Parameter-Reduction of Higher Level Grammars

(Extended Abstract)

Helmut Seidl
Fachbereich Informatik
Johann Wolfgang Goethe-Universitat
Postfach 111 932
D-6000 Frankfurt/Main

Abstract:

A higher level {(Ol-)grammar is called terminating, if for every accessible term t
there is at least one terminal term which can be derived from t. A grammar is
called parameter-reduced, if it is terminating and has no superfluous para-
meters.

For every grammar G of level n>0 which generates at least one term we con-
struct grammars BG) and AG) such that AG) and AG) generate the same lan-
guage as G but are terminating and paramter-reduced, respectively.

We introduce a hierarchy of restrictions to the deletion capability of the gram-
mars which allow a gradual decrease in the complexity of the algorithms from
n-iterated exponential time to polynomial time.

1. Introduction

Computing a fixed-point semantics w.r.t. a suitable small test algebra is an
important tool for compile time program optimization. Recently, this method
was applied to strictness analysis by several authors [BuHa85, Ab85, ClaJo85,
HuYou86]. A function is called strict in one of its arguments if undefinedness of
this argument implies undefinedness of the whole function. The motivation of
such an analysis is that strict arguments for instance can be evaluated in paral-
lel. However, as far as we know Damm in [Da82] was the first to apply fixed-point
congsiderations to the analysis of higher level recursion in applicative pro-
gramming. In this paper we extend Damm's work. Especially, we explain techni-

ques on how to use the information about the "dynamic behavior” for some

kinds of global optimization.
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The theoretical model that our considerations refer to are the grammar families
in the Ol-hierarchy [Ma74, Wa74, EnSch77/78, Da77-82, Ga84]. The Ol-hierarchy
can be characterized in several ways: algebraically by solving regular systems
of equations over higher and higher substitution algebras [Wa74, EnSch77/78,
GaB4], automata-theoretically by using a storage btype of iterated pushdowns
[DaGoeB2, En83] or grammatically by generalizing regular grammars by allowing
nonterminal symbols to have parameters of increasing functional level [Da82].
Consider the following functional program for the computation of the factorial
function in order to see how these grammars can be used as a model for pro-
grams written in a functional programming language.
FACT[Y] := IF Y=0 THEN 1

ELSE #Y,FACT{-[Y,1]]]
The corresponding grammar G consists of the derivation rules:

S - F(a) (serving as the initialization)
Fy)» 1 | *yF(-(y,1))
In the grammar (the names of) constants and built-in first order functions are

modelled by the terminal symbols a,1,-,* whereas the procedure name cor-
responds to the nonterminal symbol. Since we have no explicit semantic infor-
mation about the (interpreted) value of the predicate Y=0 at the different sta-
ges of program execution, the best we can do is modelling the IF-THEN-ELSE-
construct by a non-deterministic choice between the two possible procedure
bodies. Thus the generated language is the set of terms of constants and built-in
functions (here algebraic expressions) which possibly are evaluated in the com-
putation, i.e.

tel(G)ifft=1ort =

for some nz 1
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moreover, the derivation process of the grammar describes the process of func-
tion calls during the evaluation.?)

The idea behind this “abstraction” of concrete meanings is to determine those
properties of the program which hold under all (reasonable) interpretations.
(For an exact treatment of sermantic aspects we refer to [Da82]).

Two of the most fundamental decidability questions for programs are the follo-
wing:

(1) Does a given program terminate under all circumstances?

(2) Given a terminating program, does some function call within this program

actually make use of all its formal parameters?

Clearly, for programs both questions are undecidéble in general. For grammars,
however, they are decidable and, even more, we are able to find effective trans-
formations to the grammar such that the resulting grammar is terminating and
has no superfluous parameters.

For contextfree tree grammars, i.e. the level 1 , the positive answers to both
questions are known from the literature [Fi68, Cou78, EnSch77/78, Gue79,
LeB0]. These results are extended to constructions for arbitrary levels. We show
that not only termination but also usefulness of level k parameters can be cha-
racterized by a fixed-point interpretation over some “small” domain. Besides
this unifying aspect our constructions have another two advantages. The nec-
cessary information about the dynamic behavior of the grammar can be compu-
ted directly by inspecting the description of the grammar itself, i.e. without
using intermediate transformations, for example into grammars generating the
language of branches as it was done in Guessarian's paper for the level 1
[Gue79] or in [Sei 86] for arbitrary levels; moreover, this computation is of a

very simple structure (just determining a fixed point) and thus gives the

I For the passing of parameters we implicitly use a (simply and homogeneously} typed
A—calculus together with a call-by-name or OF-evaluation strategy. We use applicative terms and
consider copying the procedure body followed by a sequence of -reductions as one derivation step.
So, all terms we refer to are already in S-normalform (compare [Da82] that this is no restriction of
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possibility for speed-ups corresponding to special features of the class of gram-
mars in question. So, in general, for a grammar G of level n>0 determining sim-
ply whether or not G generates the empty language requires n-iterated exponen-
tial time (i.e. the grammar'’s size positioned on top of a tower of 2's of height n).
Corresponding to the strong feeling that "in practice” a programmer does not
make use of the full complexity of the formalism, we give an example for a hier-
archy of restrictions to the structure of a grammar which allow to save more
and more exponentiations until one ends up in a (still nontrivial) class of level n
grammars with polynomial algorithms. A full version of this paper will appear in

TCS.

2. Basic Notation and Concepts

Let I be an arbitrary set of indices. An I-tuple of sets M=<M!>,¢ is called I-set.
For two I-sets M=<M!>q and N=<Ni>, the I-set MUN is defined componentwise
by (MUN)'=M!UN! , il . Similarily, an I-map h:M-N is an I-tuple of maps h:Ni->M,
i€l. We omit indices as often as possible. So, if xeM! for arbitrary i we say xeM .
Let a=a(l)...a{m) be a word in I".

Let M be an I-set and a=a(l).a(m)el’, then M* denotes the Cartesian product
Me=M*Ux . .. xM*@™ We use the convention M¢=§()}, i.e. the empty Cartesian
product is supposed to be the set containing the empty list only. A typical
element in M® is the list ta=(t; a1}, . tma@m)) OF L1.001)--tmatm) . since for the sake

of simplicity we omit brackets if no confusions can arise.

2.1. Types and Terms
If 1is a set of base types, then D(I)=I"xI is the set of derived types over 1.
This operation can be iterated. Let D°(I)=I and D*(1)=D(D*"! (1)) for n>0, then the

set of (simple homogeneous) types over ! is defined as D*(I)=  D*(1).
0

Here we only use a set of base types I={i] for a fixed i; however, similar con-

generality).
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siderations and constructions also apply to a larger set of base types. If
TeDX(i)=DX¥({i}), we say T is of level k and write level{T)=k. Arbitrary types are
denoted by T, 7°, Ty etc., words of types of the same level always by a, o’ ete. If
a=a(l)..a{m) , then |a|=mis the length of a. If a has a subscript, it denotes the
level of the typesin a.
For k€N, the k-rank of a type T, rky7, is defined by

0 if level(r)=k

rke T ={|af if level(t)=k+1 and 7=<a, 7>
maxirke 7, riea(i}jell, Jai R if level(7)>k+1 and T=<a, 7>

The rank rk(7) is defined by rk(r)=max{rk, | k=01,

Finally, we define the size of a type T, size(7), as the number of i’s occurring in 7.

In the sequel we always consider D*(i)—sets where the special structure of types
mirrors the “functional behavior” of the objects in question, that is objects of
type i are viewed as constants, objects of type <il,i> map a list of L constants
onto a constant and so on. So, we call a D'(i)—set M functional, if for all
T=<a,7°>#i, M7 is a subset of (M), i.e. a set of functions from M® into M™".

Let N be a D*(i)—set of formal symbols with N'"nN"'=¢ for all 7#7". Then the
D*(i)-set Ty of applicative terms over N is the smallest D*(i)—set T which contains
N and is closed under formal application, i.e. which satisfies the two conditions
(A1) N7 CT™,

(AR) if weT<®™ and u,€T?, then wu,eT™ .

Note that by (A2) the D*(i)—set Ty can be viewed (via the canonical injection
W -AYe.0'ys) to be functional. Every applicative term t is contained in exactly
one set Tf . We call T the type of t and write type(t)=7 . Accordingly for teT§
with ac(DK(i))" we write type(t)=a.

Let M be another functional D'(i)-set and h:N»M a D'(i)—map. Then h can be

canonically extended to a map h:Ty-M by:
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R = (28 teN

h(u)h(ua) if t=utq

where h(u,) abbreviates ﬁ(ul_a(i)), ..,ﬁ(uma(m)), m=|a]. For the sake of simplicity
we denote Eby h as well.

As an example consider the identity map 1d:N-Ty. Then the canonical extension
of Id to Ty clearly is the identity map on Ty.

The depth of t, depth(t), is defined by depth(t)=0 if teN and
depth(t)=max{depth(u’). 1+depth(u; o) li€[1, [a |} if t=u'u, .

The size of t, |t| denotes the number of symbols occuring in t.

For any type T=<0ag,..,<ap,i>..> we define the D*(i)-set Y(7) of canonical formal
parameters by Y(r)"={y; |7 =ac()}. For K=-1 ie. 7=i, we assume that
Y(1)"=¢ for all 7.

Let M be a functional D'(i)-set and h:N-M a D*(i)-map. Then for m=p,,..0q,,

Pa. EM*, we denote by h, the D*(i)~map

h(x) if xeN
hn(x) = Pz 1 X=Y5 4

Analogously to h, the D'(i)-map h, canonically extends to a D’(i)-map
hr:Tnuy(ry»M. Note that if h, is always applied to terms of level greater than

some k-1, it suffices to specify m down to level k .

One special case of this definition is the usual substitution of the formal para-
meters Y(7). For this assume t_='t_ax,.t_ao with 'Ea‘GTﬁ" for all «€[0,K]. Then Idi
defines the substitution of t into the formal parameters Y(7). For some term

teTyuy(r) we write t[t] instead of Idi(t).

2.2. Grammars

A grammar G is a 4-tuple G=(N,Z,S,P) with
(G1) Nis a finite D*(i)—set of nonterminal symbols;

(GR) I is a finite D'(i)-set of terminal symbols with Z7=¢ for all T€D*(i) with

level(T)>1.
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(G3) SeN! is the initial symbol;

(G4) P is a finite set of (derivation) rules f=A!-t , where
the left hand side of f, lhs(f)=A, is a nonterminal symbol (A! is an abbrevi-
ation denoting "A applied to all its formal parameters”, i.e. abbreviating A,
if type(A)=i or Ayq,...¥q, if type(A)=<oy,...,<aq,i>...>) and where the right

hand side of f, rhs(f)=t, is a term in Thuyype(ayus -

As usual all the occurring alphabet sets are assumed to be mutually disjoint; e.g.
no formal parameter can simultaneously serve as a nonterminal symbol and vice
versa.

Ol-(outside in) derivations are sequences of nonterminal expansions (according
to the rules of the grammar) taking place always at outermost occurrences of
nonterminals. Leftmost derivations are Ol-derivations where always the leftrnost
nonterminal is expanded.

For example, let t = alA(B)e) be a term with acl, Ilet
f=AY1, <> Y112V 1<ii> (V<> (V1,<,i>¥14)) be a rule in P. Then A is the leftmost
occurrance of a nonterminal in t. Expanding A in t by application of f yields
a(B(B(Bc))).

Note: every rule f in P can be viewed {w.r.t. leftmost application) as a partial
function Tkug-=Thuz. Accordingly, every FeP' defines a partial function
F:Thog-Thoz by:

- te=t;and

- tFf=(tF)f for every F'eP* and every f€P.

Thus, a leftmost derivation w.r.t. G can be viewed as a pair (t.F) where tF is
defined. By the results of Damm in [Da82], every derivation yielding a termt in
Ty can be rearranged into a leftmost derivation yielding t. Therefore, we can
restrict ourselves to the analysis of leftmost derivations. We define SP' as the

set of terms accessible w.r.t. G, and L{G)=SP*nT¢ as the language generated by
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Since the terms generated by G are (finite ordered I-labelled) trees, a grammar
G, in general, is called tree grammar. As usual monadic trees are identified with
strings (the unique leaf is viewed as an end marker). So, if Z'=¢ for any 7 of
level 1 with rk(r)#1 (this ensures that all generated trees are monadic), G is
also called string grammar.

The level of G is defined as level(G)=max{level(A)[AcN} . The k-rank of G is
defined as rky(G)=maxirk,x[xeNUZ};, the rank of G is defined as
rk(G)=maxirk, (G)|k=0}.

Recall that the class of grammars with level 0 generate exactly the regular lan-
guages; whereas the language classes generated by level 1 or level 2 grammars

coincide with the contextfree or macro Ol-language classes, respectively

[EnSch77/78].

2.3. Complexity Measures

The model of computation on which our algorithms and constructions run is a
sequential Random Access Machine (RAM) with the uniform cost criterion {com-
pare [Ah74,Paul78] for a precise definition). However, since we never use any
multiplications (or divisions) our algorithms can be implemented on a
determinstic Turing machine with polynomially related time complexity
[Paul78]. Within the random access memory of our RAM a grammar G is

represented by:

- alist ((x,type(x)))xenus . called type convention of G ; and

- a list of the derivation rules.

We assume that every symbol x is stored in a different storage cell; the right
hand sides of rules are represented as a labelled ordered tree.

Since we want to measure the complexity of our algorithms relative to the "size"”
of the input grammar, it makes sense to define the size of G, size(G), by

size(G)= Y (1+size(type(x)))+ ¥ (1+|rhs(f)]).
x€NUL feP
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3. Terminating Gramrars

Let G=(N,X,S,P) be a grammar of level n>0, and let t€Tkus be a term.

We say t is terminating, if there is a leftmost derivation (1,F) with tFeTt, We say t
is faithfully terminating, if for every leftmost derivation (t,F) , the term tF is

terminating. We say G is terminating, if every accessible termis terminating.

Damm showed that termination can be characterized by some fixed-point inter-
pretation k' over the domain B of iterated monotone Boolean functions [DaB8g).
B is defined by:

Bi=§0,1] with 0=1, and

BT=[B*-B"] for T=<a,7">.

In this definition B? is equipped with the partial order induced by the partial
orders of its components, whereas [..-»..] denotes the set of all monotone functi-
ons equipped with the standard partial order.

Note that for every 7€D*(i), BT is in fact a complete lattice.

The fixed-point is computed by & process of successive approximation:

for every xeNUZ, define h’x=ngoh(m)x where

h©@x=1 if x€X , h®x=4&, if x> (&, denotes an L-ary logical conjunction)
and h®x=0 for all xeN;
for m>0, h™x=h@x for all x€¥; if xeNT and P.={feP|lhs(f)=x}, then

h(m x=flgll’ o™ where pf™ is uniquely determined by

pi =1 iff h{Yrhs(f)=1.

Note that h™xsh(™ Dy for all xeNUE and m=0.

We introduce a hierarchy of stronger and stronger restrictions to the grammar
which permit modelling termination with poorer and poorer domains. The result
is a gradual decrease in complexity from n-iterated exponential time down to

polynomial time.

Let G=(N,I,S,P) be a grammar of level n>0. Let k€[0,n}. We say G is non-deleting
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up to level k-1, if for every rule f=A!-»ucP the following holds:
let type(A)=<ag,..<ap,i>..> with K=—1; then every formal parameter y;, g with

<k occurs at least once in the right hand side of {.

Note that every grammar G is non-deleting "up to level -1”. If G is non-deleting
up to level n-1, then the nonterminal at the active position is the only symbol
which can be eliminated by application of a derivation rule but none of its
actual parameters. In this case we say G is (totally) non-deleting, Clearly,
restrictions to the possibilities of deletion severely restrict the generative capa-
city of the grammars. However, the "typical” facility of n-iterated exponential
growth of generated terms is preserved; what is more, the grammars in {Da82]
that are constructed to distinguish between the language classes of different

levels are,in fact, non-deleting ones.

Call a D*(i)—set M trivialization of B if M has the following properties:

(1) Mi=B; and

() if T=<a,7">, then M" is a complete sublattice of [M*-M""].

By property (2), every trivialization of B is functional. The unique minimal
element and the unique maximal element in any M7 are also denoted by Oand 1,
respectively. The least upper bound operation join is denoted by u; and the par-
tial order relations always by =.

Let M be a trivialization of B. A D*{i)~map h:NUZ-M is called reducing for G over
M if for every teTkyg, ht=1 iff t is terminating.

By Damm’s results in [Da82] the D*(i)—map h’ is a reducing map over B. We show
how restrictions to the deleting capability of the grammar can be modelled by a

corresponding trivialization of B.

For k=0 define My by

(T1) M{=Bi
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(TR) for level{v)<k and T=<a,7'>, let M{={0,1} with 0p,=0 for all p,€M§; and

1pa=1 iff pj o =1 for all j€[1, |a|];
(T3) forlevel{T)>k and r=<a,7">, let M{=[Mg-ML'].

Note that My coincides with B.

Actually, Darnm's computation of a reducing map h* over B can be carried over
to a construction of a reducing map over the restricted domain My provided G is

non-deleting up to level k-1. We get:

3.1, Theorem
Let G be non-deleting up to level k-1. Then there exists a reducing map

h‘INUE”Mk.
We show the following theorem:

3.2. Theorem

Let G=(N,Z,S,P) of level n>0 with L{G)#¢. Then there is a terminating grammar
R(G) with L(#(G))=L(G); the construction can be done level-, depth- and non-
deletion-preserving, i.e.

level(R(G))=level(G), depth(R(G))=depth(G), and if G is non-deleting up to level

k-1, then R(G) is non-deleting up to level k-1 as well.

The idea of the transformation X is as follows: The value of the actual para-
meters under h' is stored in the nonterminal (i.e. as a subscript), whereas the
value of future arguments are "guessed” or "produced in parallel” by splitting
the corresponding parametier positions from which the correct one later is cho-

sen by the means of projection.

From a practical point of view the grammar HG) is obtained from G by adding
the extra information about the values of occurring argument lists under h* and

suppressing terms of value 0 ; especially, every leftmost derivation w.r.t. G is
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transformed into at most one leftmost derivation w.r.t. G). Note that a cor-
responding implementation actually does not need to perform the possibly very
expensive splitting of parameters.

The D*(i)—map h* is nothing but the fixed-point interpretation as it was used in
[BuHa85] or [Ab85] for strictness analysis. Since the actual parameters of some
function call may be filled in dynamically during a program execution, the extra
information about the values under h' can be used to detect even strictness of

certain parameters which only occurs at runtime.

4. Parameter—Reducedness of Grammars
Let G=(N,%,S,P) be a grammar of level n>0. Let ke[0,n—1].

AtermteThys is called parameter-reduced up to level k-1, if
(1) tisfaithfully terminating; and

(2) for every leftmost derivation (t,F) w.r.t. G every subterm u of tF with

level(u)<k is used during some leftmost derivation (tF,F’).

G is called parameter-reduced up to level k-1, if every accessible term t is
parameter-reduced up to level k-1. G is called (totally) parameter-reduced, if G
is parameter-reduced up to level n-1.

Note that G is parameter-reduced up to level -1, iff G is terminating. Further-
more, if G is non-deleting up to level k-1 and terminating, then G is parameter-
reduced up to level k-1 as well.

The levelwise definition of parameter-reducedness suggests our strategy for
eliminating useless parameters. We start at k=0 and proceed level by level. The
base of this induction is given by the transformation K of the last chapter. So,
we may assume that G is already parameter-reduced up to level k-1 with k=0. We
will construct a grammar B (G) which generates the same language as G and is
parameter-reduced up to level k. For this, analogous to the last chapter, we
first model the usefulness of leve] k parameters by an appropriate trivialization

of B, then we compute a suitable fixed-point interpretation hy w.r.t. this



64

trivialization which finally is integrated into the grammar. The parameter-
reducing transformation P for a grammar G of level n which is non-deleting up
to level k-1 then simply is defined by P=F, ;.. K if G is already terminating or
P=P,_,. A Rif G is nét necessarily terminating. However, the curious fact may
be noted that in contrast to the situation for n=1, even for terminating gram-
mars parameter-reduction does not automatically lead to a shrinkage of the

grammar, but can even cause a tremendous blow-up of the grammar's size.

For k=0 define the D*(i)—set My by:
(U1) M=B'
(UR) for 7=<a,7’> and level{T)=k, let My={0,1} with

0pa=1 iff pj q(y=1 for at least one j, and

1p=1 for all pg;

(U3) for 7=<a,7’> and level(t)=k+1, let Mg={1;[Jc[1,]a|]} with

1;0a=1 iff pj o =1 for at least one j€J;
(U4) for r=<a, 7> and level()>k+1, let My =[My »m’].

It is readily checked, that ﬁk is a trivialization of B. The functions 1; of level k+1
are supposed to describe the usefulness of formal parameters of level k: if
veTRe ™ is a term of level k+1 and J¢[1, |a]] is the set of indices of useful para-
meters to v of level k, then we want to map v to the value 1;. For this we com-
pute a map hx as the least upper bound of approximations h{® where
nonterminals of level =k and terminal symbols are interpreted as some sort of
"generalized join”. Not every formal parameter yj.() with level x<k of some
nonterminal symbol A necessarily occurs in all right hand sides of rules f with
lhs(f)=A. However, since G is parameter-reduced up to level k-1 there is at least
one rule f for which yj 4 ) occurs in rhs(f). Therefore, we won't compute hy over
G itself but over the corresponding typed A-scheme G, [Da82].

Let + be a new terminal symbol of type <ii,i> (denoting formal union) and define



65

L, asthe D*(i)—set by

T = P> i) and 57 = L7 for T#<iL,i>.

The typed A—scheme G, is gained from G by adding + to the set of terminal sym-
bols and formally adding the right hand sides of all rules having the same left
hand sides by the means of a binary tree whose inner nodes are labelled by +.

In general this scheme no longer generates a tree language but a (finite or)
infinite tree. However, from such a tree the tree language L(G) may be regained
by interpreting the undefined tree as the empty set and + as the union operator
over the powerset of T: [Da82]. Note that Guessarian actually investigated

parameter-reduction for typed A—schemes of level 1.

Set hgx=Ll h{™x where
=0

1y if x€ZF5> and k=0
Oy ={ "
h{x {O else

and for m>0 , h{™ is defined as follows:

if x€X, or level(x)<k, then hi¥x=h{"x;

if AeN with level(A)>k and u is the right hand side of the unique rule for A in Gy,
.

let hfWA be the function in Mkype(A) with

(hfA)r=1 iff hfDu=1.

Assume G is parameter-reduced up to level k-1 for some k=0 . We integrate the
evaluation of hy into the grammar G in a similar way as h* was embodied into G
in chapter 3.

Similar to the definition of R, the current value under the interpretation of the
argument lists is stored in the nonterminal symbol whereas possible future
argument values are guessed by splitting of parameters. However, the additional
information now is used to eliminate parameters detected as superfluous. We

get:
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4.1. Theorem

Let G be parameter-reduced up to level k-1 with level(G)=n>0 , then there is a
grammar P (G) which is parameter-reduced up to level k with L{P(G))=L{G). The
construction can be done level-, depth- and non-deletion preserving, i.e.
level(B (G))slevel(G), depth(F (G))=depth(G), and if G is non-deleting up to some

level less than k, then B (G) is non-deleting at least up to the same level.

Similar to R, the transformation P consists of adding extra information about
the value of argument lists under certain fixed-point interpretations, splitting of
parameters and removing certain useless parts. Especially, every leftmost

derivation is transformed into exactly one new leftmost derivation.

5. Structural and Computational Complexity

In this chapter we give upper bounds for the amount of time for constructing the
grammars RG) and A(G) in terms of structural constants related to the descrip-
tion of G.

For K=0, define the K-iterated exponential function expg(x) by:

%D (%)

expp(x)=x and epr(x)‘~=2e for K>0.

The next theorem summarizes the complexity results for the transformation R
In this theorem as well as in the corresponding theorem 5.4. for the transforma-
tion P we assurne for certain subcases that the grammar's depth is bounded by
some fixed constant. This restriction does not restrict the generality. Given a
grammar G, one always can construct an equivalent grammar of depth 2 just by
introducing new nonterminals for subterms of depth greater than 1 occurring in
the right hand sides of rules {Da82]. Since this construction can be done in poly-
nomial time without increasing level or rank or introducing deletion, the the-
orems 5.2. and 5.4. imply that also for grammars without depth-restriction an
equivalent terminating grammar or an equivalent parameter-reduced gramrmar,
respectively, can be constructed in a time which is polynomially related to the

corresponding time stated in the theorems.
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5.1. Theorem
Let G be a grammar of level n=k with L(G)#¢ and non-deleting up to level k-1.

Then the following holds:

(1) if n=k, then size(R(G))<size(G), and K(G) can be constructed in time
Ofsize(G)®);

(8) if n>k and and the depth of G is bounded by some fixed constant, then
size(R(G))ssize(G)-expp-i(cL} . and R(G) can be constructed from G in time

O(size(G)?expy-«(cL)) for a constant ¢>1 which only depends on n;

(3) for n>k the construction is optimal w.r.t. the number of exponentiations

and the degree of the polynomial in the highest exponent.

Proof:

The upper time bounds are obtained by simply translating the definition of RG)
in the corresponding construction.

To prove the construction to be optimal we use a result of Engelfriet [En83]
where he shows the following: given (the adequately coded description of) a n-
iterated pushdown automaton A, n>1, then whether or not A accepts the empty
language cannot be decided in deterministic Turing machine time
Qexpp-1(c]A|27®) for every ¢>0 and every £>0 (here |A] means the length of the
description of A). By the standard constructions of [DaGoe83] and [Da82] one
can construct from A a grammar G with polynomially related size, and with rank
|Q|? where Q is the set of states of A such that G generates the same language as
A and is non-deleting up to level 0. Since this construction can be performed in
polynomial time also, the lower bound of Engelfriet implies that our upper
bound for the construction of h is sharp at least for grammars of level n>1
which are non-deleting up to level 0. However, with the help of the tree trans-
formation in [DaB82] or [Sei86] it follows that our upper bound is also sharp for

arbitrary grammars of level n>0. Now consider for k>0 the following type trans-

formation Wy:
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dpi=<e,..<g,i>..> (k empty parameter lists); and

Y <T o Ty, To > =< T B T, T To >

By this type transformation the class of grammars of level n-k can be viewed as
a subclass of the grammars of level n which are non-deleting up to level k-1.
Hence, our result is sharp even for grammars of level n>0 which are non-

deleting up to level k-1 for some k€[0,n—1]. This completes the proof.

5.2. Theorem
Let G be a grammar of level n>0 and non-deleting up to level k-1. Let

L=max{rky(G) | K=ki.
(1)  Assume G is terminating. Then the following holds:

{1.1) If n=k, then G already is parameter-reduced.
If n=k+1 , then size(A(G))=ssize(G), and AG) can be constructed in time
O(size{(G)?L).

(1.2) If level(G)>k+1 and the depth of G is bounded by some fixed constant,
then size(P(G))<size(G)-exppy-1 (), and AG) can be constructed from G
in time Of(size(G)®expp-x-1(cl?)) for some constant c>1 which only

depends on n.
(28)  Assume L(G)#¢, but G is not terminating. Then we have:

(2.1) if n=k, then size(P(G))ssize(G), and FG) can be constructed in time

O(size(G)R);

(2.2) if n>k and if the depth of G is bounded by some fixed constant, then
size(AG))ssize(G)-expy(cL), and AG) can be constructed from G in time

O(size(G)?expyx (cl)) for a constant ¢>1 which only depends on n.

For a grammar G which is not necessarily terminating, the transformation P can
be computed in the same order of magnitude of time as the transformation &%
which proves the transformation to be optimal at least in this situation.

On the whole, the results 5.1. and 5.2. very clearly describe how different
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descriptional constants of a grammar influence the computational complexity in
different ways: actually it is not the size of the grammar or any constant related
to the size (like the number of nonterminals or the number of rules) but the
level and the rank i.e. the descriptional constants refering to the type concept
of the grammar which have the most tremendous effects on the runtime of our

algorithms.

6.Conclusion

We investigated termination and parameter-reducedness for grammars. We
found restrictions to the deletion capability of level n grammars such that the
time complexity of our constructions could be reduced from n-iterated
exponential time to polynomial time. So, the question arises whether there are
other syntactical features of grammars which allow the use of simpler models
and thus to get improvements of the general complexity result. Since our trans-
formations in general do not leave a grammar unchanged even if the grammar
already was parameter-reduced, it seems to be also important to find at least
sufficient conditions for the termination or parameter-reducedness of a gram-
mar.

In a second paper we will show for higher level grammars several (hierarchies of)
decidability results. In fact, we show that the finiteness problem is decidable as
well as regularity for certain simple subcelasses of higher level grammars. We
also present classes where finiteness or regularity can be decided in polynomial

time.
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