∞. After that we obtain a systemE ′ of conjunctive equa-
tions fromE by (1) removing all equationsx = e with µ∗(x) = ∞ and (2) replacing all
expressionse with [[e]]µ by∞. Thenµ∗|X\X∗∞ is the least consistent solution ofE ′ and
moreoverµ∗|X\X∗∞ ≪ ∞. By lemma 6,µ∗|X\X∗∞ and thusµ∗ can be determined by
solving an appropriate LP. We arrive at our result for feasible conjunctive systems:

Theorem 3. The least consistent solution of a feasible conjunctive systemE can be
computed by solving two LPs each of which can be extracted fromE in linear time. ⊓⊔
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3.2 The Result

Consider again algorithm 1. Assume w.l.o.g. thatE denotes the systemxi = ei ∨ −∞,
i = 1, . . . , n with least solutionµ∗ andm∨ = m + n ∨-expressions. In order to give
a precise characterization of the run-time, letΠ(m∨) denote the maximal number of
updates of strategies necessary for systems withm∨ maximum expressions.

Let πi denote the max-strategyπ after the execution of the first statement in thei-th
iteration. Accordingly, letµi denote the variable assignmentµ at this point and letµ′

i

denote the variable assignmentµ after thei-th iteration. It remains to show that algo-
rithm 1 always terminates. Lemmas 2 and 3 imply thatµi is a consistent pre-solution
of E(πi) with µi ≤ µ∗ for everyi. By theorem 3µ′

i can be computed by solving two
appropriate LP problems extracted fromE . The sequence(µi) is strictly increasing until
the least solution is reached. Moreover, every strategyπ is contained at mostn times
in the sequence(πi). Otherwise, there would be more thann least solutions of the con-
junctive systemE(π) exceeding some consistent pre-solution contained in(µi). This
would be a contradiction to corollary 1. Therefore, the number of iterations of the loop
executed by algorithm 1 is bounded byn · Π(m + n). Summarizing, we have:

Theorem 4. The least solution of a systemE of rational equations withn variables and
m maximum expressions can be computed by solving2n ·Π(m+n) LPs each of which
can be extracted fromE in linear time. ⊓⊔

All practical experiments with strategy iteration we know of seem to indicate that the
number of strategy improvementsΠ(m+n) (at least practically) grows quite slowly in
the number of maximumsm and the number of variablesn. Interestingly, though, it is
still open whether (or: under which circumstances) the trivial upper bound of2m+n for
Π(m + n) can be significantly improved [22, 2]. For a small improvement, we notice
that for expressionse1∨ e2 in whiche2 is an expression without variables, all strategies
considered by algorithm 1 aftere1 evaluates to a greater value thane2 will always select
e1. This in particular holds for then ∨-expressionse∨−∞ at the top-level introduced in
order to deal with−∞. Thus,Π(m∨+n) in our complexity estimation can be replaced
with n · 2m∨ .

4 Analyzing Affine Programs

In this section we discuss affine programs, their collectingsemantics as well as their
abstract semantics over the template constraint matrix domain [20] which subsumes the
interval as well as the zone- and octagon domains [16, 15]. Weuse similar notations as
in [17]. Let XG = {x1, . . . ,xn} be the set of variables the program operates on and
let x = (x1, . . . ,xn) denote the vector of variables. We assume that the variablestake
values inR. Then in a concrete semantics astateassigning values to the variables is
conveniently modeled by a vectorx = (x1, . . . , xn) ∈ Rn; xi is the value assigned to
variablexi. Note that we distinguish variables and their values by using a different font.
Statements in affine programs are of the following forms:

(1) x := Ax + b (2) xj :=? (3) Ax + b ≥ 0
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whereA ∈ Rn×n, b ∈ Rn. Statements of the form (1), (2) and (3) are calledaffine as-
signments, non-deterministic assignmentsandguards, respectively. Non-deterministic
assignments are necessary to model input routines returning unknown values or vari-
able assignments whose right-hand sides are not affine expressions. Such a statement
may updatexi in the current state with any possible value. We denote the set of all
statements byStmt.

As common in flow analysis, we use the program’s collecting semantics which as-
sociates a set of vectorsx = (x1, . . . , xn) ∈ Rn to each program point. Each statement
s ∈ Stmt induces a transformation[[s]] : 2R

n

→ 2R
n

, given by

[[x := Ax + b]]X = {Ax+b | x ∈ X} [[Ax + b ≥ 0]]X = {x ∈ X | Ax+b ≥ 0}
[[xk :=?]]X = {x+δ1k | x ∈ X, δ ∈ R}

for X ⊆ Rn where1k denotes the vector whose components are zero beside thek-th
component which is1. The branching of anaffine programis non-deterministic. For-
mally, anaffine programis given by acontrol flow graphG = (N, E, st) that consists
of a setN of program points, a setE ⊆ N × Stmt × N of (control flow) edgesand
a specialstart pointst ∈ N . Then, the collecting semanticsV is characterized as the
least solution of the constraint system

V[st] ⊇ Rn V[v] ⊇ [[s]](V[u]) for each(u, s, v) ∈ E

where the variablesV[v], v ∈ N take values in2R
n

. We denote the components of the
collecting semanticsV by V [v] for v ∈ N .

Example 7. st

1

x1 := 1

2

−x1 + 10 ≥ 0

7

x1 − 11 ≥ 0

3

(x2,x3) := (1, 2 · x1)

4

x3 − 2 · x2 ≥ 0

5

x3 := x3 − x1 − x2

x2 := x2 + 1
6

−x3 + 2 · x2 − 1 ≥ 0

x1 := x1 + 1

Let G = (N, E, st) denote the affine pro-
gram shown on the right and letV denotes the collect-
ing semantics ofG. For simplicity, we do not use matri-
ces in the control-flow graph. However, all statements
can be considered as affine assignments and guards, re-
spectively. The statement(x2,x3) := (1, 2 · x1), for
instance, represents the affine assignment

x :=





1 0 0
0 0 0
2 0 0



x +





0
1
0





A program analysis could, for instance, aim to answer the question whether at program
point 5 the program variablex3 takes values within the interval[0, 9], only. Formally,
this is the question whetherV [5] ⊆ {(x1, x2, x3) | 0 ≤ x3 ≤ 9, x1, x2 ∈ R} — which
is the case here. ⊓⊔

We now consider an abstract semantics which is an over-approximation of thecollect-
ing semantics. We assume that we are given a complete latticeD of abstract values
(with partial ordering⊑). Assume that we are given a functionαD : 2R

n

→ D (the
abstraction) and a functionγD : D → 2R

n

(the concretization) which form a Galois-
connection. The elements inαD(2R

n

) are calledopen(see e.g. [9]). The best abstract
transformer[[s]]♯

D
: D → D for a statements (see, e.g., [6]) is given by

[[s]]♯
D

= αD ◦ [[s]] ◦ γD.
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In particular,[[s]]♯
D

always returns open elements. We emphasize that we are concerned
with best abstract transformersonly. Theabstract semanticsV ♯

D
of the affine program

G = (N, E, st) overD is given as the least solution of the system of constraints

V
♯
D
[st] ⊒ ⊤D V

♯
D
[v] ⊒ [[s]]♯(V♯

D
[u]) for each(u, s, v) ∈ E

where the variablesV♯
D
[v], v ∈ N take values inD and⊤D denotes the greatest element

of D. We denote the components of the abstract semanticsV ♯
D

by V ♯
D
[v] for v ∈ N .

V ♯
D

represents an over-approximation of the collecting semantics V [7], i.e., V ♯
D
[v] ⊒

αD(V [v]) andγD(V ♯
D
[v]) ⊇ V [v] for everyv ∈ N . Since every transformer[[s]]♯

D
always

returns open elements, we deduce from the theory of Galois-connections (see e.g. [9])
thatV ♯

D
[v], v ∈ N are open.

In this paper we consider the complete lattice introduced in[20]. For that, we con-
sider a fixedtemplate constraints matrixT ∈ Rm×n. Each row in this matrix represents
a linear combination of variables of interest. Special cases of this domain are intervals,
zones and octagons [16, 15, 20]. All these domains representsubclasses of convex poly-
hedra in the vector spaceRn (n the number of variables). Let us w.l.o.g. assume that
T does not contain rows consisting of zeros only. The setTT := R

m
together with

the component-wise partial ordering≤ forms a complete lattice. Theconcretization
γTT

: TT → 2R
n

and theabstractionαTT
: 2R

n

→ TT are defined by

γTT
(c) = {x ∈ Rn | Tx ≤ c} αTT

(X) =
∧

{c ∈ R
m

| γTT
(c) ⊇ X}

for c ∈ R
m

, X ⊆ Rn. As shown in [20],αTT
andγTT

form a Galois-connection. Thus,
the abstract semanticsV ♯

TT
of an affine programG = (N, E, st) is well-defined.

In [20] the author allows one template constraint matrix foreach program point. For
simplicity and similar to [10], we consider one global template constraint matrix only.
Note also that open elements ofTT are calledcanonicalin [20].

We now show how to compute the abstract semanticsV ♯
TT

of the affine program
G = (N, E, st) which uses variablesXG = {x1, . . . ,xn}. First of all we have to
describe the abstract effect[[s]]

♯
TT

for each statements by a linear program. We have:

Lemma 8. Let c ∈ TT , A ∈ Rn×n, b ∈ Rn, x = (x1, . . . ,xn)
T and i = 1, . . . , m.

Then:

1. ([[x := Ax + b]]
♯
TT

c)i· = Ti·b + LPT,(Ti·A)T (c)

2. ([[Ax + b ≥ 0]]♯TT
c)

i·
= LPA′,T T

i·
(c′) whereA′ :=

(

T
−A

)

andc′ :=

(

c
b

)

.

3. [[xk :=?]]
♯
TT

c ≤ forgetT,k + c. Moreover[[xk :=?]]
♯
TT

c = forgetT,k + c whenever
c is open. Thereby the vectorforgetT,k ∈ TT is defined by

(forgetT,k)
i·

=

{

∞ if Ti·k 6= 0
0 if Ti·k = 0. ⊓⊔

Note that the post operator in [20] combines an affine assignment and a guard. In or-
der to compute the abstract semanticsV ♯

TT
of G overTT , we rely on our methods for
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systems of rational equations presented in section 3. We additionally allow the LP oper-
ator to occur in right-hand sides, i.e., we additionally allow subexpressions of the form:
LPA,b(e1, . . . , em) whereA ∈ Rm×n, b ∈ Rn andei are expressions. We call such
expressions and equationswith LP. We define:

[[LPA,b(e1, . . . , em)]]µ = LPA,b (([[e1]]µ, . . . , [[em]]µ)T )

Since again all operators in expressions with LP are monotone, every system of rational
equations with LP has a least solution. For the computation of V ♯

TT
, we construct a

systemCG of rational constraints with LP which uses variablesX = {xv,i | v ∈ N, i =
1, . . . , m} (m is the number of rows ofT ) as follows. For the start pointst of the
affine program we introduce the constraintsxst,i ≥ ∞ for i = 1, . . . , m. According to
lemma 8 we introduce a constraint for every control flow edge(u, s, v) ∈ E and every
i = 1, . . . , m as shown in the following table.

control flow edge constraint

(u, x := Ax + b, v) xv,i ≥ Ti·b + LPT,(Ti·A)T (xu,1, . . . ,xu,m)

(u, Ax + b ≥ 0, v) xv,i ≥ LP0

@

T
−A

1

A, T T
i·

(xu,1, . . . ,xu,m, b1·, . . . , bn·)

(u, xk :=?, v) xv,i ≥ (forgetT,k)i· + xu,i

The correctness follows from lemma 8 and the fact thatV ♯
TT

[v], v ∈ N are open.

Theorem 5. Let V ♯
TT

be the abstract semantics of the affine programG = (N, E, st)
over TT and letµ∗ be the least solution of the corresponding systemCG of rational
constraints with LP. Then(V ♯

TT
[v])

i·
= µ∗(xv,i) for v ∈ N, i = 1, . . . , m. ⊓⊔

Example 8.
set of constraints:

x1 ≤ c1

−x1 ≤ c2

2x2 ≤ x3 + c3

−x2 ≤ c4

x3 ≤ 2x1 + c5

−x3 ≤ −2x1 + c6

x3 ≤ c7

−x3 ≤ c8

T =

























1 0 0
−1 0 0

0 2 −1
0 −1 0

−2 0 1
2 0 −1
0 0 1
0 0 −1

























A =





−1 0 0
0 1 0
0 0 1





b =





10
0
0





Let V denote the collecting se-
mantics of the affine program
G = (N, E, st) of example 7.
For our analysis we choose the
set of constraints shown on the
right which lead to the template
constraint matrixT . Our goal is
to determine for every program pointv a vector(c1, . . . , c8) which is as small as possi-
ble and for which every vector(x1, x2, x3) ∈ V [v] fulfills the constraints. Let us con-
sider the edge(1,−x1+10 ≥ 0, 2) ∈ E which is an abbreviation for(1, Ax+b ≥ 0, 2)
(using the matrices above). This edge leads amongst others to the constraint

x2,1 ≥ LP
0

@

T
−A

1

A,

0

B

B

@

1
0
0

1

C

C

A

(x1,1,x1,2, . . . ,x1,8, 10, 0, 0)

Here, for instance, evaluating the right-hand side of the constraint above under the vari-
able assignment∞ results in the value10. Finally, the whole systemCG describes the
abstract semanticsV ♯

TT
. Here, in particular,(V ♯

TT
[5])7· = 9 and(V ♯

TT
[5])8· = 0 which

means that the value of the program variablex3 is between0 and9 at program point5.
This result is optimal and could not be established using interval analysis. ⊓⊔

By theorem 5, our problem reduces to computing least solutions of systems of rational
equationswith LP. Such systems will be discussed in the next section.
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5 Systems of Rational Equations with LP

Our goal is to apply algorithm 1 also for computing the least solutionµ∗ of a systemE
of rational equationswith LP. In order to use the results from section 3, we state the fol-
lowing lemma which can be shown using the duality theorem forlinear programming.

Lemma 9. Let A ∈ Rm×n with Ai· 6= (0, . . . , 0) for i = 1, . . . , m and b ∈ Rn.
There exists a finite (possibly empty) setmult(LPA,b) = {y1, . . . , yk} ⊆ Rm with
y1, . . . , yk ≥ 0 and AT y1 = · · · = AT yk = b such that for everyc ∈ R

m
with

LPA,b(c) > −∞ it holds thatLPA,b(c) =
∧

y∈mult(LPA,b)
cT y. ⊓⊔

We also extent the definition ofE(π) for a strategyπ and the definition of the improve-
ment operatorP∨ in the natural way. Moreover, for aconjunctivesystemE , we extend
the notion ofconsistencyto a notion ofLP-consistency.

In order to defineLP-consistencylet us, for everyLPA,b-operator, fix a finite set
mult(LPA,b) of vectors which satisfies the claims of lemma 9. LetE denote a conjunc-
tive system of rational equations with LP. We first define the transformation[·] by:

[a] = a [x] = x [e1 + e2] = [e1] + [e2] [c · e] = c · [e] [e1 ∧ e2] = [e1] ∧ [e2]
[LPA,b(e1, . . . , em)] =

∧

y∈mult(LPA,b)
([e1], . . . , [em])y

wherea ∈ R, c ∈ R>0, x is a variable andei are expressions. Thereby([e1], . . . , [em])y
denotes the expressiony1· · [e1]+ · · ·+ym· · [em] and we assume that an expression0 ·ei

is simplified to0 (This is correct, sinceei does not evaluate to−∞ in the cases which
have to be considered). Assuming thatE denotes the systemxi = ei, i = 1, . . . , n,
we write [E ] for the systemxi = [ei], i = 1, . . . , n. Then, we call a pre-solution
µ of E LP-consistentiff [[LPA,b(e1, . . . , em)]]µ > −∞ for every subexpression
LPA,b(e1, . . . , em) andµ is a consistent pre-solution of[E ].

We have to ensure thatµ will be a LP-consistent pre-solution ofE whenever algo-
rithm 1 computes the least solutionµ′ of [E ] with µ′ ≥ µ. This is fulfilled, since lemmas
2 and 3 can be formulated literally identical for LP-consistency instead of consistency.

Assume thatµ is a LP-consistent pre-solution ofE . It remains to compute the
least solutionµ′ of E with µ′ ≥ µ. SinceE is LP-consistent and thus in particular
[[LPA,b(e1, . . . , em)]]µ > −∞ for every subexpressionLPA,b(e1, . . . , em), lemma 9
implies thatµ′ is the least solution of[E ] with µ′ ≥ µ. Since[E ] denotes a conjunc-
tive systemwithout LP, we can compute it and moreover corollary 1 implies that every
conjunctive systemE is considered at mostn times in algorithm 1. We find:

Lemma 10. Assume thatE denotes a conjunctive system with LP which usesn vari-
ables andm ∨-expressions. Algorithm 1 computes at mostn ·Π(m+n) times the least
solutionµ′ of E(π) with µ′ ≥ µ for someπ and some LP-consistent pre-solutionµ of
E(π). After that, it returns the least solution ofE . ⊓⊔

We want to compute the least solutionµ′ of E with µ′ ≥ µ which is also the least
solution of[E ] with µ′ ≥ µ. Recall from section 3 that for this purpose we essentially
have to compute least consistent solutions of feasible systems of conjunctive equations.
Writing down the system[E ] explicitly and solving it after this would be too inefficient.
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Therefore we aim at computing the least consistent solutionof the feasible system[E ]
without explicit representation. For that purpose, assumew.l.o.g. thatE is given by

xi = e
(1)
i ∧ · · · ∧ e

(ki)
i for i = 1, . . . , n′

xi = LPAi,bi
(x′

1, . . . ,x
′
mi

) for i = n′ + 1, . . . , n

where thee(j)
i do neither contain∧- nor LPA,b-operators. This form can be achieved

by introducing variables. Recall from section 3 that the systemC[E] is given by

xi ≤ [e
(j)
i ] for i = 1, . . . , n′, j = 1, . . . , ki

xi ≤
∧

y∈mult(LPAi,bi
)(x

′
1, . . . ,x

′
mi

)y for i = n′ + 1, . . . , n

We define the systemCLP

E of rational constraints as the system:

xi ≤ e
(j)
i for i = 1, . . . , n′, j = 1, . . . , ki

xi ≤ LPAi,bi
(x′

1, . . . ,x
′
mi

) for i = n′ + 1, . . . , n

Using lemma 9 we conclude that the sets of solutionsµ′ with µ′ ≥ µ of CLP

E and of
C[E] are equal. In particular, the sets of solutionsµ′ with µ′ ≥ µ which maximize the
sum

∑

x∈X
µ′(x) are equal.

As in section 3 we first assume that the least consistent solution µ∗ of E does not
map any variable to∞. In this situation, the above considerations and lemma 6 im-
plies, thatµ∗ is the uniquely determined solution ofCLP

E which maximizes the sum
∑

x∈X
µ∗(x). In order to compute it using linear programming, we have to eliminate

all occurrences ofLPA,b-operators. Therefore, consider a constraint

x ≤ LPA,b(x1, . . . ,xm)

occurring inCLP

E . Using the definition of theLPA,b-operator we can conceptually re-
place the right-hand side with

∨

{bT y | y ∈ Rn, Ay ≤ (x1, . . . ,xm)
T
}. Since we

are interested in maximizing the value of the variablex anyway we replace the above
constraint with the constraints

x ≤ b1· · y1 + · · · + bn· · yn, Ai·1 · y1 + · · · + Ai·n · yn ≤ xi for i = 1, . . . , m

wherey1, . . . ,yn are fresh variables. This replacement step preserves the solution µ∗

which maximizes the sum
∑

x∈X
µ∗. Doing this for everyLPA,b-expression inE we

obtain a system of constraints withoutLPA,b-expressions. Thus, we can computeµ∗

by linear programming. We have:

Lemma 11. Assume thatµ ≪ ∞ is a LP-consistent pre-solution of the conjunctive
systemE with LP. Assume thatµ∗ ≪ ∞ is the least consistent solution of[E ]. Thenµ∗

can be computed by solving one LP which can be extracted fromE in linear time. ⊓⊔

Until now we have assumed that the least consistent solutionµ∗ of [E ] maps every
variable to values strictly smaller then∞. As in section 3, we have to identify the vari-
ablesx with µ∗(x) = ∞ in order to lift this restriction. For that, by lemma 7, we must
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compute the greatest solutionµ∞ of the system[ [E ] ]∞. For this purpose we extend
the abstraction[·]∞ by setting[LPA,b(e1, . . . , em)]

∞
= LPA,b([e1]

∞
, . . . , [em]

∞
). It

turns out thatµ∞ is also the greatest solution of[E ]∞. Sinceµ∞ maps every variable
to a finite value,µ∞ is the only solution finite solution ofC[E]∞ which maximizes the
sum

∑

x∈X
µ∞(x). Thus,µ∞ can again be computed using linear programming. Since

we can identify the set{x ∈ X | µ∗(x) = ∞} in this way, we can lift the restriction to
systems with finite least consistent solutions in lemma 11. We have:

Lemma 12. Assume thatµ ≪ ∞ denotes a LP-consistent pre-solution of the conjunc-
tive systemE with LP. Letµ∗ denote the least consistent solution of[E ]. Thenµ∗ can be
computed by solving two LP problems which can be extracted fromE in linear time. ⊓⊔

In conclusion, we obtain our main result for systems of rational equations with LP:

Theorem 6. The least solution of a systemE of rational equations with LP which uses
n variables andm maximum expressions can be computed by solving3n · Π(m + n)
LPs each of which can be extracted fromE in linear time. ⊓⊔

Finally, combining theorem 5 and 6, we derive our main resultfor the analysis of affine
programs:

Theorem 7. Assume thatG = (N, E, st) denotes an affine program. LetT ∈ Rm×n,
indeg(v) := {(u, s, v′) ∈ E | v′ = v} and m∨ := m ·

∑

v∈N max (indeg(v) −
1, 0). The abstract fixpoint semantics ofG overTT can be computed by solving at most
3m|N | · Π(m∨ + m|N |) LPs. ⊓⊔

It remains to emphasize that all least solutions (resp. abstract semantics) computed by
our methods are rational whenever all numbers occurring in the input are rational.

6 Conclusion

We presented a practical strategy improvement algorithm for computing exact least so-
lutions of systems of equations over the rationals with addition, multiplication with
positive constants, maximum and minimum. The algorithm is based on strategy im-
provement combined with LP solving for each selected strategy where each strategy
can be selected only linearly often. We extended the method in order to deal a special
LP-operator in right-hand sides of equations. We applied our techniques to compute the
abstract least fixpoint semantics of affine programs over thetemplate constraint matrix
domain. In particular, we thus obtain practical algorithmsfor dealing with zones and
octagons. It remains for future work to experiment with practical implementations of
the proposed approaches.
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