
P a r a m e t e r - R e d u c t i o n  of Higher  Level G r a m m a r s  

(Extended Abs t rac t )  

Hetmut  Seidl 

Fachbe re i ch  In fo rmat ik  

Johann  Wolfgang Goethe-Univers i t~ t  

Pos t f ach  111 932 

D-6000 F r a n k f u r t / M a i n  

Abstract:  
A higher  level (OI-)grammar  is cal led te rmina t ing ,  if for  every  access ib le  t e r m  t 
t he r e  is a t  l eas t  one t e rmina l  t e r m  which can  be der ived f r o m  t. A g r a m m a r  is 
ca l led  p a r a m e t e r - r e d u c e d ,  if it is t e rmina t ing  and  has  no superf luous  p a r a -  
meters .  
For  every  g r a m m a r  G of level n>0 which g e n e r a t e s  a t  l eas t  one t e r m  we con- 
s t r u c t  g r a m m a r s  R(G) and  P(G) such  t h a t  R(G) and  P(G) g e n e r a t e  the  s ame  lan- 
guage as G but  a re  t e rmina t ing  and  p a r a m t e r - r e d u c e d ,  respect ively .  
We in t roduce  a h i e r a r chy  of r e s t r i c t ions  to the  de le t ion  capab i l i t y  of the  g r am-  
m a r s  which allow a g radua l  dec rea se  in the  complex i ty  of the  a lgor i thms  f r o m  
n - i t e r a t e d  exponent ia l  t ime to polynomial  time. 

1. In troduct ion  

Comput ing  a f ixed-point  s eman t i c s  w.r.t, a su i t ab le  small  t e s t  a lgebra  is an  

i m p o r t a n t  tool  for  compile  t ime  p r o g r a m  opt imizat ion .  Recently,  th is  m e t h o d  

was appl ied  to  s t r i c tnes s  analys is  by  severa l  au tho r s  [BuHa85, Ab85, ClaJo85, 

HuYou86]. A func t ion  is cal led s t r i c t  in one of i ts  a r g u m e n t s  if undef inedness  of 

th is  a r g u m e n t  implies  undef inedness  of the whole function.  The mot iva t ion  of 

such  an  analys is  is t h a t  s t r i c t  a r g u m e n t s  for  ins tance  can  be eva lua t ed  in pa r a l -  

lel. However, as  f a r  as  we know Dam_m in IDa82] was the  first  to  app ly  f ixed-point  

cons ide ra t ions  to the  analys is  of h igher  level r ecu r s ion  in app l ica t ive  p ro-  

gramming.  In this p a p e r  we ex tend  Damm's  work. Especially,  we expla in  techni-  

ques on how to use the  in fo rma t ion  a b o u t  the  "dynamic  behavior"  for  some 

kinds  of global  opt imiza t ion .  
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The theoretical model that  our considerations refer to are the grammar families 

in the OI-hierarchy [Ma74, Wa74, EnSch77/78, Da77-82, Ga84]. The 0t-hierarchy 

can be characterized in several ways: algebraically by solving regular systems 

of equations over higher and higher substitution algebras [Wa74, EnSch77/78, 

Ga84], automata-theoretical ly by using a storage type of i terated pushdowns 

[DaGoe82, En83] or grammatically by generalizing regular grammars by allowing 

nonterminal symbols to have parameters of increasing functional level IDa82]. 

Consider the following functional program for the computation of the factorial 

function in order to see how these grammars can be used as a model for pro- 

grams written in a functional programming language. 

FACT[Y] := IF Y=0 THEN 1 

ELSE *[Y, FACT[-[Y, 1]]] 

The corresponding grammar G consists of the derivation rules: 

S -~ F(a) (serving as the initialization) 

F(y)~ 1 I *(y,F(-(y,l))) 

In the grammar (the names of) constants and built-in first order functions are 

modelled by the terminal symbols a,l,-,*, whereas the procedure name cor- 

responds to the nonterminal symbol. Since we have no explicit semantic infor- 

mation about the (interpreted) value of the predicate Y=0 at the different sta- 

ges of program execution, the best we can do is modelling the IF-THEN-ELSE- 

construct by a non-deterministic choice between the two possible procedure 

bodies. Thus the generated language is the set of terms of constants and built-in 

functions (here algebraic expressions) which possibly are evaluated in the corn- 

putation, i.e. 

teL(G) iff t =1  or t = 
_/-\ 

/\i 

for some n > I 
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moreover, the derivation process of the grammar describes the process of func- 

tion calls during the evaluation, t) 

The idea behind this "abstract ion" of concrete meanings is to determine those 

propert ies  of the program which hold under all (reasonable) interpretat ions.  

(For an exact  t rea tment  of semantic aspects we refer  to [Da82]). 

Two of the most fundamental decidability questions for programs are the follo- 

wing: 

(i) Does a given program terminate under all circumstances? 

(2) Given a terminating progran% does some function call within this program 

actually make use of all its formal parameters? 

Clearly, for programs both questions are undecidable in general. For grammars, 

however, they are decidable and, even more, we are able to find effective trans- 

formations to the grammar such that the resulting grammar is terminating and 

has no superfluous parameters. 

For contextfree tree grammars, i.e. the level i , the positive answers to both 

questions are known from the literature [Fi68, Cou78, EnSch77/78, Gue79, 

Le80]. These results are extended to constructions for arbitrary levels. We show 

that not only termination but also usefulness of level k parameters can be cha- 

racterized by a fixed-point interpretation over some "small" domain. Besides 

this unifying aspect our constructions have another two advantages. The nec- 

cessary information about the dynamic behavior of the grammar can be compu- 

ted directly by inspecting the description of the grammar itself, i.e. without 

using intermediate transformations, for example into grammars generating the 

language of branches as it was done in Guessarian's paper for the level 1 

[Gue79] or in [Sei 86] for arbitrary levels; moreover, this computation is of a 

very simple structure (just determining a fixed point) and thus gives the 

*) For the passing of parameters we implicitly use a (simply and homogeneously) typed 
~k--ealculus together with a call-by-name or Of-evaluation strategy. We use applicative terms and 
consider copying the procedure body followed by a sequence of ~-reductlons as one derivation step. 
So, all terms we refer to are already in ~-normalform (compare [Da82] that this is no restriction of 
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poss ib i l i ty  for  speed -ups  co r respond ing  to specia l  f e a t u r e s  of the  c lass  of g ram-  

m a r s  in quest ion.  So, in general ,  for  a g r a m m a r  G of level n>0 de te rmin ing  sim- 

ply w h e t h e r  or  not  G g e n e r a t e s  the  e m p t y  language  requ i res  n - i t e r a t e d  exponen-  

t ial  t ime  (i.e. the  g r a m m a r ' s  size pos i t ioned  on top  of a tower  of 2 ' s  of he ight  n). 

Cor responding  to  the  s t rong  feeling t h a t  " in p r a c t i c e "  a p r o g r a m m e r  does  not  

m a k e  use  of the  full complex i ty  of the  formal isn~ we give a n  example  for  a hier-  

a r c h y  of r e s t r i c t i o n s  to  the  s t r u c t u r e  of a g r a m m a r  which allow to  save  m o r e  

and  m o r e  exponen t i a t i ons  unti l  one ends  up in a (still nontr iv ia l )  c lass  of level n 

g r a m m a r s  wi th  polynomia l  algorithm~. A full vers ion  of th is  p a p e r  will a p p e a r  in 

TCS. 

2. Basic Notation and Concepts 

Let I be  a n  a r b i t r a r y  se t  of indices. An I- tuple  of se t s  M=<IvI~>ie[ is cal led I-set.  

For  two I - se t s  M--<Mi>iel and  N=<Ni>iei, the  I-set  MuN is defined componen twise  

by  (MuN)i=M~uN ~ , i e I .  Similarily, an  I -map  h:M-,N is an  I - tupte  of m a p s  hi:Ni~M i, 

ieI. We omi t  indices  as  o f t en  as possible.  So, if xeIVP for  a r b i t r a r y  i we say  xeM.  

Let a=a(l)...a(m) be a word in I'. 

Let M be  a n  I -se t  and  a=a(1)..a(m)eI*, t hen  M a deno te s  the  Ca r t e s i an  p r o d u c t  

Ma=Ma(Ox " ' "  xM a(m). We use  the  conven t ion  M*=I()~, i.e. the  e m p t y  Ca r t e s i an  

p r o d u c t  is supposed  to  be  the  se t  conta in ing  the  e m p t y  list  only. A typica l  

e l emen t  in M a is the  list  ta=(tl,a(t) .... tr~(m)) or  t,.a(0..tn~a(m) , s ince for  the  s ake  

of s impl ic i ty  we omi t  b r a c k e t s  if no confus ions  c a n  arise.  

2.1. Types  and  Terms  

If I is a se t  of ba se  types,  t h e n  D(I)--I*xI is the  se t  of der ived types  over  I. 

This o p e r a t i o n  c a n  be i t e ra ted .  Let D°(I)=I and  Dn(I)=D(D n-1 (I)) for  n>0, t h e n  the  

se t  of (s imple homogeneous )  types  over  I is defined as  D*(I)= U Dn(I) • 
l ~ 0  

Here  we only  use  a se t  of base  types  I=li] for  a fixed i; however,  s imi la r  con- 

generality). 
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siderations and constructions also apply to a larger set of base types. If 

TeDk(i)=Dk(lil), we say T is of level k and write level(T)=k. Arbitrary types are 

denoted by T, T', TO etc., words of types of the same level always by a, a" etc. If 

a=a(1) . .a (m)  , t h en  l a l = m  is the  length of a. If a has  a subscr ipt ,  i t  deno tes  the  

level of the  types  in a. 

For  kelN 0. the  k - rank  of a type T, rkkT, is defined by 

O if level(T)<k 
rkkT = l c~I , if level(T)=k+l and r=<a,r'> 

[max~rkkT ,rkka(j)[ je[1,  tat]~ if level(T)>k+l  and  T=<a, ' r '>  

The r ank  rk(T) is defined by rk(T)=maxlrkkT I k~01. 

Finally, we define the  size of a type  T, siZe(T), as the  number  of i 's occur r ing  in r .  

In the  sequel we always consider  D ' ( i ) - se t s  where the special s t r uc tu r e  of types  

mir rors  the "funct ional  behavior"  of the objects  in question, t ha t  is objects  of 

type  i a re  viewed as constants ,  objects  of type <iL,i> rrmp a list of L cons tan t s  

on to  a cons t an t  and so on. So, we call a D ' ( i ) - se t  M funct ional ,  if for  all 

T=<a,T '>#i ,  M r is a subset  of (MT') M°, i.e. a set  of funct ions  f rom M ~ into M T', 

Let N be a D ' ( i ) - se t  of formal  symbols with NTc~NT'=# for  all T#~'. Then the 

D'(i)-set TN of appl icat ive t e rms  over  N is the smallest  D*(i)-set  T which conta ins  

N and is c losed unde r  formal  applicat ion,  i.e. which satisfies the two condi t ions  

(A1) N*cT~: 

(A2) if u '¢T <a'r> and uaeT a, t hen  u 'uaeT T . 

Note t ha t  by (A2) the D ' ( i ) - se t  TN can be viewed (via the  canonica l  in jec t ion 

u'-*kya.u'ya) to be functional .  Every applicat ive t e r m  t is con ta ined  in exac t ly  

one set  T~ . We call T the type of t and write type(t)=T . Accordingly for  teT~ 

with ae(Dk(i))" we write type( t )=a .  

Let M be a n o t h e r  funct ional  D ' ( i ) - se t  and h:N-*M a D' ( i ) -map.  Then h can  be 

canonica l ly  ex tended  to a map I~:TN-~M by: 
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~h_(t) - if tEN 
h(t) = [h(u')h(ua) if t=u 'ua 

where l~(u~) abbreviates  h(ul,~O)) .... l~(un~a(m)), m= l a I. For  the sake of simplicity 

we denote  1~ by h as  well. 

As an  example consider  the ident i ty  map Id:N-*TN. Then the  canonical  extens ion 

of Id to TN clearly is the ident i ty  map on TN. 

The depth  of t, depth(t),  is defined by depth( t)=0 if t e n  and 

depth(t)=max~depth(u')~ l+depth(uj,a0))[jc[1, [a[]] if t=u 'ua . 

The size of t, It] denotes  the number  of symbols occuring in t. 

For  any  type T=<aK .... <a0,i>..> we define the D*(i)-set Y(T) of canonical  formal 

pa rame te r s  by Y(Ty=~yj,~,0) tT'=a~(j) t. For K=-I i.e. T=i, we assume t h a t  

Y(T) T" =¢ for all r ' .  

Let M be a funct ional  D ' ( i ) -se t  and h:N-*M a D*(i)-map. Then for r~=pax. .pa o, 

paEM a', we denote  by h~ the D*(i)-map 

h~(x) = / h(x) if xeS  
[pj,.. if x=yj, T, 

Analogously to h, the D*(i)-map h~ canonical ly extends  to a D' ( i ) -map 

h.:TNuY(.)-*M. Note tha t  if h .  is always applied to terms of level g rea te r  t h a n  

some k- l ,  it  suffices to specify 7T down to level k .  

One special case of this definition is the usual subs t i tu t ion  of the formal para-  

meters  Y(T)I For this assume t=t.K,,t~0 with t'a cT}" for all ~c[0,K], Then Id[ 

defines the subs t i tu t ion  of t - into  the formal pa ramete rs  Y(T). For some t e r m  

tETNuy(T) we write t[t-] ins tead  of Id[(t). 

2.2. Grarnnmrs 

A grammar  G is a 4-tuple G=(N,E,S,P) with 

(G1) N is a finite D ' ( i ) -se t  of nonterrninal symbols; 

(G2) E is a finite D'(i)-set of terminal  symbols with ~ = ¢  for all TeD'(i) with 

level(T)> 1. 
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(G3) SeN i is the initial symbol; 

(G4) P is a ~_ite set of (derivation) rules f=A!-~t, where 

the left hand side of f, lhs(f)=A, is a nonterminal symbol (A! is an abbrevi- 

ation denoting "A applied to all its formal parameters", i.e. abbreviating A, 

if type(A)=i or AYak...Y=0 if type(A)=<ak ..... <ao,i>...>) and where the right 

hand side of f, rhs(f)=t, is a term in T~uy(type(A))uZ , 

As usual all the occurring alphabet sets are assumed to be mutually disjoint; e.g. 

no formal parameter can simultaneously serve as a nonterminal symbol and vice 

versa. 

Ol-(outside in) derivations are sequences of nonterrninal expansions (according 

to the rules of the grammar) taking place always at outermost occurrences of 

nonterminals. Leftmost derivations are Ol-derivations where always the leftmost 

nonterminal is expanded. 

For example, let t = a(A(B)c) be a term with ae~, let 

f=AYt.<i,i>Yl,i-*Yt,<i,i>(Y1,<t,i>(Yt,<i,i>YI,i)) be  a rule  in P. Then A is the  l e f tmos t  

o c c u r r a n c e  of a non te rmina l  in t. Expanding A in t by app l i ca t ion  of f yields 

a(B(B(Bc))). 

Note: every rule f in P can be viewed (w.r.t. leftmost application) as a partial 

func t ion  T~uz-~T~uz. Accordingly, every  FeP" defines a pa r t i a l  func t ion  

F:Thu2-~T]~uz by: 

- t~=t  ; and  

- tF ' f=( tF ' ) f  for  every F'eP" and  every  feP. 

Thus, a l e f tmos t  der iva t ion  w.r.t. G can  be viewed as  a pa i r  (t,F) where  tF is 

defined. By the  resu l t s  of Damm in [Da82], every  der iva t ion  yielding a t e r m  t in 

Tz c a n  be r e a r r a n g e d  into a l e f tmos t  der iva t ion  yielding t. Therefore ,  we can  

r e s t r i c t  ourse lves  to the  analys is  of l e f tmos t  derivat ions.  We define SP" as the 

se t  of t e r m s  access ib le  w.r.t. G, and  L(G)=SP*nT~, as  the  language  g e n e r a t e d  by  
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Since the  t e r m s  g e n e r a t e d  by  G a re  (finite o r d e r e d  E-label led)  t rees ,  a g r a m m a r  

G, in general ,  is cal led t r ee  g r ammar .  As usual  monad ic  t r e e s  a re  identif ied with 

s t r ings  ( the  unique leaf  is viewed as an  end marke r ) .  So, if ET=¢ for  any  T of 

level 1 wi th  rk(T)#l (this  ensu res  t h a t  all g e n e r a t e d  t r e e s  a r e  monadic) ,  G is 

also ca l led  s t r ing  g r ammar .  

The level of G is defined as  level(G)=maxllevel(A)]AEN] . The k - r a n k  of G is 

defined as  rkk(G)=maxlrkkx[x~NuP.] ;  the  r a n k  of G is defined as  

rk(G) =max  Irkk (G) I ~ o l .  

Recall  t h a t  the  c lass  of g r a m m a r s  with level 0 g e n e r a t e  exac t l y  the  r egu la r  lan- 

guages;  whe reas  the  l anguage  c lasses  g e n e r a t e d  by  level 1 or  level 2 g r a m m a r s  

coincide wi th  the  c o n t e x t f r e e  or  m a c r o  0I - language  classes,  r e spec t ive ly  

[EnSch77/78] .  

2.3. Complex i ty  Measures  

The model  of c o m p u t a t i o n  on  which our  a lgor i thms  and  c o n s t r u c t i o n s  r u n  is a 

sequent ia l  R a n d o m  Access Machine (RAM) with  the  u n i f o r m  cos t  c r i t e r i on  (com- 

p a r e  [Ah74,Pau178] for  a p rec i se  definition). However, s ince we neve r  use  any  

mnl t ip l i ca t ions  (or  divisions) ou r  a lgor i thms  c a n  be i m p l e m e n t e d  on  a 

d e t e r m i n s t i c  Turing mach ine  with polynomia l ly  r e l a t e d  t ime  complex i ty  

[Paul78]. Within the  r a n d o m  access  m e m o r y  of our  RAM a g r a m m a r  G is 

r e p r e s e n t e d  by: 

- a list  ((x,type(x)))xeNv~ , ca l led type  conven t ion  of G ; and  

- a l ist  of the  de r iva t ion  rules.  

We as sume  t h a t  every  symbol  x is s t o r ed  in a different  s to rage  cell; the  r ight  

hand  sides of ru les  a re  r e p r e s e n t e d  as a label led  o r d e r e d  t ree .  

Since we want  to  m e a s u r e  the  complex i ty  of our  a lgor i thms  re la t ive  to the  "size" 

of the  input  g r a m m a r ,  i t  m a k e s  sense  to define the  size of G ,  size(G), by  

size(G)= ~ ( l + s i z e ( t y p e ( x ) ) ) + ~  ( l + l r h s ( f )  l) . 
x~NuE f~p 
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3. Tern~nat ing Grammars  

Let G=(N,E,S,P) be a g rammar  of level n>O, and let  tcThuz be a tern~ 

We say t is terminat ing,  if the re  is a lef tmost  der iva t ion  (t,F) with tFeT~. We say t 

is fai thful ly terminat ing,  if for  every  lef tmost  der iva t ion  (t,F) , the  t e r m  tF is 

terminat ing.  We say G is terminat ing,  if every accessible t e r m  is terminat ing.  

Datum showed t ha t  t e rmina t ion  can be cha rac t e r i zed  by some f ixed-point  inter-  

p r e t a t i o n  h" over  the domain  B of i t e r a t ed  monotone  Boolean funct ions  [Da82]. 

B is defined by: 

Bi=lO, 1] with 0~=-1, and 

BT=[Ba-,B T'] for  T=<a,T'>.  

In this  defini t ion B ~ is equipped with the par t ia l  o rde r  induced  by the  par t ia l  

o rders  of i ts  components ,  whereas  [..-~,.] denotes  the  set  of all mono tone  functi-  

ons equipped with the  s t anda rd  par t ia l  order .  

Note tha t  for  every  ~ D ' ( i ) ,  B ~ is in fac t  a comple te  lat t ice.  

The f ixed-point  is computed  by a p rocess  of successive approximat ion:  

for  every  xeNuE, define h 'x=  hi h(m)x where 
n~-O 

h(°)x=l if xeE i , h(°)X=&L if xeP. 4hi> (&L denotes  an  L-ary logical conjunct ion)  

and h(°)x=O for  all xeN; 

for  re>O, h(m)x=h(°)x for  all xeE; if xEN ~ and Px=~fcPIlhs(f)=xl,  t hen  

h(m)x=fUp pl m) where pl m) is uniquely determined by 

pl m)~= 1 iff h(~ m-O rhs(f) = i. 

Note that h(m)~-hCm+Ox for all xeNuE and n~-O, 

We introduce a hierarchy of stronger and stronger restrictions to the grammar 

which permit modelling ternmnation with poorer and poorer domains. The result 

is a gradual decrease in complexity from n-iterated exponential time down to 

polynon~al  time. 

Let G=(N,E,S,P) be a g rammar  of level n>O. Let kE[O,n]. We say G is non-delet ing 



61 

up to level k-l, if for every rule f-A!~ueP the following holds: 

let type(A)=<aK,..<a0,i>..> with Y~-I; then every formal parameter yj,a,(j) with 

~<k occurs at least once in the right hand side of f. 

Note that every grammar G is non-deleting "up to level -i". If G is non-deleting 

up to level n-l, then the nonterminal at the active position is the only symbol 

which can be eliminated by application of a derivation rule but none of its 

actual parameters. In this case we say G is (totally) non-deleting. Clearly, 

restrictions to the possibilities of deletion severely restrict the generative capa- 

city of the grammars. However, the "typical" facility of n-iterated exponential 

growth of generated terms is preserved; what is more, the grammars in IDa82] 

that are constructed to distinguish between the language classes of different 

levels are,in fact, non-deleting ones. 

Call a D'( i)-set  M trivialization of B if M has the following properties: 

(1) Mi=Bi; and 

(2) if T=<a,T'>, then M T is a complete sublattice of [Ma-~MT']. 

By property (2), every trivialization of B is functional. The unique minimal 

element and the unique maximal element in any M T are also denoted by 0 and I , 

respectively. The least upper bound operation join is denoted by u; and the par- 

tial order relations always by _=. 

Let M be a trivialization of B. A D*(i)-map h:NuE-~M is called reducing for G over 

M if for every teT~ur., ht=l iff t is terminating. 

By Damm's results in [Da82] the D*(i)-map h* is a reducing map over B. We show 

how restrictions to the deleting capability of the grammar can be modelled by a 

corresponding trivialization of B. 

For k~0 define M k by 

(T1) Mk=Bi; 
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(T2) for  level(~')<-k and T=<a,T'>,  let  M~=fO, I~ with Opa=O for  all p~eM~; and 

lp ,=1  iffpj,a0)=l for  all je[1, lal] ;  

(T3) for  level(~')>k and T=<a ,T '> ,  let  M~=[M~-~M~']. 

Note t ha t  M0 coincides with B. 

Actually, Damm's computa t ion  of a reducing map h" over  B can  be ca r r i ed  over  

to  a cons t ruc t i on  of a reducing map over the r e s t r i c t ed  domain  Mk provided  G is 

non-delet ing up to level k-1. We get: 

3.1. T h e o r e m  

Let G be non-delet ing up to level k-1. Then the re  exists  a reducing map 

h':NuE-~Mk. 

We show the  following theorerrr  

S.2. Theo rem 

Let G=(N,E,S,P) of level n>0 with L(G)#¢. Then the re  is a te rmina t ing  g r ammar  

R(G) with L(R(G))=L(G); the cons t ruc t ion  can be done level-, depth-  and non- 

delet ion-preserving,  i.e. 

level(R(G))-<level(G), depth(R(G))~depth(G), and if G is non-delet ing up to level 

k - l ,  t h en  R(G) is non-delet ing up to level k-1 as well. 

The idea of the  t r ans fo rma t ion  R is as follows: The value of the  ac tua l  para-  

me te r s  unde r  h" is s to red  in the nontermina l  (i.e. as a subscript) ,  whereas  the 

value of fu ture  a rguments  are  "guessed" or  "p roduced  in paral le l"  by spli t t ing 

the cor responding  p a r a m e t e r  posi t ions f rom which the co r r ec t  one l a t e r  is cho- 

sen  by the  means  of project ion.  

F rom a p rac t i ca l  point  of view the g rammar  R(G) is ob ta ined  f rom G by adding 

the  ex t r a  in fo rmat ion  about  the  values of occurr ing a rgument  lists unde r  h ° and 

suppressing t e rms  of value 0 ; especially, every lef tmost  der iva t ion  w.r.t. G is 
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t r a n s f o r m e d  into a t  mos t  one l e f tmos t  de r iva t ion  w.r.t. R(G). Note t h a t  a cor-  

r e spond ing  i m p l e m e n t a t i o n  ac tua l ly  does  not  need  to p e r f o r m  the  poss ib ly  very  

expens ive  spl i t t ing of p a r a m e t e r s .  

The D*( i ) -map h" is noth ing  but  the f ixed-point  i n t e r p r e t a t i o n  as  it  was used  in 

[BuHa85] or  [Ab85] for  s t r i c tnes s  analysis .  Since the  ac tua l  p a r a m e t e r s  of some 

func t ion  call  m a y  be filled in dynamica l ly  dur ing a p r o g r a m  execut ion ,  the  e x t r a  

i n fo rma t ion  a b o u t  the values  under  h* c a n  be used  to d e t e c t  even s t r i c t ne s s  of 

c e r t a i n  p a r a m e t e r s  which only occu r s  a t  runt ime.  

4. P a r a r n e t e r - R e d u c e d n e s s  of G r a m m a r s  

Let G=(N,E,S,P) be a g r a m m a r  of level n>0. Let k c [ 0 , n - 1 ] .  

A t e r m  t~T}~ur, is cal led p a r a m e t e r - r e d u c e d  up to level k-1 , if 

(1) t is fa i thful ly  te rmina t ing ;  and  

(2) for  every  l e f tmos t  de r iva t ion  (t,F) w.r.t. G every  s u b t e r m  u of tF  with 

level(u)<k is used  during some l e f tmos t  de r iva t ion  (tF,F'). 

G is ca l led  p a r a m e t e r - r e d u c e d  up to level k - l ,  if every  access ib le  t e r m  t is 

p a r a m e t e r - r e d u c e d  up to level k-1. G is cal led ( total ly)  p a r a m e t e r - r e d u c e d ,  if G 

is p a r a m e t e r - r e d u c e d  up to level n-1. 

Note t h a t  G is p a r a m e t e r - r e d u c e d  up to level -1, iff G is t e rmina t ing .  Fu r the r -  

more,  if G is non-de le t ing  up to level k-1 and  te rmina t ing ,  t hen  G is p a r a m e t e r -  

r educed  up to level k-1 as well. 

The levelwise defini t ion of p a r a m e t e r - r e d u c e d n e s s  sugges ts  our  s t r a t e g y  for  

e l iminat ing  use less  p a r a m e t e r s .  We s t a r t  a t  k=0 and  p r o c e e d  level by  level. The 

base  of this  induc t ion  is given by the t r a n s f o r m a t i o n  R of the  l as t  chap te r .  So, 

we m a y  a s sume  t h a t  G is a l r e ady  p a r a m e t e r - r e d u c e d  up to  level k-1 wi th  k_>0. We 

wilt c o n s t r u c t  a g r a m m a r  Pk (G) which g e n e r a t e s  the  s ame  language  as  G and  is 

p a r a m e t e r - r e d u c e d  up to  level k. For  this,  ana logous  to the  l as t  chap te r ,  we 

first  model  the  usefu lness  of level k p a r a m e t e r s  by an  a p p r o p r i a t e  t r iv ia l iza t ion  

of B, t h e n  we c o m p u t e  a su i tab le  f ixed-point  i n t e r p r e t a t i o n  h{ w.r.t, this  
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t r iv ia l iza t ion  which finally is i n t e g r a t e d  into the  g r ammar .  The p a r a m e t e r -  

reducing  t r a n s f o r m a t i o n  P for  a g r a m m a r  G of level n which is non-dele t ing  up 

to level k-1 t h e n  s imply is defined by P=-Pn-1..Pk if G is a l r eady  t e rmina t ing  or  

P=-Pn-I..PkR if G is not  necessa r i ly  te rmina t ing .  However, the  cur ious  f ac t  m a y  

be no t ed  t h a t  in c o n t r a s t  to the  s i tua t ion  for  n = l ,  even for  t e rmina t ing  g ram-  

m a r s  p a r a m e t e r - r e d u c t i o n  does  not  a u t o m a t i c a l l y  lead  to  a sh r inkage  of the  

g r ammar ,  but  c a n  even cause  a t r e m e n d o u s  blow-up of the  g r a m m a r ' s  size. 

D 

Fo r  k>0 define the  D ' ( i ) - s e t  Mk by: 

(u1) 

(U2) for ~=<a,~'> and level(r)~k, let ~k=[O, i] with 

Opa=l iff pj,a(i)=l for at least one j, and 

Ipa=l for all p=; 

(US) for ~-=<¢i,'r'> and level('r)=k+l, let ~kk=[la IJC[l, l al ]] with 

lapa=l iffpj,=(j)=l for at least one jeJ; 

le t  Mk-[Mk-~Mk ]. (U4) f o r ' r = < a , ' ; " >  and  level(~-)>k+l, ~ -~  ..--r" 

It  is read i ly  checked,  t h a t  Mk is a t r iv ia l iza t ion  of B. The func t ions  la of level k+ 1 

a re  supposed  to descr ibe  the  usefulness  of fo rmal  p a r a m e t e r s  of level k: if 

v e T ~ {  "> is a t e r m  of level k + l  and  Jc[1,  l a I] is the  se t  of indices  of useful  pa r a -  

m e t e r s  to v of level k ,  t hen  we want  to map  v to the  value la. For  th is  we com- 

pu te  a map  h~ as  the  leas t  u p p e r  bound  of a p p r o x i m a t i o n s  h i  rn) where  

non t e rmina l s  of level <--k and  te rmina l  symbols  a re  i n t e r p r e t e d  as  some so r t  of 

"genera l ized  join". Not every  formal  p a r a m e t e r  Yj.a,(j) with level ~<k  of some 

non te rmina l  symbol  A necessa r i ly  occurs  in all r ight  hand  sides of rules  f with 

lhs(f)=A. However, since G is p a r a m e t e r - r e d u c e d  up to level k-1 the re  is a t  l eas t  

one rule f for  which YJ,~AJ) occurs  in rhs(f). Therefore ,  we won ' t  c o m p u t e  h~ over  

G i tself  bu t  over  the  co r respond ing  typed  h-scheme G+ [Da8~]. 

Let + be  a new te rmina l  symbol  of type  <ii,i> (denoting fo rmal  union) and  define 
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E+ as the  D*(i)-set  by 

Y,4 <ii'i> = E<i i ' i>u l+]  and E~ = E r for  ~-~<ii,i>. 

The typed  X-scheme G+ is gained f rom G by adding + to  the set  of te rminal  sym- 

bols and  formal ly  adding the  r ight  hand  sides of all ru les  having the  same left  

hand  sides by the means  of a b inary  t ree  whose inner  nodes  are  label led by +. 

In general  this  scheme no longer genera tes  a t r ee  language but  a (finite or) 

infinite t ree .  However, f r om such a t r ee  the t r ee  language L(G) may be rega ined  

by in t e rp re t ing  the undefined t r ee  as the  empty  set  and  + as the  union o p e r a t o r  

over  the  powerset  of T~ [Da82]. Note t ha t  Guessar ian  ac tua l ly  invest igated 

p a r a m e t e r - r e d u c t i o n  for  typed  X-schemes  of level 1. 

• H m) Set hkX=r~oh ~ x where 

h~° )x={ ;  [i'Ll elseifXeE<ihi> a n d k = 0  

and for  m > 0 ,  h~ m) is defined as follows: 

if xeE+ or  level(x)<k, t hen  h~m)x=h~°)x; 

if AEN with level(A)>k and  u is the r ight  hand  side of the  unique rule for  A in G+, 

le t  h{m)A be the funct ion  in ~ype(A) with 

(h{m)A)rr=l iff h{,%-')u=l. 

Assume G is p a r a m e t e r - r e d u c e d  up to level k-1 for  some k_>0 . We in tegra te  the 

eva lua t ion  of h~ into the  g rammar  G in a similar way as h ° was embodied  into G 

in c h a p t e r  3 • 

Similar  to the defini t ion of R,  the cu r r en t  value under  the i n t e r p r e t a t i o n  of the 

a rgument  lists is s t o red  in the nontermina l  symbol whereas  possible fu ture  

a rgumen t  values  are  guessed by split t ing of pa ramete r s .  However, the  addi t ional  

in fo rma t ion  now is used to  el iminate p a r a m e t e r s  d e t e c t e d  as superfluous.  We 

get: 
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4.1. T h e o r e m  

Let G be p a r a m e t e r - r e d u c e d  up to level k-1 with level(G)=n>0 , t hen  the re  is a 

g rammar  Pk(G) which is p a r a m e t e r - r e d u c e d  up to level k with L(Pk(G))=L(G). The 

cons t ruc t ion  can  be done level-, depth-  and  non-de le t ion  preserving,  i.e. 

level(Pk (G))-<tevel(G), depth(Pk (G))_<depth(G), and if G is non-delet ing up to  some 

level less t h a n  k, t hen  Pk(G) is non-delet ing at  leas t  up to the same level. 

Similar  to  R, the  t r ans fo rma t ion  P consis ts  of adding ex t r a  in fo rmat ion  abou t  

the  value of a rgument  lists under  ce r t a in  f ixed-point  in te rpre ta t ions ,  spli t t ing of 

p a r a m e t e r s  and removing ce r t a in  useless parts .  Especially, every  lef tmost  

der iva t ion  is t r ans fo rmed  into exac t ly  one new lef tmost  derivat ion.  

5. S t ruc tu ra l  and Computa t ional  Complexi ty 

In this chap t e r  we give upper  bounds for the amount  of t ime for  cons t ruc t ing  the 

g rammars  R(G) and P(G) in t e rms  of s t ruc tu ra l  cons tan t s  r e l a t ed  to the descrip-  

t ion  of G. 

For  K~0, define the  K- i te ra ted  exponent ia l  funct ion  eXpK(X) by: 

exp0(x)=x and expg(x)=2 expK-'(x) for  K>0. 

The nex t  t h e o r e m  summarizes  the complexi ty  resul ts  fo r  the  t r an s fo rma t ion  R. 

In this t h e o r e m  as well as in the  corresponding t h e o r e m  5.4. for  the  t r ans fo rma-  

t ion  P w e  assume for ce r t a in  subcases  t ha t  the g rammar ' s  dep th  is bounded  by 

some fixed cons tant .  This r e s t r i c t ion  does not  r e s t r i c t  the general i ty .  Given a 

g rammar  G,  one always can  cons t ruc t  an  equivalent  g r ammar  of dep th  2 jus t  by 

in t roducing new nonte rmina l s  for  sub te rms  of dep th  g r e a t e r  t han  1 occurr ing  in 

the  r ight  hand  sides of rules  IDa82]. Since this cons t ruc t ion  can  be done in poly- 

nomial t ime without  increasing level or  rank  or  in t roducing deletion, the  the-  

orems 5.2. and 5.4. imply tha t  also for  g rammars  without  dep th - r e s t r i c t i on  an  

equivalent  te rminat ing  g rammar  or an  equivalent  p a r a m e t e r - r e d u c e d  grammar ,  

respect ively,  can  be cons t ruc t ed  in a t ime which is polynomial ly  r e l a t ed  to the 

cor responding  t ime s t a t ed  in the theorems.  
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5. I. Theorein 

Let G be a grammar of level n~-k with L(G)#¢ and non-deleting up to level k-l. 

if n=k, then size(R(G))~-size(G), and R(G) can be constructed in time 

o(size(C)D; 

(2) if n>k and and the dep th  of G is bounded  by some fixed cons tan t ,  t h en  

size(R(G))<-size(G).expn_k(cL) , and N(G) can  be c o n s t r u c t e d  f rom G in t ime 

O(size(G)2expn_k(CL)) for  a cons tan t  c > l  which only depends  on n; 

(3) for  n>k the  cons t ruc t ion  is opt imal  w.r.t, the  number  of exponen t i a t ions  

and the degree  of the polynomial  in the highest  exponent .  

Proof: 

The uppe r  t ime bounds  a re  ob ta ined  by simply t rans la t ing  the  defini t ion of N(G) 

in the  cor responding  cons t ruc t ion .  

To prove the cons t ruc t ion  to be opt imal  we use a resul t  of Engelfr iet  [En83] 

where he shows the  following: given (the adequa te ly  coded descr ip t ion  of) a n- 

i t e r a t e d  pushdown a u t o m a t o n  A, n>l ,  then  whether  or  not  A accep t s  the  empty  

language canno t  be decided in de te rminis t ic  Turing machine  t ime 

f)(expn-1 (c fAI 2-~) for  every  c>0 and every c>0 (here  tAI means  the  length  of the  

desc r ip t ion  of A). By the  s t anda rd  cons t ruc t ions  of [DaGoe83] and [Da82] one 

can  cons t ruc t  f rom A a g rammar  G with polynomial ly r e l a t ed  size, and with r ank  

I Q 12 where  Q is the  set  of s t a t e s  of A such t ha t  G genera tes  the  same language as 

A and is non-dele t ing up to  level 0. Since this  cons t ruc t ion  can  be pe r fo rmed  in 

polynomial  t ime also, the lower bound of Engelfr iet  implies t ha t  our  upper  

bound for  the  cons t ruc t i on  of h is sharp  at  least  for  g rammars  of level n> t  

which are  non-delet ing up to level 0. However, with the  help of the t r ee  t rans-  

fo rma t ion  in [Da82] or [Sei86] it follows that our upper bound is also sharp for 

arbitrary grammars of level n>0. Now consider for k>0 the following type trans- 

formation ~k: 

Then the following holds: 

(I) 
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~ki=<c,..<~,i>..> (k empty pa ramete r  lists); and 

%~k <T 1..Tm, TO > : <%~k T I-%~k Tin, 19k TO >. 

By this type transformation the class of grammars of level n-k can be viewed as 

a subclass of the grarnnmrs of level n which are non-deleting up to level k-l. 

Hence, our result is sharp even for grammars of level n>O which are non- 

deleting up to level I(-1 for some ke[0,n-l]. This completes the proof. 

5.2. Theorem 

Let G be a grammar of level n>0 and non-deleting up to level k-l. 

L=max~rkK(G) I I¢~kl. 

(I) Assume G is terminating. Then the following holds: 

(1.1) 

(L2) 

(2) 

(2.2) 

Let 

If n=k, then G already is parameter-reduced. 

If n=k+l , then size(P(G))asize(G), and P(G) can be constructed in time 

O(size(G)an). 

If level(G)>k+l and the depth  of G is bounded by some fixed constant ,  

t hen  size(P(G))-<size(G).expn_k_1 (cL2), and P(G) can  be cons t ruc ted  f rom G 

in t ime O(size(G)2expn_k_l(cL2)) for some cons tan t  c> t  which only 

depends on n. 

Assume L(G)#~, but  G is not  terminating.  Then we have: 

if n=k, then  size(P(G))~size(G), and P(G) can be cons t ruc ted  in t ime 

0(size(G)2); 

if n>k and  if the depth  of G is bounded by some fixed constant ,  then  

size(P(G))~size(G).expn-k(cL), and P(G) can be constructed from G in time 

O(size(G) 2 eXpn-k (cL)) for a constant c> 1 which only depends on n. 

For a grammar G which is not necessarily terminating, the transformation P can 

be computed in the same order of magnitude of time as the transformation R 

which proves the transformation to be optimal at least in this situation. 

On the whole, the results 5.I~ and 5.2. very clearly describe how different 
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desc r ip t iona t  c o n s t a n t s  of a g r a m m a r  influence the  c o m p u t a t i o n a l  complex i t y  in 

di f ferent  ways: ac tua l ly  it  is no t  the  size of the  g r a m m a r  or any  c o n s t a n t  r e l a t e d  

to the  size (like the  n u m b e r  of non t e rmina l s  or  the  n u m b e r  of rules)  but  the  

level and  the  r a n k  i.e. the  descr ip t iona l  c o n s t a n t s  refer ing to the  type  concep t  

of the  g r a m m a r  which have the mos t  t r e m e n d o u s  effects  on the  run t ime  of our  

a lgor i thms.  

6.Conclusion 

We investigated termination and parameter-reducedness for grammars. We 

found restrictions to the deletion capability of level n grammars such that the 

time complexity of our constructions could be reduced from n-iterated 

exponential time to polynomial time. So, the question arises whether there are 

other syntactical features of grammars which allow the use of simpler models 

and thus to get improvements of the general complexity result. Since our trans- 

formations in general do not leave a grammar unchanged even if the grammar 

already was parameter-reduced, it seems to be also important to find at least 

sulTicient conditions for the termination or parameter-reducedness of a grarn- 

may. 

In a second paper we will show for higher level grammars several (hierarchies of) 

decidability results. In fact, we show that the finiteness problem is decidable as 

well as regularity for certain simple subclasses of higher level grammars. We 

also present classes where finiteness or regularity can be decided in polynomial 

time. 
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