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Exercises marked with (P) are discussed and solved together at the lab sessions. Exercises
marked with (H) are to be solved independently as homework.

Exercise 1: (P/H) Lattices 11 Points

Recall definitions of a lattice D = 〈D,vD〉 and a complete lattice. Provide some examples
of lattices and complete lattices. Let D1,D2,D be lattices.

a) (P) Define a product lattice D1 × D2. Show that D1 × D2 is a complete lattice if
D1,D2 are complete lattices.

b) (H) Define a lattice of functions X → D, where X is a set. Show that X → D is
complete if D is complete.

c) (H) Define a lattice of monotonic functions [D1 → D2]. Show that [D1 → D2] is
complete if D2 is complete.

a) We order elements 〈x1, x2〉 v 〈x′1, x′2〉 iff x1 v x′1 and x2 v x′2. We define
⊔
X =

〈x1, x2〉 where

x1 =
⊔

X1 X1 = π1(X)
def
= {x′1 | ∃x′2 : 〈x′1, x′2〉 ∈ X}

x2 =
⊔

X2 X2 = π2(X)
def
= {x′2 | ∃x′1 : 〈x′1, x′2〉 ∈ X}

Then, 〈x1, x2〉 is an upper bound of the set X because for any 〈x′1, x′2〉 ∈ X, we have

∃x′2 : 〈x′1, x′2〉 ∈ X =⇒ x′1 ∈ X1 =⇒ x′1 v x1 and

∃x′1 : 〈x′1, x′2〉 ∈ X =⇒ x′2 ∈ X2 =⇒ x′2 v x2 .

To see that it is the least upper bound, we take an arbitrary upper bound 〈y1, y2〉 ∈
D1×D2 and show that y1 and y2 are upper bounds of X1 and X2, respectively. For
y1, we take any element x′1 ∈ X1, and by definition, ∃x′2 ∈ D2 : 〈x′1, x′2〉 ∈ X. Since
〈y1, y2〉 is an upper bound of X, we have x′1 v y1. This shows that y1 is an upper
bound of X1, hence x1 v y1 because x1 is the least upper bound of X1. By a similar
argument, we show x2 v y2, and taken together, we have 〈x1, x2〉 v 〈y1, y2〉, which
concludes the proof.

b) Here, we order elements f v g iff ∀x ∈ X : f(x) v g(x). We must show that the
least upper bound of a set of functions F is the function f ′ defined as

f ′(x) =
⊔
{f(x) | f ∈ F} .

c) Here we need to show in addition to b) that the least upper bound of a set of
monotonic functions is itself monotonic.



Exercise 2: (H) Multiple constraints for a single variable 4 Points

Consider the following two constraint systems over a lattice D:

(1)
x w f(x)

x w g(x)
(2) x w f(x) t g(x)

Show that the following hold:

a) x is a solution of the constraint system (1) if and only if x is a solution of the
constraint system (2);

b) x is the least solution of the constraint system (1) if and only if x is the least solution
of the constraint system (2).


