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ABSTRACT 

Cost functions for tree automata are mappings from transitions to (tuples o0 polynomials over 
some semiring. We consider four semirings, namely N the semiring of nonnegative integers, A the 
"arctical semiring", T the tropical semiring and F the semiring of finite subsets of nonnegative 
integers. We show: for semirings N and A it is decidable in polynomial time whether or not the 
costs of accepting computations is bounded; for F it is decidable in polynomial time whether or not 
tile cardinality of occurring cost sets is bounded. In all three cases we derive explicit upper 
bounds. For semiring T we are able to derive similar results at least in case of polynomials of 
degree at most 1. 
For N and A we extend our results to multi-dimensional cost functions. 

0. I n t roduc t ion  

Finite tree automata are finite state devices which operate on labeled ordered trees. Cost func- 

tions c for tree automata map transitions to (tuples of) polynomials  over  some semiring R such 

that every computation obtains a cost c(~)) in R (resp. R d in the mult i -dimensional  case). A 

pair of  a finite tree automaton and a cost function is called cost automaton. There are two rea- 

sons why we are interested in finite tree automata with cost functions. 

First, finite tree automata are an important tool o f ' compi l e r  generating systems like O P T R A N  

where they are applied for generating code selectors f rom descriptions o f  target machine 

assembly languages [GieSch88, WeiWi88].  A generated tree automaton A is meant  to traverse 

the abstract syntax tree o f  an input program. The different accepting computat ions o f  A 

correspond to different possibilities of  target machine code generation. F rom these the 

"cheapest" one is selected according to some suitable cost measure. In fact, these measures are 

of  a type similar to the cost functions we consider  here. 

The second reason why we are interested in cost automata is o f  a more theoretical nature. In 

[CouMo90] Courcelle and Mosbah investigated MS (i.e. Monadic  Second-Order)  evaluations 
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on graphs and came up with a general method to translate these t o  evaluations of  graph 
expressions over suitable semirings. Their method allows to derive polynomial algorithms for 
a huge class of problems on families of  graphs like series parallel graphs, graphs definable by 
contextfree hyperedge replacement grammars, etc.. To be more specific consider, e.g., the 
family SP(E) of series parallel graphs with edge labels from ~. It consists of  acyclic digraphs 
with one source and one sink whose edges are labclod by elements from E. SP(~) inductively 

can be defined as follows: 

(1) A single directed edge e labeled by some a ~ Z is in SP(Z); 

(2) If  G1, G2 ~ SP(Z) then both the series and the parallel composition of  GI and G 2 are 
elements from SP(E). The series composition is obtained from G 1 and G 2 by pasting 

the sink of  G l with the source of  G 2 whereas the parallel composition is obtained by 

pasting the two sources as well as the two sinks. 

Every series parallel graph can be represented by a graph expression, i.e. some tree over the 
ranked alphabet Z u {11, "} where symbols a ~ ~ represent edges labeled by a, �9 and [[ have 
rank 2 and denote series and parallel composition respectively. 
Let G denote the graph represented by the graph expression g (the binary operators written in 
infix notation): 

g = a II ((a.  d) II b) �9 c) 

If  we are interested in the number of paths from the source to the sink of G we use an evalua- 

tion of g over the semiring N of naturals. Namely, the leaves of the expression tree (i.e. the 

edges of G) are counted 1; whereas II and �9 are viewed as the polynomials x I + x 2 and x l x 2. 
Evaluating g, we obtain 3 as a result. 
To compute the length of  the shortest path from the source to the sink of  G we employ the 
tropical semiring T where addition is ra and multiplication is +. We attach cost one to the 
leaves; to II and �9 we attach the polynomials x I n x 2 and x 1 + x 2 respectively. The result is 1. 
The maximal breadth of G is computed over the "aretieal" semiring A. Here, addition is ta 
instead of n whereas multiplication is again +. As above, cost one is attached to the leaves of  
the expression, to II we now attach the polynomial x 1 + x2, and to - the polynomial Xl u x 2. 
Thus, evaluation of  g yields 3. 
Finally, to compute the set of path lengthes of G we need semiring F. F consists of  all finite 
subsets of I',r 0 where addition is set union and multiplication is addition of numbers extended 
to sets. We attach cost { 1 } to the leaves of the expression. II is interpreted as the polynomial 
x I u x 2, and �9 as the polynomial x 1 + x 2. The resulting set is {I, 2, 3}. 

We are interested in decision problems like this: 

�9 "Is there a global bound to the breadth of  graphs described by graph expressions from 
some tree language L?" 

�9 "Is there a global bound to the length of  the shortest path in graphs described by graph 
expressions from some tree language L?" 

Provided the tree language L is the language accepted by some finite tree automaton A the 
evaluation functions in question turn out to be cost functions for A over a suitable semiring R. 

Thus, decision problems o f  the above type correspond to boundedness problems for tree auto- 

mata with cost functions over R. In [HaKre89] decidability was proven for the case of  cost 
functions over N or A. We improve their results by giving polynomial time algorithms for 
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boundedness in these cases. Our algorithms are based on syntactic properties which are easy to 

test but which (at least for "parameter-reduced" automata) precisely characterize boundedness. 

We furthermore consider semirings T and F. In ease of  T we are able to decide boundedness - 

provided the polynomials occurring in the cost function are of  degree at most 1. For  this, we 

introduce a new technique to pump up different (even overlapping) subparts of  a computation 
simultaneously. In case of  F we show that it can be decided in polynomial time whether or 

not the cardinah'ties of  cost sets of  accepting computations are bounded or not. 

The paper is organized as follows. In Section 1, we introduce our basic notation concerning 

trees and tree automata. In Section 2, we introduce semirings, our notation concerning polyno- 

mials over semirings and cost functions. We give a general method how to parameter-reduce 

R-cost automata (Theorem 1). In Section 3, we consider the ease of  1-dimensional cost func- 

tions for each of  the senftrings N, A, T and F (Theorems 2, 3, 4 and 5). We derive polyno- 

mial time algorithms deciding botmdedness for each of  these semirings - in case o f  T how- 

ever, only provided the polynomials occurring in the cost function have degree at most 1. 

Also, we provide explicit upper bounds depending only on structural parameters of  the auto- 

mata and cost functions in question. Section 4 extends the results of  Section 2 and 3 to multi~ 

dimensional cost functions for the semirings N and A (Theorems 6, 7 and 8). Section 5 con- 

cludes with open problems. 

1. Basics 

A ranked alphabet or signature is a pair (Z,p) where Z is a finite alphabet and p: r . . - r  lXl 0 is a 

function mapping symbols to their rank. Usually, ff p is understood we write Z for short and 

define Zj = p-l(j) .  The maximal j such that 5".j ~ O is called the rank of Z. 

"Ix denotes the free Z-algebra of  (finite ordered Z-labeled) trees, i.e. T r  is the smallest set T 

satisfying (i) 7.~ ~ T, and (ii) ff a E 7-, m and t 1 ..... t m ~ T, then a(t I ..... t m) ~ T. Note: (i) can be 

viewed as the subcase of  (ii) where m = 0. 

The set of  nodes of t , O(0 is the subset 

t = a ( t  t ..... tm) f O r s o m e a a  Z r e , m > 0 .  The 

in 
of  ~ defined by O(t) = [e}uk..)j 'O(tj) where 

j=l 
size Itl of  t is defined as the cardinality of  O(0. 

For nodes r, r '  we write r < r '  to denote that r is a proper prefix of  r ' .  I f  neither r < r ' ,  r '  < r 
nor r = r then we call r and r '  incomparable and write r ~ r ' .  
t defines maps t(_.): O(t) ~ Z and t/_: O(t) ~ T x mapping the nodes o of  t to their labels or 

the subtree of t with root o, respectively. We 

{~tj if  
t(o) = (o3 if  o=j.o'  and 

h a v e  

ttj if 
tie = Io" if  o=j 'o '  

Let X denote a set of variables of  rank 0. Define Tx(X) = Txu x. We use this different notation 

ill order to indicate which variables are to be substituted. (Clearly, T x ~ Tx(X). ) Assume t e 

Tx(X). t is called X-proper iff  every x e X occurs in t exactly once. If  X = {x} we write x- 

proper instead of {x}-proper, and if  X is understood we skip the prefix X. 

Every map 0: X --> TI:(X ) can be extended to a map 0: Tx(X) ---> TI;(X) by tO = a(tl0 ..... tin0 ) 

whenever t = a(t 1 ..... tin). 0 is called X-substitution or simply substitution if X is understood. If  

X = {x l ..... xin} and xi0 = t i, we denote tO also by t[t l ..... tin]. Of special impoixance is the case 

where the set X of variables which are to be substituted consists of  just one element x. 
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Assume x0 = t 2 and t l  ~ Tz(x) = Tz( (x ] ) .  Then we write t l0 = t i t  2 . The set Tz(x) is a 

monoid w,r.t, x-substitution. (The neutral e lement  is x). 

For  t ~ Tz(X) we define the k-th power  t k of  t by t I = t and for  k > 1, t k = tO where x0 = t k-t  

for every x ~ X. Observe that even i f  t was proper  t ~ does  not  need to be proper  as well.  

A finite tree automaton (FTA for short) is a 4-tuple A = (Q,~,~,QF) where Q is a finite set of  

states, QF ~ Q is the set of  final states, ~ is the signature of  input trees, and ~ 

u Q x Z m x Q m  is the set of  transitions of  A; the transitions in ~nk.A{q}XZmXQ m are also 
m~) m>0 
called q-transitions. 
For  Sections 1, 2 and 3 let  X denote the set of  variables  {xj I j e lq},  and X k the set of  vari- 

ables {xj I j e [1,k]} for  k e $ q .  Let  t = a(t 1 ..... t m) e Tz(X k) and q, ql  ..... qk e Q. A 

(q,ql...qk)-computation O~ of  A for t starts at variables xj in states qj and consists  of  (Pj,ql".qk)" 

computat ions of  A for the subtrees tj, j = 1 ..... m, together  with a transition (q,a,pl...pm) e ~ for 

the root. W e  write the state at the root  to the left  of  the states at the var iable  leaves. This 

convention is chosen in accordance with our  prefix notat ion of  trees and the left-to-right order 

of  substitutions. Formal ly ,  we represent  ~p as a tree over  signature ~ and set o f  variables X k as 

follows. If  t = xj and q = qj then Op ffi xj. I f  t = a(tl,...,tm) then #p = "r162 ..... ~Pm) where "c = 

(q,a,pl...pm) e 5 for suitable states Pl,.",Pm E Q and r is a (pj,ql. . .q~)-computation for tj, j = 

1 ..... m .  

The set of  all (q,ql. . .oa0-computations is denoted by  r 

Assume t ~ Tz(Xk) and t = t0[t 1 ..... tk]. Assume #do is a (q,pl . . .pk)-computation for t o, and ~Pi 

are (pi,ql. . .qm)-computations for  t i , i = 1 ..... k. Then #p0[OPl ..... ~Pk] is a (q,ql. . .qm)-computation q, 

of A for t. Conversely,  i f  t o contains exact ly one occurrence of  any xj , j = 1 ..... k (i.e. is X k- 

proper),  then every (q,ql. . .qm)-computation ~p for t uniquely can be decomposed  into a 

(q,Pt...Pk)-comp utation ~0 for  to, and (pi,ql...qm)-Computations gPi for t i (for suitable states Pi) 

such that 0p = ~0[~Pl,...,~k]. ~i is ca l led  subcomputation of  ~p on t i, 

A (q,e)-computation is also cal led q-computation.  A q-computat ion is ca l led  accepting, iff  

q~ QF- L(A) = {t ~ T z I there is an accepting computat ion of  A for t} is the language 
accepted by A. The size of  A,  IAI, is defined by  IAI -- ~ (m+2) . F o r  estimating the 

(q.a,ql...q,OE ~i 
complexi ty  of  our algori thms we always assume that the input  signature 5". is fixed. Only the 
sets of states and transitions vary.  Thus especial ly,  the rank o f  ~ is v iewed  as a constant. 
The algori thms for tree automata we consider  mainly  run on a data structure called trace 
graph. For  F T A  A = (Q,Y-,8,QF) the trace graph of  A is the edge- labeled  digraph G(A) = 

(V,E) where the set of  vert ices V equals Q, and the set of  edges E consists  of  all triples 

(q,<'t , j>,q') where 'r = (q,a,ql...qm) is a q-transition in 8 with qj = q'.  

Call a state q e Q useless i f  there is no accepting computat ion in which there occurs a q- 

transition, and useful otherwise.  An F T A  A is cal led reduced iff  A has no useless states. Use-  

less states can be removed  without changing the "behavior'! of  A. W e  have: 

P ropos i t ion  1 

For every FTA A = (Q,Y~,~,QF) there is an F T A  Ar 

that 
= (Qr,5".,Sr,Qr.F) with L(A)  = L(Ar) such 
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�9 Qr ~ Q, 5r ~ 5 and Qr,F ~ QF; 

�9 A r is reduced; and 

A r can be constructed from A i n  polynomial time. [] 

2. Cost Au toma ta  

In this section we consider polynomials over scmirings and introduce cost automata. A (com- 

mutative) semiring R (with 0 and 1) is a 5-tuplc R = (R,+,.,0,1) where (R,+,0) and (R,.,1) are 

commutative monoids with neutral elements 0 and 1 respectively such that 

0.a = 0 and a.(b + c) = (a.b) + (a.c) 

for all a, b, c ~ R. R is also called the carrier of R. As usual, we also write r ~ R iff  r is an 

clement of  thc carrier of  R. Especially, we consider the following four scmirings. 

(1) The naturals N = (1~,I0,+,',0,1) with usual addition and multiplication; 

(2) The arctical semiring A with carrier l'~IoU{--oo } where addition is u and multiplication 

is + on integers extended by x + --oo = ~ + x = ---oo; 

(3) The tropical semiring T with carrier g, IoU{~o } where addition is n and multiplication is 

+ on integers extended by x + oo = oo + x = =,; 

(4) The scmiring F whose carrier consists of  all finite subsets of  nonncgative integers 

whcrc addition is set union, and multiplication is addition extended to sets i.e. A + B ffi 

{a+b l a ~  A, b E  B}. 

Observe that all four scmixings have a natural (in case of  F partial) ordering which in case of  
N, T and A is derived from the ordering --o, < 0 < 1 < 2 < ... < n < ... < oo. The ordcring of  

F is given by set inclusion. For these ordcrings all finite least upper bounds exist. In N, A and 

T, wc denote the least upper bound of  an unbounded set of  scmiring elements by oo. For F, 
the least upper bound of  a finite number of  scmiring elements is their union. A least upper 

bound of  an infinite number of elements from F is defined as their union as well - although it 

may no longer be an clement of  F. 

The set of polynomials over R with variables from X is denoted by R[X]. A monomial m is a 

polynomial of the form h.Xl~....'x~, h is called the coefficient, and el+...+ek the degree of m. 

The size of m, Iml is defined as Iml = 1 + #{j I Ej ;e 0}. The latter definition refers to the intui- 

tion that both every scmiring clement and every exponent can bc stored in one storage cell of 

a Random Access Machine (with uniform cost measure). For  simplicity we assume that such a 

machine can execute comparisons and scmiring operations of two elements r, r '  e R in one 

step. Thus, a polynomial algorithm (say, for a Turing machine) is only obtained from a poly- 

nomial algorithm for such a RAM if each involved comparison and semiring operation can bc 

executed in polynomial time. 

For our purposes wc assume that a polynomial p ~ R[Xm] always is given as a sum of  mono- 

mials where no monomial has a coefficient 0. The dcgrcc of  p is the maximal degree of  a 

monomial in p whereas we choose the size of p as the sum of  the sizes of  the monomials in p. 

Variable xj occurs in p, or p depends on xj i ff  p contains a monomial h-x~.. . . .x~ with ej ~ 0. 

As for substitutions, a map e: x ~ R[X] can be extended to a map R[X] ~ R[X] which is 

denoted by 0 as well. For f ~ R[X], fO is defined by function composition: fO is the function 

obtained from f by first applying the functions xO and then applying f to the results. As for 
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trees, we call 0 a X-substitution or substitution, if X is understood. If  X = {x 1 . . . . .  Xm} and xiO 

= fi we denote t9 by f[fl,...,fm] and also write f fl for f[fl] �9 

Fact 0 
Assume R e {N, A, F} and p is a polynomial in R[x] = R[{x}]. Then the following holds: 

(1) If  b 1, b 2 e R and b�94 ~ b 2 then p[bl] ~ p[b2]. 

(2) Assume x occurs in p and b e R. 

* If  R e {N, A}, then p(b) > b. 

�9 If R ffi F then #p(b) 2 #b. [] 

Assume A = (Q,Y-,8,QF) is an FTA and R e {N, T, A, F}. A R-cost function for A is a map- 

ping c: ~ ~ R[X] where c('c) e R[X m] provided 'c = (q,a,ql...qm). 
c O  is extended to computations ~ in the natural way. If  ~ = xj then c(~) ffi xj. I f  ~ = 

x(~l ..... 0?m) for some x e 8 then c(~) ffi c(x)[c(~ 1) ..... C(~m)]. A R-cost automaton M is a pair 

M = (A,c) where A is the FTA underlying M and c: 8 -~ R[X] is a R-cost function for A. 
The size of M consists of  the size of  A together with the space to represent c. Hence we 
define IMI = IAI + ~ Ic(x) l. 

xe 

The set of  costs of  A w.r.t, c, c(A), is defined by 

c(A) = {c(~) I ~ accepting computation of  A} 

In case R e {N, A, N}, we are interested in whether the least upper bound of  costs U M  = 

U c(A) is finite. In case R ffi F we are interested in whether the least upper bound of  cost 

cardinalities #M = L.! {#B I B r c(A)) is finite. If  so, we say that the costs of  M are 

bounded, or shorter: Mis t  bounded. 

We would like to eliminate costs of  subcomputations which do not contribute to the final cost. 
Consider, e.g., semiring N. A subcomputation may not contribute to the final cost if its cost is 
multiplied by 0. It turns out that we can decide "online" whether or not a given subcomputa- 
tion has cost 0 (or, if we like, 1). In order to have a machinery general enough to cope with 
semirings A and F as well we introduce the notion of faithful subsets o f  semirings. 
Assume H: R -o  R '  is a surjective homomorphism of semirings where R '  is finite. Subset E 

R is called faithful (via H) iff E ~ {r e R I H-I(H(r)) ffi {r} ). 

Examples: For every m e ~1, 

(1) [0,m-l] is a faithful subset of  N; 

(2) {--~} u [0,m-l] is a faithful subset of  A; 

(3) [0,m-l] u {~} is a faithful subset of  T; and 

(4) 2 [~ is a faithful subset of  F. 

In all these four cases of  faithful subsets E ~ R, the subset E is faithful via some homomor- 
phism Hm: R --~ R m where R m is a finite semiring obtained from R by an appropriate "trun- 

cation". 
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( 1 )  N m is the semiring with carrier [0,m] where addition +m and multiplication "m are 

defined by x +m Y = m n (x + y) and x "m Y = m n (x �9 y); such that Hm(X) = x n m .  

(2) A m is the semiring with carrier {---00} t.) [0,m] ordered by - . o  < 0 < 1 < ... < m. As 

for A, addition is tJ and multiplication is +m defined by x +m Y = m rl (x + y) where 

"+" here is ordinary addition extended by -0 -  + x = x + ---** = x. Again,  Hm(x) = 

X I"1 m .  

(3) Analogously to A m, T m is the semiring with carrier [0,m] u {,,*} ordered by 0 < 1 < ... 

< m < **. Addit ion is now n and multiplication is +m defined by: x +m Y = m n (x + 

y) where "+" here is ordinary addition extended by ** + x = x + o. = **. Now, I-Ira(x) = 

oo if  x = ** and Hm(x) = x n m otherwise. 

(4) Finally,  F m is the semiring with carrier 2t0,m-l] V {u} for some new symbol  u. Addi-  

tion in F m is set union extended by x u u = u u x = u, whereas multiplication +m is 

defined by 

f~ a + b l a e  A, b e  B} i f a + b < m f o r a l l a e  A , b ~  B 

A +m B = otherwise 

Now, Hra(B) = B if  B ~ [0,m-1] and I-lm(B ) = u otherwise. 

Since all the semirings R m are finite we can incorporate the evaluation of  cost functions H m c 

into the computation of  the tree automaton itself. Assume M = (A,c) is a R-cost  automaton 

where A is reduced and E ~ R is faithful where 0 e E. M is called E-reduced iff there are 

sets Ur(A,c), r e E, such that a q-computation has cost r iff q e Ur(A,c). 

We would like to use information about costs o f  subcomputations to "simplify" the polynomi-  

als involved. We call M E-parameter-reduced iff M is E-reduced and the following holds: 

(1) For  every r e E \ {0}, p e Ur(A,c), 'g = (q,a,qt...qk) e 8 and j e [1,k], p ~ qj. 

(2) If  "r e ~ is a q-transition with q e Ur(A,c ) then c(~) = r. 

(3) If x = (q,a,ql...qk) e ~ and xj does not  occur in c(x) then qj e Uo(A,c). 

For  our characterizations of  bounded costs we only will refer to E-parameter-reduced R-cost  

automata where E = {0, 1 }. For  simplicity, we skip the prefix "E-" in this case. 

Before we explain the corresponding results we first convince ourselves that we w.l.o.g. 

always may assume that the cost automata in question are parameter-reduced. For  this we 

prove Theorem 1: 

T h e o r e m  1 

Assume R ~ {N, T,  A, F}, and E ~ R is faithful via Hm: R .--> R m with 0 e E. 

(1) For every R-cost automaton M = (A,c) there is an E-reduced R-cost  automaton M E -- 

(AF,c~) such that 

�9 L(A) = L(AE) and c(A) -- cI~(AF); 

�9 i f  A has n states then A~ has at most (#Rm)'n states and I M~I < IMI'(#Rm)L; 

�9 M E can be constructed by a R A M  in t ime polynomial  in IMI and #R m. 

(2) For every E-reduced R-cost automaton M = (A,c) there is an E-parameter-reduced R- 

cost automaton M a r  ffi (Aar,ear)  such that 
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L(A) = L(A E) and c(A) = CE,r(AE,r~; 

if  A has n states then AE. r has at most 3.n states and IME, r I < IMI'3 L 

MF..r Can be constructed by a RAM in polynomial time. D 

As a corollary we obtain: 

Coro l la ry  1 

(1) 

(2) 

�9 Assume R e {N, T, A}. It can be decided i n  polynomial time for a given R- 

cost automaton M = (A,c) and m e lq, whether or not L.IM < m. 

�9 Assume m ~ IX/is fixed. Then it can be decided in polynomial time for a given 
F-cost automaton M = (A,c), whether or not c(A) ~ 2 [~ 

Let R e {N, T, A, F}. For  every R-cost automaton M = (A,c), a parameter-reduced 
R-cost automaton M r = (Ar,er) can be constructed in polynomial time with L(A) = 

L(Ar) and c(A) = er(At). [] 

3. Upper  Bounds for  Bounded  Costs 

In the next four subsections we successively consider semirings N, A, T and F. In case of  the 

semirings N, A and T (here at least for cost functions of  degree at most 1) we compute upper 

bounds for bounded costs and give polynomial time decision procedures for boundedness. In 

case of semiring F we derive an upper bound for the cardinality of  occurring cost sets pro- 

vided it is finite and prove that it  also can be decided in polynomial time whether or not it is 

finite. 

3.1. The Semir ing  N 

In this section we consider costs in the semiring N. 

Fac t  1 
Assume p e N[x] and b ~ {0,1}. Then either p[b] > b or p ~ N u {x}. [] 

The N-cost automaton M = (A,c) has Property fN) iff  

(N) If  (q,<x,j>,q') is an edge of  a strong component of  the trace graph G(A), then c(x) 

{O,x~}. 
Obviously, it can be decided in polynomial time whether or not M has Property (N). We 

have: 

Theorem 2 
For  a parameter-reduced N-cost automaton M = (A,c) the following three statements are 

equivalent: 

(1) M is bounded; 

(2) M has Property (N); 



287 

[[ (L+I)-H] n if k = 1 
(3) I I  M i f  t > 1 

where n is the number of states of A; L is the rank of the input signature; H and k are upper 
bounds for the coefficients and degrees resp. of polynomials occurring in c. 

It can be decided in polynomial time whether or not M is bounded. 

Proof: Assume M does not have Property (N). Then there is an accepting computation @ = 

Vxxgz~g 3 for proper (f,q)-computation ~I ,  proper (q,q)-computation ~g2 and q-computation ~g3 

such that c(vz) d N and e(V2) ~ x I. Especially, it contains variable x 1. It follows that e(~3) 

{0,1 } since M is parameter-reduced. Hence by Fact 1 for every k > 1, e(v2k~3) = e(vz)ke(xg3) 

> k-1 + e(xg3) > k. Since M is parameter-reduced, e(~l ) d N. Hence by Fact 0 (2), c (V1V~3 ) 

= C(~l)C(~2)ke(~3) > k; and the costs of  M cannot be bounded. Therefore, (1) implies (2). 
Since statement (3) trivially implies (1) it remains to show that (2) implies the upper bounds 
given in (3). Assume @ is an accepting computation of  A. Define a recursive decomposition 
D of ~ = ~e by 

% = VoXo(~ol ..... ~o~) ,  o �9 O(v ) ,  

for some v �9 T z such that for  every o �9 O(v): 

(D1) x o �9 5; 

(D2) ~o is a proper (qo,qo)-computation for some state qo �9 Q which differs from every 
state qo' where o '  is a proper prefix of  o. 

If M has Property (N) then for all o �9 O(v), c(~o) �9 {0, Xl}. Since M is parameter-reduced, 
this implies that for every o �9 O(v), 

C(Oo) = e(%)[c(Ool) ..... e(Oo~)]. 

By (D2), the depth of v is at most n-1. Since every polynomial e(xo) is a sum of monomials 
El Em m 

h.x I .....x m with h < H and ~e j  < k, the upper bounds in statement (3) of  the Theorem follow. 
j=l 

[] 

3.2 .  The Semiring A 

Next, we consider costs in the semiring A. 

Fact 2 
Assume p e A[x] and b ~ {---.o,0}. Then either pk[b] > k for all k > 0 or, p has one of  the 
f o r m s p = a o r p = a u  x f o r s o m e a � 9  A. [] 

The A-cost automaton M = (A,c) has Property (A) iff 

(A) If (q,<'r,j>,q') is an edge of a strong component of  the trace graph G(A), then c('0 e 
A[X \ {xj}] or c(x) = p u xj where p �9 A[X \ {xj}] . 

Obviously, it can be decided in polynomial time whether or not M has Property (A). We 

have: 
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Theorem 3 
Assume M = (A,c) is a parameter-reduced A-cost automaton. The following three statements 
are equivalent: 

(1) M is bounded; 

(2) M has Property (A); 

(3) LJM~ . .k n if k>l 

where n is the number of states of A; L is the rank of the input signature; H and k are upper 

bounds for the coefficients and degrees resp. of polynomials occurring in c. 

It can be decided in polynomial time whether or not M is bounded. 

Proof: The proof of implication (1)=>(2) is analogous to the proof of the corresponding impli- 

cation of the last theorem. Assume M does not have Property (A). Then there is an accepting 

computation r = ~I~2W3 for proper (f,q)-computation WI, proper (q,q)-computation ~2 and q- 

computation W3 such that c(~2) neither is in A nor in Aux I. Especially, it contains an 

occurrence of x t. Since M is parameter-reduced c(~3) d {---~,0}. Hence by Fact 2 for every k 

> I, c(~k~/3) = C(~2)kc(~/3) > k. Also since M is parameter-reduced, x I occurs in C(~l). 

Hence by Fact 0 (2), c(~1~kw3) = c(w1)c(~2)kc(~3) > k and the costs of M cannot be 

bounded. Therefore, (1) implies (2). 

Since implication (3)=>(I) is again trivial it only remains to deal with implication (2)=>(3). 

Assume ~ is an accepting computation of A. As in the proof of Theorem 2, we consider 

recursive decompositions of ~. By Property (A) there exists such a recursive decomposition of 

= ~r ~bo = ~/o'Co(~oI ..... ~om,), o e O(v), together with monornials m o in c(xo), o e O(v), for 

some tree v e T:s of depth at most n-1 such that for all o e O(v): 

C(~o) = mo[C(~o0 ..... C(~o~)] 
L L 

Since every occurring monomial is of the form m = h + ZEj'Xj with h -< H and ~ej ~ k we 
j=t ~ i  

obtain the desired upper bounds, r-i 

3.3. The Semiring T 
In this subsection we consider costs in the semiring T. So, let M = (A,c) be a T-cost automa- 

ton where A = (Q,Z,5,QF). Here, we do not have such a simple characterization for bounded 

costs as in the two former cases. We consider only polynomials p ~ T[X] of  degree at most 
lit 

1, i.e. polynomials of the form p = h o n ~ (hj§ for some hj a T. The set of  these polyno- 

mials is denoted by T(I)[X]. 
mo 

Assume ~ is an accepting computation of  A and c~(o) = ho, 0 n N h o .+xl. The cost of  a node 
j=l 'J J 

o e O(~) (in ~ w.r.t, e) consists of  the cost of  o itself together with the costs along the path in 

from the root of  ~b to r, i.e. c(o) = ho,0 + ~ ho'j. We have: 
o~ 

c(~) = n c(o) 
oeO(~) 
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Clearly, we are only interested in nodes o where c(o) < *o. These nodes are called **-free. 

A node o e O(t~) has a costly cycle iff  o = 010203 such that both t~(Ol) and #P(OLO2) are p- 

transitions for some p E Q, and there is a prefix o'j  of 02 such that ho~o, d > 0. The main result 

of this subsection is: 

Theorem 4 
Assume M = (A,e) is a T-cost automaton where the polynomials in e have degree at most 1. 
Then the following statements are equivalent: 

(1) M is bounded; 

(2) For every accepting computation ~ there is a **-free node r which has no costly cycle; 

(3) I._1M < H.n 

where h i s  the number of states of A, and H is an upper bound of the coefficients of  the poly- 

nomials in c. 
It is decidable in polynomial time whether or not M is bounded. 

proof; Certainly, (2) implies (3) and (3) implies (1). Also, provided the upper bound (3) holds 
we can by Corollary 1 decide in polynomial time whether or not M is bounded. Hence, it only 
remains to prove that (1) implies (2). The idea of  the proof is the following. Assume (2) does 
not hold. Then there exists an accepting computation q such that every minimal **-free node 
contains a costly cycle. We pump up all these cycles simultaneously to obtain an accepting 
computation of arbitrarily high costs. We interrupt the proof in order to introduce some 
machinery to treat simultaneous pumping. Note that some care has to be taken since pumping 
in one place may introduce new places where pumping has to be performed. To study this 

formally, we introduce the notion of  residual decompositions. 

Assume ~ e ~(p,O. A decomposition f of  d? is given by proper computations % ~ q~(P'q), x F 

(I~ (q'q''q) and ~1 ..... % E r such that ~ = %~[~1 ..... %]- 
Equivalently, the decomposition f of  #: may be described by a pair <r,R> where r ~ 0(%)  is 

the leaf in u labeled by x 1 and R is the set of  leaves of  V labeled by a variable Xj. r is also 

called root of f. 
A node o of ~ is factored by f = <r,R>, iff o = r r 'o '  for some r '  ~ R. 
Assume k > 0. Pumping t~ up k-times w.r.t, f, we obtain computation r k = %Vk[~ 1 ..... ~d]. 
For @ and decomposition f = <r,R> of  ~ define ru as the set of  nodes o of  ~ of  which r is not 

a prefix; R 0 is the set of  proper prefixes of  elements in R; R 1 is the set of  nodes in t~/r which 
are incomparable to every node in R; and R 2 is the set of  nodes o in ~/r which have a prefix 

in R. 
Consider as an example ~ = a(be, a(a(c, c), c)) = 00~[01,q~,z] where r = a(be, xl); V = a(a(xl, 
c), x2); r = c and r = c. Then this decomposition can be written f ffi <r,R> with r ffi 2 and R 

= {1.1,  2} .  
We have r~ = {e, 1, 1.1}; R o = {e, 1}; R 1 = {1.2}; and R 2 = {1-1, 2}. 

Using these definitions we can partition the nodes of  #? as follows: 

0(r = r N u r ' R  0 u r'R 1 U r ' R  2 



290 

Accordingly, the set of nodes of  the k-th pump ~f& of ~b is partitioned: 

O(~ e.k) = r~ u r-R~k-X'R0 u r'R~-l.R1 u r.Rk'R2 

where R -<k-1 = k.){R j I j e [0,k-1]}. 

Thus, every node o e O(~b) gives rise to a set 0 o ~ o(~f'k), namely 

t' 
o if oe r,, 

rR~-1ol ff o=ro I with ole R 0 

Oo = rR~-1ol if o=ro I with OleR I 

rRk-lol if o=ro 1 with Ole R 2 

such that O(r f'k) = LJ{Oo I o e O(~)}. 

For our application we are not interested in nodes Ol in Oo which have proper prefixes in Oo. 
Therefore, we define the set RESf&(o) of  residuals of o as the set of  minimal elements in Oo, 
i.e. 

I~o if oe  r~ 

I if o=ro I with Ole R 0 

RESf,k(~ -- ]rR~k-lol if o=ro I with OleR 1 

rpk-lol if ~-'ro I with OleR2 

Note that the definition of RESf&(o) differs from O o only in the second line. We find: 

Proposit ion 2 

(1) Assume o, o '  e O(~). 
I f  o < o '  then 

V 02 r RESf.k(O') :q ol r RESf.k(O) : oi < 02 

If o ~ o' then 

(2) 

(3) 

V 0 2 e RESf,k(O' ) V 01 e RESf, k(O ) : 01 ~ 0 2 

If o is **-free then RESf, k(O ) consists also of **-free nodes. 
Every minimal **,free node of Of& is the residual of some minimal *o-free node of r 

[3 

Besides decomposition f = <r,Po consider a second decompositio.n f' = <r',R'> of 0. f' gives 

rise to a set RESf, k(f') of residual decompositions, short: residuals. This set of decompositions 
of 0f, k is determined in two steps. First, we compute the sets 

So = RESf, k(r') and S 1 = RESf, k(r'R') = k.)RESf~(o) 
OE t)R ) 

The set S o gives the set of roots of the residual decompositions. By Proposition 2 (1), the 

nodes in S I can be partitioned into sots $I. w, w e So, where $1, w contains all nodes from S I of 

which w is a prefix. Define R w = {o I i wo I e Sl,w}. Finally, put 

RESLk(f' ) = {<w,Rw> I w e SO}. 
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We make the following simple observations: 

�9 If r '  u r then RESf.k(f' ) = {f'}. 

�9 If r '  is a prefix of r then RESf, k(f' ) = {<r',R">} for some set of  nodes R". 

�9 RESLk(f) = {<r, Rk>}; 

�9 If r '  = ro I ~ rR 2 then RESf, k(f'  ) = {<o,R'> I o e rRk-lo I}. 

Proposition 3 follows from the above definition and Proposition 2 (1). 

Proposition 3 
If  node o of ~ is factored by f '  then every ~ E RESf, k(o) is factored by some g ~ RESf, k(f' ). 
[] 

Assume c: 6 -+ T(1)[X] is a cost function, and 0 e @(q,O. A decomposition f = <r,R> of  0 has 
cost at least k, iff ~c(~b(ro)) > k for every r '  ~ R. 

O<1"' 

Assume F = {fl ..... fro} is a set of decompositions f~t of  0. F is called complete (for r w.r.t, c) 

iff every oo-free node o of d~ is factored by some decomposition fl~ in F. If furthermore every 

f~t has cost at least k, then F is called k-complete. Observe that if 0 admits a k-complete set F 

of decompositions then c(r > k. From Propositions 2 and 3 we deduce: 

Proposition 4 

(1) If F is complete then RESLk(F) = k..)RESf, k(f') is complete as well. 
fieF 

(2) If f '  has cost at least h then every decomposition in RESf, k(f') also has cost at least h. 
[] 

Proposition 5 
Assume the accepting computation ~ has a 1-complete set of decompositions. Then for every 
k > 1, an accepting computation ~' exists having a k-complete set of  decompositions. 

Proposition 5 can be applied to obtain a proof of  Theorem 4. 

Proof of Theorem 4 (continued): Assume statement (2) does not hold. Then there exists an 
accepting computation ~ having a 1-complete set decompositions. By Proposition 5, this 
implies that for every k, there is a computation 0k having a k-complete set of decompositions. 

Since C(Ok) > k, M cannot be bounded. [] 

The rest of  this subsection is concerned with a proof of  Proposition 5. 

Proof of proposition 5: Assume the 1-complete set of  decompositions of  ~ is F = {fl ..... fro} 

where r~t is the root of  f~t. W.l.o.g. we assume that 

(,) If Ix < It' then r~t is not a prefix of  fix,. 
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For h = 0 ..... m, we inductively define compu[ations ~h with corresponding sets of  decomposi- 

tions Fla. 
ft'k, i e For h = 0, we set ~0 = ~ and F 0 = F. ~l = ~0 �9 �9 ~1 is obtained from ~0 by pumping up ~ k 

times w.r.t, fl- Accordingly, F 1 = RESfl,k(F0). By assumption (,), the sets of  residual decom- 

positions of f2 ..... fm consist of  just single elements, say fl.2,...,fl,m respectively, where the roots 

of  fl,~t and f~t coincide. We can proceed with pumping up ~1 k times w.r.t, fl,2 to obtain r 

where F 2 = R.ESfI~,k(F1). 

In general, assume ~h-1 and Fh--1 are already computed and fh_l~,...,fh_l,m are the decomposi- 
tions in Fh_ 1 with roots rh,...,rra. Then we define ~ = ~-~1 and F h = RESf&(Fh_I) with f = 

fh-l,h. 
We claim that ~ra has a k-complete set of  decompositions. 

For a proof of  this claim call a set F of  decompositions of ~ k-complete up to F'  ~ F iff F is 
complete and (1) and (2) holds: 

(1) Every decomposition f ~ F \ F '  has cost at least k. 

(2) Every decomposition f E F '  has cost at least 1. 

We prove: 

�9 For h = 0...,m, F h is k-complete for d~h up to {fh,h+l,..',fh,m}" 

Proposition 5 is the special instance of this statement where h = m .  It is proved in three steps: 
For e v e r y h ~  {0 ..... m}, 

�9 F h is complete; 

�9 Every decomposition in F h has cost at least 1; 

�9 Every decomposition in F h \ {fh,h+l ..... flun} has cost at least k. 

By assumption, F 0 = F is 1-complete. Therefore, the first two statements follow from Proposi- 

tion 4 (1) and (2) by induction. 
The third statement is also proved by induction on h. For h = 0, it trivially holds. Assume 
the assertion holds for h-1. Then the inductive step "h-1 --> h" follows from Proposition 4 (1) 
and the the fact that if decomposition f has cost at least 1 then the residual decomposition in 

RESf,k(f) has cost at least k. [2 

3.4. Tile Semiring F 
Finally, we consider costs in the semiring F. Again, we would like to concentrate on the form 
of costs occurring in cycles of  the trace graph. However, now there are several possibilities 
how the cardinality of costs may increase. We have: 

Fact 3: 
Assume p E F[x] and b ~ {O, {0} }. Then #(pk[b]) > k for every k E l'q or #(pk[b]) = #(p[b]) 
and one of  the following statements hold: 

�9 p = a o r p = a u x f o r s o m e a E  F; 

�9 p = a + j.x where #a = 1 and j = 1; 

�9 p = a + j . x w h e r e # a = l , j > l a n d # b = l .  UI 
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Assume M = ( A , c ) i s  a F-cost automaton with A = (Q,Z,5,QF). F o r q  E Q, define Mq as the 
F-cost automaton obtained from M by replacing the set Qp of  accepting states with {q}. M 

has Property (F) iff 

(F) Every strong component Q '  of  G(A) is of  one of  the following three types: 
Type I: Q'  ~ {q ~ Q I #Mq < 1}. 
Type II: For every edge <q,(x,j),qj> in Q" with x = (q,a,ql...qm), c('c) = xj u p for some 

polynomial p in which xj does not occur and where #(c(Aq)) < ** for every x i occur- 

ring in p. 
Typelll: For every edge <q,(x,j),qj> in Q '  with x = (q,a,ql...qm), e(x) = xj + p where p 

in 
= H+~Cq-x i with #H = 1, ej = 0 and # 1 ~  < 1 for every x i occurring in p. 

i=t 

Opposed to Properties (N) and (A), it is not at all clear that Property (17) can be decided in 

polynomial time. 

Theorem 5 
For a parameter-reduced F-cost automaton M = (A,e) the following three statements are 

equivalent: 

(1) M is bounded; 

(2) M has Property (F); 

~[(L+l).n.(I-ln + 1)] n = ff k 1 
(3) #M < [[(L+l)k.2H.n.kn]k, if k > 1 

where n is the number of  states of  A; L is the rank of  the input signature; H and k are upper 
bounds for the cardinalities of  the coefficients and degrees resp. of  polynomials occurring in e. 
It can be decided in polynomial time whether or not M is bounded. 

Proof: (3) trivially implies (1). To prove that (1) implies (2) we build on Fact 3. Consider for 
example x = (q,a,ql...qm) e 8 and an edge <q,(x,j),qj> in a strong component which contradicts 
type H, i.e. for which c(x) = xj u p for some polynomial p in which xj does not occur but in 

which some x i occurs with #c(Aq~) = **. It follows that we can find a sequence VI,..,Vr,.. of  

ql-computations such that e(vr ) contains some x > r. Since M is parameter-reduced there exist 

�9 a proper (f,q)-computation ~1 for some f e QF such that c(~1) depends on Xl; 

�9 a proper (q,qiq)-computation ~ such that c(~ h )  = P t v  P2 where x 1 occurs only in Pl, 

and x 2 occurs only in P2; 

�9 a q-computation ~3 such that e(~3) ~ {0,  {0} }. 

For every k > 0, we construct an accepting computation ~(k) by iterating ~2 k times and insert- 
ing computations ~i into the different instances of  <1>2. Precisely, define ~(k) = ~l~(k) where 2 (0) 

= ~3 and for i > 0, ~(i) = ~2[Vr,~(i-1)] where r is larger than the maximal element in p2c(~(i-t)). 

Since Pl depends on x 1, ple(~r) also contains an element x > r which therefore is not in 
p2(~(i-l)). Hence, we have # c(~ (0)) > 0, and for i > 0, 

# C(+(i)) = # r ' +(i-l)]) 

= # [pt(C(+r)) U p2(e(+(i-1)))] 
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> 1 + # p2(c(~(i"l))) 

1 + # C(~ (i-1)) > 1 + ( i - - l )= i. 

Since Xl occurs in c(~bl) we conclude that for all k > 0, 

# e(~ ~k)) = # [c(~1) c(?~)]  > k 

in contradiction to #M < 0-. 

It remains to show that (2) implies the upper bound for #M given by statement (3). For this 
observe that #(e(Aq)) < -0 implies that #Mq < Hn + 1 in case k = 1 and #Mq < 2.H.k n other- 

wise. 
Secondly, observe that #(A u B) < #A + #B and #(A + B) < #A �9 #B. These observations 

allow similar calculations as in the proof of  Theorem 2 which gives the desired result. 

In order to prove that it can be decided in polynomial time whether or not #M < ** it remains 

to show that Property (F) can be decided in polynomial time. Property (F) in turn can be 

decided in polynomial time if we succeed to decide in polynomial time for every q ~ Q, 

whether or not #(c(Aq)) < ** as well as whether or not #Mq < 1. This is the contents of subse- 

quent Propositions 6 and 7 respectively, r'l 

Proposi t ion 6 
It can be decided in polynomial time for a F-cost  automaton M = (A,c) whether or not #(c(A)) 
< o o  

Proof: There is a semiring morphism ~: F ~ A given by: ~(B) = I I  b. Define ~ = (A,en) 
b~B 

as the A-cost automaton where c~ = ~ e. We have: 

#(c(A)) < ,,* iff  #k.){c(~) I ~ accepting} < ** iff I I  {x e(~) I ~ accepting} < ** iff IAlVl n < **. 

Since the latter can be decided in polynomial time by Theorem 3, we are done. [] 

Proposi t ion 7 
It can be decided in polynomial time for a given parameter-reduced F-cost automaton M, 

whether or not #M -< 1. 

The method we apply here to prove Proposition 7 is inspired by techniques used in [Sei90] 

when dealing with single-valued transducers. Especially, we learn from [Sei90] that we may 

find a simple syntactical characterization of  #M < 1 provided M is in a special normal form. 

A state q e Q is called constant iff  c(~) = e(r for every two q-computations ~ and ~'. Let 
Const(A,c) denote the set of  all constant states, and define a function e: Const(A,c) ~ F by 

c(q) = B iff c(~) = B for some q-computation ~. A state q a Q is called 1-constant iff q is 

constant and #c(q) < 1. The set of  all 1-constant states of  A is denoted by Consq(A,c). M = 

(A,c) is called 1-strongly reduced iff  M is parameter-reduced and Consq(M) c~ [Q \ QF] 

Uo(M). At least the set of  1-constant states can be computed in polynomial time. This gives 

rise to the following proposition. 

Proposi t ion 8 

For every parameter-reduced F-cost automaton M = (A,c) exists a 1-strongly reduced F-cost 
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automaton M s = (As,C 0 such that L(A)  = L(As) and c(A) = Cs(As). M s can be computed  in 

polynomial  time. 

Proof: First,  we compute  the 1-constant states. The algori thm doing so is a special  instance of  

grammar  flow analysis  as introduced in [M~iWi82]. 

Let A = (Q,E,6,QF). W.l.o.g.  assume M is already parameter - reduced and f ~ QF implies  f ;e 

qj for every (q,a,ql ..... qm) e 6. Assume R is the ordered semiring with carrier  {-I., ERR,  0 }  u 

{ {i} t i E g,10} where the ordering is given by -I. < O < ERR and -1- < {i} < ERR for i ~ IN 0 ; 

addition is u defined by.I .  u x = x u . I .  =-14 O u x = x t.) O = x; x u x = x; and {x} t.) {y} 
= ERR provided x ;e y. Mult ipl icat ion is defined by: O + x = x + O = O;  -I. + x = x + -I. = -1. 

w h e n e v e r x  ~ O ;  ERR + x  = x + E R R = E R R w h e n e v e r x d  {O,_1.}; {x} + {y} = {x+y}. 

There is a semiring morphism C.): F ---> R defined by  ~, = A if  #A < 1 and ~k = ERR other- 

wise. 

Consider  the trace graph G(A)  = (V,E) and define a map OUT: V ---> R as the least  upper  

bound of  mappings  OUTi, i e g~/0, where 

OUT0(q) = -14 and 

OUTi(q ) = I I  ~(x)[OUTi_l(ql ) ..... OUTi_l(qm)] for  i > 0. 
(q,a.ql...q.~/i 

W e  have: 

(1) q E Q is 1-constant iff  OUT(q) ;e ERR. 

(2) OUT(q) = c(q) whenever  q ~ Const l (M).  

The map OUT(_)  can be computed f rom M by a R A M  in po lynomia l  t ime which can per form 

additions and mult ipl icat ions in l'q 0 constant time. The values of  OUT(_) different  f rom ERR 

or O are bounded by 2-H-k n where k is the maximal  degree of  a po lynomia l  c('c) and H is the 

maximal  occurring coefficient in l'q 0. Hence,  the lengthes of  the values are po lynomia l  in the 

input size, and the algori thm runs in po lynomia l  time. 

Now,  define A s = A and c s as follows. Assume 'c = (q,a,ql...qm) ~ 6. I f  q ~ QF n Const l (M)  

then cs(x) = c(q). I f  q ~ Const l (M ) \ QF then cs(q) = O . Otherwise,  es('C) = c(x)[s 1 ..... sin] 
c(qj) i f  qj ~ Const l (M) 

where sj = I.xJ otherwise " []  

Proof  of  Proposit ion 7; Assume M = (A,e) is parameter-reduced.  M has Proper ty  (U1) iff  
m 

(U1) For  every ,c = (q,a,ql...qm) ~ 5, e(x) = O or e(x) = {h} + ~e j . x j  for  some h ~ l'q 0 and 
j=l 

e j e  IN o. 

Clearly, it can be decided in polynomial  t ime whether  or  not M has Property (U1). W e  show: 

( , )  If  M is 1-strongly reduced then #M < 1 iff  M has Property (U1). 

By Proposit ion 8, we w.l.o.g, may assume that M is 1-strongly reduced.  Therefore,  s tatement  

( , )  implies Proposi t ion 7. It remains to prove statement ( , ) .  I f  M has Proper ty  (U1) then 

clearly #M < 1. For  the converse implicat ion we need the fol lowing observat ion about  poly-  

nomials ill ~I0[X ] of  degree at most  one. 
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m 

(**) Assume for i = 1, 2, Pi = hi+~-'.e-ij'xj for some h i r N 0 and el.j r l~10. Furthermore, al, j 
j=z 

;e a2,j for j r [1,m]. If  pz[apO),l ..... aV~m)an ] = p2[ag(l),l ..... a~(m).m] for all I.t: [1,m] --> { i, 

2} then Pz -- P2. 

Assume #M < 1 and all coefficients occurring in the image of  8 have cardinality at most 1. 
Thus (by ignoring set brackets) we can view the occurring monomials as polynomials from 
NIX] of degree at most 1. For a contradiction assume some 'r = (q,a,ql...qm) ~ exists such that 

cO:) = Pl u .. .u Pr for monomials Pi where, e.g., Pl ;e P2 (as functions). Consider a variable xj 
occurring either in Pl or P2- Since M is 1-strongly reduced and #IV[ < 1 by assumption there 

are qj-computations (~z,i and ~ such that c(01,i) ~ c(02,j). Thus, observation (**) implies that 

some computation 0 = X(Ol ..... 0m) exists with pl[e(0x) ..... C(r ;~ p2[c(r ..... C(r and hence, 
#c(~b) > 1. By parameter-reducedness of  M and Fact 0 (2), this contradicts #M < 1. We con- 
clude that M has Property (U1) whenever #M < 1. [] 

4. Multi.Dimensional Cost Automata  
Although cost functions as considered so far may suffice for a lot of  interesting cases (see, 

e.g., the examples in the introduction), MS-evaluations in general give rise to multi- 
dimensional cost functions [CouMog0]. Therefore in this section, we extend our methods to 
the multi-dimensional case. We succeed to prove results concerning boundedness at least in 
case of  the semirings N and A. 

For the following, we fix a dimension d E ~l. Let now X denote the doubly indexed set of  
variables {xi, i I i ~ l~l, j G [I,d]}, and X k --- {Xi, j [ i ~ [1,k], j ~ [1,d]} for every k ~ l~l. 
Assume A = (Q,Y.,5,QF) is an FTA and R denotes a semiring. An d-dimensional R-cost func- 

tion for A is a mapping c: 5 --> R[X] d where c('0 E R[Xk] d provided "c = (q,a,qt...qk). 

c O  is extended to computations 0# in the natural way. If  07 = xj then c(~)t t = xj.g for all [t 

[1,d]. (As usual, we write the Iz.-th component of  c O  as cOvL.) If  ~ = x(~l ..... ~m) for some 'C 

r 5 then c(0#) = c(x)[c(0#l ) ..... c(~n0] where substitution is extended to tuples in the natural way. 

A R-cost automaton M or dimension d is a pair M = (A,c) where A is the FTA underlying M, 
and c: 5 --> R[X] d is an d-dimensional R-cost function for A. 

The size of M again consists of  the size of  A together with the space to represent c. Hence we 
define IMI = IAI + ~ Ic(x) l. 

�9 r e  5 

In case R ~ {N, T, A, F), we may define the set of  R-costs of  M, c(A), by 

c(A) = {c(0) 1 I ~ accepting computation of  A} 

Accordingly for R G {N, A, N}, I ' lM = I.-I c(A) is the least .upper bound for R-costs of  M. 
The notions of E-reducedness and E-parameter-reducedness can be extended to d-dimensional 
cost automata in a straight forward way. Especially, instead of  sets of  states Ur0VI) we need 

sets of states U<r~....,r#(M) for every d-tuple <rl,...,rd> r (Eu{J.}) d where symbol -1. denotes a 

cost ~ E. 

Theorem 6 

Assume R 

lowing holds: 

{N, T, A, F} and E G R is faithful via Hm: R -~ R m with 0 E E. Then the fol- 
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(1) For every d-dimensional R-cos t  automaton M = (A,c) with n states there is an E- 

reduced R-cost automaton M E = (AE,e E) such that 

�9 L(A) = L(AF) and c(A) = CE(AE); 

�9 A E has at most (#Rm)d'n states and IMEI < IMI'(#Rm)dL; 

�9 ME Can be constructed by a RAM in time polynomial in IMI and #Rra. 

(2) For every E-reduced R-cost automaton M = (A,c) with n states there is an E- 

parameter-reduced R-cost automaton MKr = (AE,r, eE.r) such that 

�9 L(A) = L(AF~r)and e sub Eor (A) = CE,r(AE,r) ;  

�9 AE, r has at most 3d-n states and I ME,rl < IMI'3dL; 

If  d is fixed, ME,r can be constructed by a RAM in polynomial time. []  

From Theorem 6 we deduce: 

Coro l la ry  2 

(1) 

(2) 

�9 Assume R e {N, T, A}. It can be decided in polynomial time for m e H and a 

given d-dimensional R-cost automaton M = (A,c), whether or not U M < m. 

�9 Assume m r g,l is fixed. Then it can be decided in polynomial time for a given 

d-dimensional F-cost automaton M = (A,e), whether or not c(A) ~ 2 t~ 

Let R E {N, T, A, F}. For  every R-cost automaton M = (A,c), a parameter-reduced 

R-cost automaton M r = (At,Cr) can be constructed in polynomial time with L(A) = 

L(A r) and c(A) = Cr(At ). [] 

We extend Property (N) of  Section 3 to the multi-dimensional ease. 

The d-dimensional N-cost automaton M = (A,c) has Property (N) iff  

(N) If  (q,<x,j>,q') is an edge of  a strong component of  the trace graph G(A), then either 

c(x)~ = 0 or c('c)~ = xj, v for some v r [1,d]. 

Obviously, it can be decided in polynomial time whether or not M has Property (N). We 

have: 

Theorem 7 

For a parameter-reduced N-cost automaton M = (A,e )  of  dimension d the following three state- 

ments are equivalent: 

(1) M is bounded; 

(2) M has Property (N); 

[[(L+ 1).I-I] n f f k  1 

(3) [.A M < ([(L+l)k.H]k. if  k > 1 

where n is the number of  states of  A; L is the rank of  the input signature; H and k are upper 

bounds to the coefficients and degrees resp. of  polynomials occurring in e. 



298 

It can be decided in polynomial time whether or not M is bounded. [] 

Note that the characterization given in Theorem 7 can be viewed as a stronger version of the 
non-ramification lemrria as described in [Sci89, Sei91] which gives a characterization of  

finitely ambiguous FTAs. 

A syntactical characterization of  bounded costs is also possible for parameter-reduced d- 
dimensional A-cost automata. 

The d-dimensional A-cost automaton M = (A,e) has Property (A) iff 

(A) If  (q,<%j>,q') is an edge of  a strong component of  the trace graph G(A), then for every 

i E [1,d], c(x)i has the form p ta I I  x. for some J ~ [l,d] where p does not contain 
btEI J'p" 

variables xj, v for any v. 

Clearly, it can be decided in polynomial time whether or not M has Property (A). We have: 

Theorem 8 
For a parameter-reduced A-cost automaton M = (A,c) of dimension d the following three state- 
ments are equivalent: 

(1) M is bounded; 

(2) M has Property (A); 

12.H i l k =  1 
(3) U M ~  .H.k n if k > l  

where n is the number o f  states of  A; L is the rank of the input signature; H and k are upper 
bounds to the coefficients and degrees resp. of  polynomials occurring in c. 
It can be decided in polynomial time whether or not M is bounded. [] 

Theorems 7 and 8 give efficient versions of  the resuk of  [HaKre89] proving that boundedness 
of costs is decidable. Note that Habel et al. prove a somewhat stronger result by allowing not 
only polynomials over N or A but also polynomials where all three operations u ,  + and �9 
occur. In fact, our methods allow to derive a polynomial decision procedure for boundedness 
of costs also in this slightly more general situation. It was for descriptional clearity only that 
we omitted to include a corresponding result. 

5. Conclusion 
We considered cost automata with cost in several semirings, derived upper bounds for 
bounded costs and gave polynomial time algorithms to decide boundedness. Not for all semir- 

ings in {N, T, A, F} we could prove results in fun generality. Especially, it remains open 
whether an upper bound can be derived for costs in T when either the degree of  the occurring 

polynomials or the dimension is > 1. Also, it is rather unclear how our result on boundedness 
in F can be extended to the multi-dimensional case. 
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