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Abstract. Stay macro tree transducers (smtts) are an expressive formalism for
reasoning about XSLT-like document transformations. Here, we consider the ex-
act type checking problem for smtts. While the problem is decidable, the involved
technique of inverse type inference is known to have exponential worst-case com-
plexity (already for top-down transformations without parameters). We present a
new adaptivetype checking algorithm based on forward type inference through
exact characterizations of output languages. The new algorithm correctly type-
checks all call-by-value smtts. Given that the output type is specified by a de-
terministic automaton, the algorithm ispolynomial-timewhenever the transducer
uses only few parameters and visits every input node only constantly often. Our
new approach can also be generalized from smtts to stay macroforest transducers
which additionally support concatenation as built-in output operation.

1 Introduction

The extensible markup language XML is the current standard format for exchanging
structured data. Its widespread use has initiated lots of work to support processing of
XML on many different levels: customized query languages for XML, such as XQuery,
transformation languages like XSLT, and programming language support either in the
form of special purpose languages like XDuce, or of binding facilities for mainstream
programming languages like JAXB. A central problem in XML processing is the (static)
type checking problem: given an input and output type and a transformationf , can
we statically check whether all outputs generated byf on valid inputs conform to the
output type? Since XML types are intrinsically more complexthan the types found in
conventional programming languages, the type checking problem for XML poses new
challenges on the design of type checking algorithms. The excellent survey [20] gives
an overview of the different approaches to XML type checking.

In its most general setting, the type checking problem for XML transformations
is undecidable. Hence, general solutions are bound to be approximative but seem to
work well for practical XSLT transformations [19]. Anotherapproach is to restrict the
types and transformations in such a way that type checking becomes decidable; we
then refer to the problem asexact XML type checking. For the exact setting, types can
be considered as regular orrecognizabletree languages — thus capturing the expressive
strength of virtually all known type formalisms for XML.

In previous work [15], we have considered the transformation language TL which
provides all standard features of top-down transformationlanguages such as named



functions, MSO expressible match and select patterns as well as accumulating param-
eters. For this transformation language, we have provided an exact type checking al-
gorithm by decomposing every such transformation into at most three simple transfor-
mations, namely,stay macro tree transducers(smtts) — independently of the match
and select patterns used by the transformation. This work together with the results of
[6] (showing that pebble tree transducers can be simulated by compositions of smtts)
have established (compositions of) stay macro tree transducers as an adequate model
for formally reasoning about XML transformations.

Even though the class of translations for which exact type checking is decidable is
surprisingly large [6, 18, 15], the price to be paid for exactness is also extremely large:
the complexity of the known algorithms for compositions of mtts is a tower of expo-
nentials whose height grows with the number of transducers in the composition. In fact,
the design space for exact type checking comes as a huge “exponential wasteland”:
even for simple top-down transformations, exact type checking is exponential-time
complete [23]. For practical considerations, however, oneis interested in useful sub-
classes of transformations for which exact type checking istractable. Such classes are
investigated by Martens and Neven [16]. Their restrictionson transducers are, however,
rather severe. Here we report on another successful escape from exponential wasteland
into polynomial time: we show that exact type checking can bedone in polynomial time
for a large class of practically interesting transformations obtained by putting only mild
restrictions onto the transducers. More precisely, we showthat exact type checking can
be solved in polynomial time for any transformation realized by one stay macro tree
transducer with few parameters which translates each node of the input tree at most
once (“linear” smtts), or more generally, which translatesevery node only constantly
often (b-bounded copyingsmtts). Note that no restriction is put on the copying that the
smtt applies to its accumulating parameters: parameters may freely be copied! Note
further, that the above results are fornondeterministictransducers with call-by-value
semantics. Nondeterminism of transducers is necessary in practical implementations of
type checking, because it can be used to deal with conditionals depending, e.g., on data
value comparisons. Opposed to the techniques in [15], our new approach is based on
forward type inference. In detail, our contributions are the following. First, we general-
ize the well-known triple construction for context-free grammars to provide a general
construction for smtts to produce only output trees from thelanguage accepted by some
deterministic finite automaton. Secondly, we use stay movesto cut down the numbers of
function calls in right-hand sides which crucially affect the complexity of the construc-
tion. Also, we present a formulation through Datalog to obtain a practically efficient
implementation. Then we exhibit subclasses for which our approach to type checking is
provably efficient and present an adaptive algorithm which is correct for arbitrary smtts
but automatically meets the improved time bounds on the provably efficient sub-classes.
Finally, the new approach is generalized from smtts to stay macro forest transducers
which additionally provide built-in support for concatenation of forests.

Related Work Approximative type checking for XML transformations is typically
based on (subclasses of) recognizable tree languages. Using XPathas pattern language,
XQuery [1] is a functional language for querying XML documents. It is strongly-typed
and type checking is performed via forward type inference rules computing approxi-



mative types for each expression. Approximative type inference is also used in XDuce
[13] and its follow-up version CDuce [10]; navigation and deconstruction are based on
an extension of the pattern matching mechanism of functional languages with regular
expression constructs. Recently, Hosoya et al. proposed a type checking system based
on the approximative type inference of [12] for parametric polymorphism for XML
[11]. Type variables are interpreted as markings indicating the parameterized subparts.
In [19] a sound type checking algorithm is proposed (originally developed for the Java-
based language XACT [14]) based on an XSLT flow analysis that determines the possi-
ble outcomes of pattern matching operations; for the benefitof better performance the
algorithm deals with regular approximations of possible outputs.

The first technique for exact type checking has been proposedby Milo et al. [18].
There,inversetype inference is proposed for translations expressible ask-pebble tree
transducers. Inverse type inference was also studied by Tozawa [27] for a subset of
XSLT which roughly corresponds to top-down forest transducers (without parameters)
[23], and it was studied in [15] for a much more expressive transformation language.

2 Stay Macro Tree Transducers

An XML document can be seen as a sequential representation ofsequences of unranked
trees also called hedges orforests. Here is a small example document:

<mbox>
<mail>
<sender> Homer Simpson </sender>
<address> homer@simpson.com </address>
<subject> CONFIDENTIAL </subject>
<body> ... </body> </mail>

<spam><mail> ...
<subject> V.I.A.G.R.A. </subject>
... </mail></spam>

</mbox>
<trash> ... </trash>

This example represents a mail file, where the elementsmbox andtrash collect
the incoming and deleted mails, respectively. Besidesmail elements, thembox also
contains mails inside aspam element indicating that these mails have been identified as
spam, e.g., by some automated filter.

Stay macro tree transducers do not operate on forests directly but on their represen-
tations as binary trees. The empty forest then is represented by a leafe and the content
of an element nodea is coded as the left child ofa while the forest of right siblings
of the element is represented as the right child. Figure 1 illustrates the relationship be-
tween unranked trees and their representation as binary trees. In the following we use
the term ‘tree’ as a synonym forranked tree. For a finite (ranked) alphabetΣ the set
TΣ of trees overΣ is defined by:t ::= b | a(t1, . . . , tn) whereb, a ∈ Σ are
symbols of rank zero andn, respectively; thus, we assume that we are given a fixed
rank for every element ofΣ. Often, we consider constructor applications together with
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Fig. 1. An unranked forest and its binary encoding.

leaf nodes by allowingn to equal0. For a setY = {y1, y2, . . . } of variables of rank 0,
TΣ(Y ) denotes the set of trees overΣ andY .

Consider for example a transformation which cleans up the mail folder by mov-
ing all sub-documents marked byspam into trash, while leaving allmail elements un-
touched. For our example document, the transformation produces:

<mbox>
<mail>
<sender> Homer Simpson </sender>
<address> homer@simpson.com </address>
<subject> CONFIDENTIAL </subject>
<body> ... </body> </mail>

</mbox>
<trash>

<spam><mail> ...
<subject> V.I.A.G.R.A. </subject>
... </mail></spam> ...

</trash>

Using our representation of forests by binary trees (Fig. 1), this transformation is real-
ized by a tree transducer with the following rules:

1 q(mbox(x1, x2)) →mbox(q1(x1), p(x2, q2(x1)))

2 p(trash(x1, x2), y1)→trash(app(x1, y1), e),

together with a functionq1 for collecting all ordinary mails inmbox

3 q1(mail(x1, x2)) →mail(cp(x1), q1(x2))

4 q1(spam(x1, x2)) →q1(x2)

5 q1(e) →e,

as well as a functionq2 for collecting the spam mails inmbox

6 q2(mail(x1, x2)) →q2(x2)

7 q2(spam(x1, x2)) →spam(cp(x1), q2(x2))

8 q2(e) →e



where functionappin line 2 is meant to copy the content oftrash in front of the accumu-
lating parameter, here containing thespam elements collected by the callq2. Likewise,
functioncp is meant to produce an exact copy of its input.

Formally, astay macro tree transducerM (smtt for short) is a tuple(Q, Σ, R, Q0)
whereQ is the (ranked) set of function names or states,Σ is the (ranked) alphabet of
input and output symbols,Q0 ⊆ Q is the set of initial functions, andR is a finite set of
rules of the form

q(x0, y1, . . . , yk) → t or q(a(x1, . . . , xn), y1, . . . , yk) → t′

whereq ∈ Q is of rankk, a ∈ Σ is of rankn, x0, x1, . . . , xn are input variables,
y1, . . . , yk, k ≥ 0 are the accumulating parameters ofq, andt, t′ are expressions de-
scribing the output actions of the corresponding rule. Possible actions are:

t ::= b(t1, . . . , tm) | yj | q′(xi, t1, . . . , tm),

whereb is a label of an output node,yj is one of the accumulating parameters (1 ≤ j ≤
k), q′ ∈ Q of rankm, andxi is one of the input variables of the left-hand side. If we deal
with binary encodings of forests, the ranksn of input symbols are either zero or two.
Also, we assume that initial function symbolsq0 ∈ Q0 have no accumulating param-
eters. The rules which do not process input symbols are called stay-rules. Transducers
without stay-rules are also called (ordinary) mtts. Note that in [15], smtts are defined in
a slightly different way. The rules there are of the formq(x0 asa(x1, . . . , xn), . . .) → t
where variablex0 is bound to the current node andx0 as well asx1, . . . , xn can occur
in the right-hand sidet. In our nondeterministic setting both formats can be converted
into each other by means of a polynomial algorithm.

Intuitively, the meaning of action expressions is as follows: The output can either
be an elementb whose content is recursively determined, the content of oneof the ac-
cumulating parametersyj , or a recursive call to some functionq′ on thei-th subtree
of the current input node or on the current input node itself.Thus, the transformation
of an smttM starts at the root node of the input with one of the initial functions. A
functionq with actual accumulating parameterst1, . . . , tk is applied to an input subtree
s = a(s1, . . . , sn) as follows. If a stay ruleq(x0, y1, . . . , yk) → t is chosen forq, s and
the tj are substituted int for x0 and the variablesyj, respectively. If an ordinary rule
q(a(x1, . . . , xn), y1, . . . , yk) → t′ for q is chosen, the subtermssi andtj are substituted
in t′ for the variablesxi andyj , respectively. Since function calls may be nested, the
order in which they are evaluated matters. Inoutside-in(OI) or call-by-nameevaluation
order, outermost calls are evaluated first. The parameters of a function call may them-
selves contain function calls which then are transferred tothe body in an unevaluated
form [8]. In this paper, however, we consider theinside-out(IO) evaluation order. This
order corresponds tocall-by-valueparameter passing as provided by mainstream pro-
gramming languages like C or OCaml. The inside-out strategyevaluates innermost calls
first, meaning that fully evaluated output trees are passed in accumulating parameters.

As in [23], we will not use an operational semantics of smtts based on rewriting, but
prefer a denotational formulation which greatly simplifiesproof arguments. Thus, the
meaning[[q]] of stateq of M with k accumulating parameters is defined as a function
from input trees to sets of trees with parameters inY = {y1, . . . , yk}, i.e., [[q]] : TΣ →



2TΣ(Y ). When, during a computation, we evaluate an innermost callq(s, t1, . . . , tk), it
suffices to substitute actual parameterstj for the formal parametersyj of all terms from
[[q]](s) to obtain the set of produced outputs. The values[[q]] for all q are jointly defined
as the least functions satisfying:

[[q]](s) ⊇ [[t[s/x0]]] for rule q(x0, y) → t
[[q]](a(s1, . . . , sd)) ⊇ [[t′[s1/x1, . . . , sd/xd]]] for rule q(a(x1, . . . , xd), y) → t′

wherey denotes the sequencey1, . . . , yk and

[[yj ]] = {yj}
[[b(t1, . . . , tm)]] = {b(t′1, . . . , t

′
m) | t′i ∈ [[ti]]}

[[q′(s′, t1, . . . , tl)]] = {t′[t′1/y1, . . . , t
′

l/yl] | t′ ∈ [[q′]](s′), t′i ∈ [[ti]]},

Here,t′′/z denotes the substitution of the treet′′ for all occurrences of the variablez.
Note that the call-by-value semantics is reflected in the last equation: the same treest′i
are used for all occurrences of a variableyi in the treet′ corresponding to a potential
evaluation of the function symbolq′. The transformationτM realized by the smttM on
a input trees and setsS of input trees, respectively, is thus defined by:

τM (s) =
⋃

{[[q0]](s) | q0 ∈ Q0} and τM (S) =
⋃

{τM (s) | s ∈ S}.

3 General Properties of SMTTs

Since we are concerned with techniques for type checking we need to define the type of
the input and output language of a transformation. Usually,types for XML documents
are given by a document type definition (DTD) [28] or a schema [9, 3].

A convenient abstraction of the existing XML type formalisms, in particular DTDs,
are recognizable (or: regular) tree languages [21, 22]. In the context of this work we
use bottom-tree automata to define recognizable tree languages. As usual, abottom-up
finite state tree automaton(fta) is a tupleA = (P, Σ, δ, F ) whereP is a finite set of
states,F ⊆ P is a set of accepting states, andδ ⊆ P × Σ × P k is a set of transitions
of the form (p, a, p1 . . . pk) wherea is a symbol of rankk from the alphabetΣ and
p, p1, . . . , pk are states inP . Our finite automata will operate on binary representations
of forests, i.e., there exists a distinguished symbole (representing the empty forest) of
rank 0 and all other elements ofΣ have rank2. A transition(p, a, p1 . . . pk) denotes
that if A arrives in statepi after processing the treeti, then it can assign statep to the
treea(t1, . . . , tk). A run ofA on a treet ∈ TΣ is a mapping which assigns to each node
v of t a stater(v) ∈ P w.r.t. δ. The tree languageL(A) accepted byA consists of the
treest ∈ TΣ by whichA can reach an accepting state, or, equivalently, all trees having
runs which map their roots to an accepting state.

Coming back to our example, an fta describing (the binary representation of) valid
mailbox documents before applying the transformation can have as set of statesP =
{pmbox, pe, pmail, ptrash, pspam, pcontent, . . .} and set of transitions:

δ = { (pmbox, mbox, pspamptrash), (pe, e),
(pspam, mail, pcontentpspam), (pspam, mail, pcontentpe),
(pspam, spam, pmailpspam), (pspam, spam, pmailpe),
(pmail, mail, pcontentpmail), (pmail, mail, pcontentpe),
(ptrash, trash, pspampe), (pmbox, mbox, peptrash), . . . },



wherepcontent is the state characterizing valid content of mails where we have omitted
further states and transitions for checking its validity, e.g., of sender, address, subject

andbody etc. According to this automaton,mbox contains a possibly empty sequence
of mail andspam elements where everyspam element contains onemail element.

In the following, we will not mention explicitly given inputtypes in our theorems.
Instead, we implicitly assume that this type has been encoded into the smtt. This can be
done as follows. Assume that the input typeS is given by a (possibly nondeterministic)
finite tree automatonA. From an smttM , we then build a new smttMA whose function
symbols are pairs consisting of a function ofM and an automaton state ofA. E.g., from
a ruleq(a(x1, x2), y1) → b(q1(x1, y1), q2(x2, y1)) we obtain the following new rule

〈q, p〉(a(x1, x2), y1) → b(〈q1, p1〉(x1, y1), 〈q2, p2〉(x2, y1))

if (p, a, p1p2) is a transition ofA. Thus, the predecessor statepi corresponds to the input
variablexi and therefore occurs in the right-hand side as the second component in recur-
sive calls onxi. In order to deal with variablesxi not occurring in the right-hand side,
we introduce extra functionscheckp′ for every statep′ of A such thatcheckp′(s, y1)
producesy1 iff there is a run ofA ons resulting in statep′. The new set of initial states
then is the set of all pairs〈q0, f〉 consisting of an initial state ofM and an accepting
state ofA. In particular, the new smttMA is of sizeO(|M | · |A|). Since the construction
of MA does not add new function calls in rules ofM , MA is linear inx0, x1, . . . if M
is, andMA is syntacticallyb-bounded ifM is, cf. Sections 4 and 5.

As usual, thesize|M | of an smttM is the sum of the sizes of all its rules where the
size of a rule is defined as the sum of the sizes of the terms representing the left- and
right-hand sides of the rule. The size|A| of a finite automatonA is defined analogously.
The most basic problem for a given smttM is to decide whether or not the translation
of M is non-empty. For this problem we recall:

Theorem 1. Deciding whetherτM 6= ∅ for an smttM is DEXPTIME-complete.

Proof. The lower bound follows since translation non-emptiness isDEXPTIME-hard
already in absence of parameters, i.e., for top-down tree transducers [26].

Since we will heavily rely on this algorithm, we briefly sketch the construction
for the upper bound. Assume thatM = (Q, Σ, R, Q0) and, w.l.o.g., that for every
stateq of M with k accumulating parameters there is a ruleq(x0, y1, . . . , yk) →
q(x0, y1, . . . , yk). These rules will be used when checking the nonemptiness of sev-
eral states simultaneously where for some states stay movesare selected.

For every subsetB ⊆ Q, we introduce a propositional variable[B] where[B] =
true denotes the fact that∃ t ∈ TΣ ∀ q ∈ B : [[q]](t) 6= ∅. In particular, for the empty set
we have the fact[∅] ⇐ true. We then consider the set of all propositional implications

[B] ⇐ [B1]

for all selections of rulesq(x0, y1, . . . , yk) → tq ∈ R, q ∈ B, with B1 = {p ∈ Q |
∃ q ∈ B : p(x0, . . .) occurs intq} as well as all implications

[B] ⇐ [B1] ∧ . . . ∧ [Bn]



for all selections of rulesq(a(x1, . . . , xn), y1, . . . , yk) → t′q ∈ R, q ∈ B, for the same
a whereBi = {p ∈ Q | ∃ q ∈ B : p(xi, . . .) occurs int′q}.

Let CM denote this system of implications. By construction, the size ofCM is ex-
ponential in the size ofM . Moreover, the translation ofM is nonempty iff, for some
q ∈ Q0, [{q}] = true follows from CM . Since systems of propositional Horn clauses
can be solved in linear time, the assertion follows. ⊓⊔

Next, we show how to effectively restrict a given smtt so thatit only produces output
trees in a given recognizable output tree language. In fact,the corresponding construc-
tion is a straightforward generalization of the triple construction known for context-free
grammars. In case of smtts, the construction is simpler if weadditionally assume that
the recognizable tree language, is given by adeterministicfinite tree automaton.

While for the specification of input types, we allowednondeterministicfinite tree
automata, our further constructions require the output type to be specified by adeter-
ministicautomaton. As usual, we call an ftaA = (P, Σ, δ, F ) deterministic(dfta) if for
each symbola ∈ Σ of rankk ≥ 0 and every tuplep1 . . . pk of states, there is exactly
one statep with (p, a, p1 . . . pk) ∈ δ, i.e.,δ is a functionδ : Σ × P k → P . In theory,
deterministic ftas can be exponentially larger than nondeterministic ones. In practice,
however, they are usually not much larger than corresponding nondeterministic ones.

In our example, the output type could, e.g., indicate that after transformation, the
elementmbox should contain only a list ofmail elements. For this purpose we can use a
deterministic bottom-up tree automaton with set of states{pe, ptrash, pmail, pspam, pmbox,
pcontent, pfail , . . .}, where statepcontentcodes that a mail has a correct content. The leafe is
accepted by the statepe. For all other symbols, we only list the transitions not resulting
in the error statepfail .

e

pe

mbox ptrash

pmail pmbox

pe pmbox

trash pe

pspam ptrash

pmail ptrash

pe ptrash

Each table representsδ for the label given in its upper left corner. States in the first
row are possible states for the right child, and accordinglystates in the first column are
possible states for the left child. The transitions formail andspam are defined as:

mail pe pmail pspam

pcontent pmail pmail pspam

spam pe pmail pspam

pcontent pspampspampspam

Our key theorem is:

Theorem 2. AssumeM is an smtt andA is a dfta. Then there is an smttMA with

τMA
(t) = τM (t) ∩ L(A)

for all t ∈ TΣ . The smttMA can be constructed in timeO(N ·nk+1+d) whereN is the
size ofM , k is the maximal number of accumulating parameters of a function symbol
of M , d is the maximal number of function occurrences in any right-hand side, andn
is the size of the finite tree automatonA.



Proof. Let M = (Q, Σ, R, Q0) andA = (P, Σ, δ, PF ). The set of function symbols
of the new smttMA consists of all tuples〈q, p0p1 . . . pk〉 whereq ∈ Q is a function
symbol of the original smtt of rankk andp0, . . . , pk ∈ P are states of the dftaA.
The new function symbol〈q, p0 . . . pk〉 is meant to generate all treest with variables
from y1, . . . , yk for which there is a run ofA starting at the leavesyi with statespi and
reaching the root oft in statep0. Therefore, the intersection smttMA has the rules:

〈q, p0 . . . pk〉(r, y1, . . . , yk) → t′

for every ruleq(r, y1, . . . , yk) → t of M with eitherr = x1 or r = a(x1, . . . , xd), and
t′ ∈ T p0...pk [t]; the setsT p0...pk [t] are inductively defined by:

T pip1...pk [yi] = {yi}
T p0p1...pk [a(t1, . . . , tm)] = {a(t′1, . . . , t

′
m) | δa(p′1, . . . , p

′
m) = p0 ∧

∀ i : t′i ∈ T p′

i
p1...pk [ti] }

T p0p1...pk [q′(xj , t1, . . . , tm)] = {〈q′, p0p
′
1 . . . p′m〉(xj , t

′
1, . . . , t

′
m) |

∀ i : t′i ∈ T p′

i
p1...pk [ti]}

By fixpoint induction, we verify for every stateq of rankk ≥ 0, every input trees ∈ TΣ

and statesp0, . . . , pk that:

[[〈q, p0 . . . pk〉]](s) = [[q]](s) ∩ {t ∈ TΣ(Y ) | δ∗(t, p1 . . . pk) = p0} (∗)

whereY = {y1, . . . , yk} andδ∗ is the extension of the transition function ofA to trees
containing variables fromY , namely, forp = p1 . . . pk:

δ∗(yi, p) = pi

δ∗(a(t1, . . . , tm), p) = δa(δ∗(t1, p), . . . , δ∗(tm, p))

The set of new initial function symbols then consists of all〈q0, pf 〉 whereq0 ∈ Q0 and
pf is an accepting state ofA. Then the correctness of the construction follows from(∗).

For an smtt of sizeN with at mostk parameters and at mostd occurrences of states
in right-hand sides, and a tree automaton withn states, the intersection grammar is of
sizeO(N · nk+1+d): there can be in the worst casenk+1 copies of a rule of the smtt
M , and for each function occurrence in the right-hand side we may choose an arbitrary
output states. This completes the proof. ⊓⊔

Note that in general, the numberd of occurrences of states in a right-hand side can
be arbitrarily large. SMtts, however, allow a constructionwhich cuts down the depth of
right-hand sides to at most 2. We have:

Proposition 3. For every smttM , an smttM ′ can be constructed with:

1. The translations ofM andM ′ agree;
2. Whenever a right-hand sidet of M ′ is not contained inTΣ(Y ), then the depth oft

is bounded by2;
3. The maximal number of states in a right-hand side ofM ′ is at mostk + 1;
4. The size ofM ′ is bounded byO(|M | · k2)



wherek is the maximum of the maximal rank of output symbols and the maximal number
of accumulating parameters of a state ofM .

The idea of Proposition 3 is to split the right-hand sides into their subterms and to
organize the execution by stay-rules. In this way, for everyinternal (i.e., non-root and
non-leaf) node (of rankr) in the right-hand side of a rule ofM , the transducerM ′ has
a new state of rankr. Clearly,r is bounded by the maximum rank of states and output
symbols ofM . Moreover, if the corresponding left-hand side ofM is a state withm
parameters, then each new state also has rankm. This means thatm parameters are
passed in each of the new rules, which explains the size increase of at mostk2. Note
that, given some input trees, if there is a computation ofM usingn sequential rule
applications (in the conventional term rewriting sense), then there is a corresponding
computation ofM ′ with at mostc ·n rule applications, wherec is the size of the largest
right-hand side of the rules ofM .

4 Linear SMTTs

In this section we prove that type checking is in PTIME for smtts with a bounded num-
ber of parameters which process every node of the input tree at most once. Syntactically,
the latter can be guaranteed by requiring that in every right-hand side, each input vari-
ablexi occurs at most once. Mtts satisfying this restriction are called linear [8].

Note that linearity for an smtt implies that the number of function calls in right-
hand sides is bounded by the maximal rank of input symbols (inour case: 2). Here,
we observe for linear smtts that their output languages can be described by means of
rules where the input arguments of all occurring function symbols is simply deleted.
Accordingly, the resulting rules no longer specify a transformation but generate output
trees. A set of rules which we obtain in this way, constitutesa context-free tree gram-
mar (cftg). As an example of a linear smtt consider the smttq1 (lines 3-5 in our mail
transformation). The grammar characterizingq1’s output language looks as follows:

q1 → mail(cp, q1) | q1 | e

whereq1, cpare nonterminals. Note that selection of rules depending oninput symbols
now is replaced with nondeterministic choice.

Context-free tree grammars were invented in the 70s [24]. See [7] for a compre-
hensive study of their basic properties. Formally, a cftgG can be represented by a
tuple(E, Σ, P, E0) whereE is a finite ranked set of function symbols or nonterminals,
E0 ⊆ E is a set of initial symbols of rank 0,Σ is the ranked alphabet of terminal nodes
andP is a set of rules of the formq(y1, . . . , yk) → t whereq ∈ E is a nonterminal
of rank k ≥ 0. The right-hand sidet is a tree built up from variablesy1, . . . , yk by
means of application of nonterminal and terminal symbols. In the example, we have
represented the cftg only by its set of rules. As for smtts, inside-out (IO) and outside-in
evaluation order for nonterminal symbols must be distinguished [7]. Here, we use the IO
or call-by-value evaluation order. The least fixpoint semantics for the cftgG is obtained
straightforwardly along the lines for smtts — simply by removing the corresponding



input components (and the substitutionσ when evaluating right-hand sides). In partic-
ular, this semantics assigns to every nonterminalq of rankk ≥ 0, a set[[q]] ⊆ TΣ(Y )
for Y = {y1, . . . , yk}. The language generated byG isL(G) =

⋃
{[[q0]] | q0 ∈ E0}.

By Corollary 5.7 of [8], the output language of a linear smttM can be characterized
by a cftgGM which can be constructed fromM in linear time. During this construc-
tion every ruleq(π, y1, . . . , yk) → t (π is eithera(x1, . . . , xn) or x0) is rewritten as a
productionq(y1, . . . , yk) → t′, wheret′ is obtained fromt by deleting all occurrences
of input variablesxi. A formal proof thatGM indeed characterizes the output language
of M can be found, e.g., in [8].

The characterization of smtt output languages by cftgs is useful because emptiness
for (IO-)cftgs is decidable using a similar algorithm as theone for ordinary context-free
(word) grammars, see, e.g., [4]. Thus we have:

Theorem 4. It can be decided in linear time for a cftgG whether or notL(G) = ∅.

In general, we are interested in type checking transformations implemented through
smtts. Assume that we have coded the input type specificationinto the smttM (cf. the
discussion above Theorem 1). Assume further that we are given a dftaA describing (the
complement of) the desired output type.Type checking for M means to test whether
any output ofM is accepted byA. If M is linear, then the corresponding intersection
smtt MA is again linear — meaning that its range can be described by a cftg (thus
generating all “illegal outputs” ofM wrt A). Therefore, Theorem 4 gives us:

Theorem 5. Type checking for a linear smttM can be done in timeO(N · nk+1+d)
whereN is the size of the smtt,k is the maximal number of accumulating parameters,
d is the maximal rank of an input symbol andn is the size of a dfta for the output type.

The complexity bound provided for the construction of Theorem 5 is a worst-case
estimation. Instead, we want to point out that in case of linear smtts, the triple construc-
tion forMA can be organized in such a way that only “useful” functions are constructed.
In order to see this, we introduce for everyq of M of rankk, a predicateq/(k + 1).
Every ruleq( , y1, . . . , yk) → t of M then gives rise to the Datalog implication:

q(Y0, . . . , Yk) ⇐ D[t]Y0

whereD[t]X (X a variable) is defined by

D[yi]X = X = Yi

D[a(t1, . . . , tm)]X = δ(X, a, X1, . . . , Xm) ∧ D[t1]X1
∧ . . . ∧ D[tm]Xm

D[q′(t1, . . . , tm)]X = q′(X, X1, . . . , Xm) ∧ D[t1]X1
∧ . . . ∧D[tm]Xm

and the variablesX1, . . . , Xm in the last two rows are fresh. For subsetsX, X1, . . . , Xk

of the set of states ofA, δ(X, a, X1, . . . , Xk) denotes the fact that(x, a, x1, . . . , xk) for
all x ∈ X andxi ∈ Xi, i = 1, . . . , k. A bottom-up evaluation of the resulting program
computes for everyq/(k + 1), the set of all tuples(p0, . . . , pk) such that the transla-
tion of 〈q, p0 . . . pk〉 is non-empty. If we additionally want to restrict these predicates
only to tuples which may contribute to a terminal derivationof the initial nonterminal
〈q0, pf〉, we may top-down query the program with⇐ q0(pf ). Practically, top-down



solving organizes the construction such that only useful nonterminals of the intersec-
tion grammar are considered. Using this approach, the number of newly constructed
nonterminals often will be much smaller than the bounds stated in the theorem.

The algorithm in the proof of Theorem 5 can also be applied tonon-linearsmtts.
Then, the constructed Datalog program does no longer precisely characterize the non-
empty functions of the intersection smtt because dependencies on input subtrees (viz.
several function calls on the same input variablexi) have been lost. Rather, asuperset
is returned. By means of cftgs, we can express this observation as follows:

Theorem 6. LetGM be the cftg constructed for an smttM . ThenτM (TΣ) ⊆ L(GM ).

Since the cftg still provides a safesupersetof produced outputs, type checking based
on cftgs is sound in the sense that it accepts only correct programs. Consider, e.g., our
example of Section 2. We construct for each smtt rule exactlyone production of the cftg
GM and obtain:

q → mbox(q1, p(q2)) p(y1) → trash(app(y1), e)
q1 → mail(cp, q1) | q1 | e q2 → spam(cp, q2) | q2 | e

where the two function callsq1 andq2 on the same input variablex1 are simply repre-
sented by the two nonterminalsq1 andq2, respectively.

Note that when approximating the output languages of general smtts with cftgs, then
we no longer may assume that the maximal numberd of occurrences of nonterminals
in a right-hand side of this grammar is bounded by a small constant. If d turns out to be
unacceptably large, we still can apply Proposition 3 to limit the maximal number of oc-
currences of nonterminals in each right-hand side to a number k which is the maximum
of the maximal rank of input symbols and the maximal number ofparameters.

5 SMTTs with bounded copying

In this section we investigate in how far the exact techniques from the last section can be
extended to more general classes of smtts. The goal again is to find precise and tractable
characterizations of the output language. If the smtt is no longer linear, we must take
into account that distinct function calls could refer to thesame input node and therefore
must be “glued together”, i.e., be jointly evaluated.

In general, an arbitrary number of function calls may be applied to the same sub-
document of the input. Quite a few useful transformations onthe other hand consult
every part of the input only a small number of times [25]. In our running example with
mail and spam, every subtree of the input is processed at most twice. Therefore, we
consider the subclass of smtts processing every subtree of the input at mostb times.
Thus in principle,b-bounded copying is a semantic property (cf. [17] and [5]).

Instead of dealing with a semantic definition, we find it more convenient to consider
syntacticb-bounded copying only. Assume therefore w.l.o.g. that every state ofM is
syntactically productive, i.e., can produce at least one tree w.r.t. the cftg approximating
M . For all statesq of M , we define the maximal copy numbersb[q] as the least fixpoint



of a constraint system overN = {1 < 2 < . . . < ∞}, the complete lattice of natural
numbers extended with∞. The constraint system consists of all constraints:

b[q] ≥ b[q1] + . . . + b[qm]

whereq(a(x1, . . . , xl), y1, . . . , yk) → t is a rule ofM and, for somei, q1, . . . , qm is the
sequence of occurrences of callsqj(xi, . . .) for the same variablexi in the right-hand
sidet. The constraints for stay-rules are constructed analogously. Let [q], q state ofM ,
denote the least solution of this system. Then the smttM is syntacticallyb-bounded
(copying) (or, ab-smtt for short) iff[q] ≤ b for all states ofM . For the case where every
input node is visited only asmallnumber of times, we have:

Theorem 7. For every syntacticallyb-bounded smttM the following holds:

1. For every dftaA, the intersection smttMA is again syntacticallyb-bounded.
2. Translation emptiness can be decided in timeO(|M |b).

Proof. For the first assertion, we claim that for every stateq of M with k parameters,
b[q] ≥ b[〈q, p0 . . . pk〉] for every sequencep0, . . . , pk of dfta states where〈q, p0 . . . pk〉
is syntactically productive. This claim is easily verified by fixpoint induction w.r.t. the
corresponding constraint systems characterizingb[q] andb[〈q, p0 . . . pk〉], respectively.

For a proof of the second assertion, we observe that, for syntactically b-bounded
smtts, the propositional variables[{q}], q ∈ Q0, only depend on propositional variables
[B] for sets of statesB of cardinality at mostb.

Theorem 2 provides us with the technical background to proveour main theorem:

Theorem 8. Type checking for ab-smttM can be done in timeO(N b · nb·(k+1+d))
whereN is the size of the smtt,k is the maximal number of accumulating parameters,
d is the maximal rank of an input symbol andn is the size of a dfta for the output type.

Instead of first testingb-boundedness and then running a specialized algorithm, we
definitely prefer to have a general purpose algorithm which is correct for all smtts but
additionally will meet the better complexity bounds on the exhibited subclasses. Indeed,
our methods can be combined to construct such an adaptive algorithm. Given an smtt
M and a dftaA, we proceed as follows:

1. ForM , we compute an equivalent smttM ′ where the numbers of occurrences of
states in right-hand sides are bounded.

2. ForM ′, we compute a safe superset of the states of the intersectionsmttM ′

A by
means of top-down solving the corresponding Datalog program.

3. If no accepting states ofA are found for the predicatesq0/1, q0 initial state ofM ′,
the intersection is definitely empty, and we return.
Otherwise, we precisely check the intersection smttM ′

A for emptiness through lo-
cally solving the corresponding system of propositional Horn clauses.

In the worst case, this algorithm will be exponential in the number of states ofM
and doubly exponential in the number of parameters and, due to the lower bounds for
translation emptiness, nothing better can be hoped for. If on the other hand, the smtt is
linear or syntacticallyb-bounded, the algorithm’s complexity achieves the upper bounds
of Theorems 5 and 8, respectively. Even more, due to the demand-driven algorithms in
steps 2 and 3, we obtain very good running times on practical examples.



6 Macro Forest Transducers

Macro tree transducers have the disadvantage that they do not operate on forests di-
rectly. In [23], this limitation is lifted. Thus,stay macro forest transducers(smfts) gen-
eralize smtts by providing concatenation as additional operation on output forests. Al-
though, smfts are more expressive than smtts, we obtain closure under intersection with
recognizable forest languages also for output languages ofsmfts. This result is again
based on a generalized triple construction. This time, however, we additionally must
take care that our deterministic finite-state representation of the output type is compat-
ible with concatenations. Therefore, we replace the concept of a dfta by afinite forest
monoid(ffm) which is a finite monoidS extended with an operationup : S × Σ → S
that is used to handle upward movement in the forest (cf. [2]).

Since the notion of linearity for smfts is completely analogous to linearity for smtts,
the type checking algorithm for a linear smftT is almost the same as for linear smtts.
As in the ranked tree case, we can also extend the methods to syntacticallyb-bounded
copying smfts (b-mfts) and obtain as our main result for smfts:

Theorem 9. Type checking for ab-smftM can be done in timeO(N b ·nb·(k+3)) where
N is the size of the smft,k is the maximal number of accumulating parameters, andn
is the size of a ffm for the output type.

7 Conclusion

We have exhibited exact type checking algorithms for usefulclasses of XML transfor-
mations based on a precise characterization of output languages. For our approach, the
input type could always be described by a nondeterministic finite automaton. In order
to obtain tractable algorithms, we assumed for macro tree transducers, that output types
are given asdeterministicfinite automata, whereas for macro forest transducers, we
even assumed legal outputs to be represented by finite forestmonoids. The latter was
necessary to elegantly cope with the extra ability of concatenating separately produced
output forests. Besides exact methods, we also provided approximate type checking
based on context-free tree grammars. Finally, we combined our techniques to a sim-
ple adaptive algorithm which is provably efficient on the exhibited subclasses but may
be promising also in other practical contexts. In case sets of possibly illegal outputs
are described by cf tree grammars, we can also check in PTIME whether onlyfinitely
manyillegal outputs may occur. This is called “almost always type checking” in [6].
It remains open in how far these techniques can be applied to smtts with outside-in
(call-by-name) evaluation order.
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