If this parallelism is not yet sufficient, we could try to spé&tively
execute possibly useful tasks

For that, we require:

e anidea which alternative is executed more frequently;

e the wrong execution may not end ircatastrophyi.e., run-time
errors such as, e.g., division by 0;

e the wrong execution must allow roll-back (e.g., by delayang
commil) or may not have any observational effects
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... Inthe Example:

z=x—1 y= M[A] |if (x>0) goto B
y= M[A+1]

B :
y=y+1

Inthe case * <0 wehave y= M[A] executed in advance.

This value, however, is overwritten in the next step-)

In general:

x = e; has no observable effect in a branch if is deadin this
branch :-)
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Extension 2:

We may unrolemportant i.e., inner loops several times:

Neg

Unrolling of Loops

Pos

667

Pos

Neg

Pos




Now it is clear which side of tests to prefer:

the side which stays within the unroled body of the loap)

Warning:

e The different instances of the body are translated relabmssibly
different initial states :-)

e The code behind the loop must be correct relative to the &ti¢é s
corresponding to every jump out of the loop!
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Example:

x = 0;

PO

Pos(z < n)

Neg(z < n
for (z =0;2 < n;z++)

M|A+ x| = 2; @ ?M[A—I—a:]z;

r=x+ 1;
4

Duplication of the body yields:
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x = 0;

Ot

Pos(z < n)

Neg(z < n)
for (x =02 <n;z++) {

M[A + x] = z;
r=x+ 1;

if (!(x <n)) break;
M|A + z] = z;

}
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It would be better if we could remove the assignment = » + 1;
together with the test in the middle — since these seriaheeskecution

of the copied!

This is possible if we substitute = + 1  for = in the second copy,
transform the condition and add a compensation code:

for (x=0c+1<nz=2+2) {
M[A+ 2] = z;
MA+z+1] =z
} Neg (x < n)

if (x<n){
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Discussion:

e Elimination of the intermediate test together with the th&dn of
all increments at the end reveals that the different loajatiens are
In fact independent :-)

e Nonetheless, we do not gain much since we only allow one ptrre
word :-(

e If right-hand sides, however, are more complex, we canlgdge
their evaluation with the stores :-)
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Extension 3:

Sometimes, one loop alone does not provide enough oppbesifor
parallelization :-(

... but perhaps two successively in a row-)

Example:
for (x =02 <njz++) { for (x =0;2 <njz++) {
R = Blz]; R = Blz];
S = Clx]; S = Clal;
T, =R+ S; Th=R-05;
Alz] =T; Clz] = Ty;

} }
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In order to fuse two loops into one, we require that:

e the iteration schemes coincide;

e the two loops access different data.

In case of individual variables, this can easily be verified.
This is more difficult in presence of arrays.

Taking the source program into account, accesses to distatically
allocated arrays can be identified.

An analysis of accesses to the same array is significantly ehéfrcult ...
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Assume that the blocks A, B, C are distinct.

Then we can combine the two loops into:

for (x =02 <n;z++) {

R = B|x|;
S = Clal;
Thn=R+S;
Alzx] = Ty;
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R = Blz];
S = Clz;
Th=R-—S5;
Clx| = Ty;



The first loop may in iteration = not read data which the second loop
writes to in iterations < =« .

The second loop may in iterationz  not read data which the first loop
writes to in iterations > x .

If the index expressions of jointly accessed arraydiasar, the given
constraints can be verified througtieger linear programming.

Twrite = 1
1 > 0
) Lread = X
1 < x—1
Lread — Lwrite

I x.eaq read access t0' by 1st loop
I z.ite Write access t@’' by 2nd loop

... obviously has no solution:-)
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General Form:

s > 1
to > S

Y. = 5
Y2 = 52
Yy = Y2

for linear expressions s, t1, t5, s1, S over: and the iteration variables.

This can be simplified to:

OSS—tl OStQ_S 0281—82
What should we do with iP??
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Simple Case:

The two inequations have no solution over).

Then they also have no solution overZ :-)

... In Our Example:

7

S
]

I

7 = X

-
IA

r—1—1 = —1

The second inequation has no solution)
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Equal Signs:

If a variable x occurs in all inequations with theame signthen there
IS always a solution :-(

Example:

-
VAN

134+ 7-x
0 < —-145-z

The variable =z may, e.g., be chosen as:

13 1
r > max(——,-) =

1
775 D
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Unequal Signs:

A variable x occurs in one inequation negative, in all others positive
(if at all). Then a system can be constructed without

Example:

13—7-x x 13

— 7
0 < —-145-x« 0 < —-1+5-x

o
IA
IA

Since 0 < —1+5- 1—73 the system has at leastaionalsolution...
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One Variable:

The inequations wherex  occurs positive, provide®wer bounds
The inequations wherex  occurs negative, provideoper bounds

If G,L arethe greatest lower and the least upper bound, resgdgctive
then all (integer) solution are in the intervalG, L] :-)

Example:

o
VAN

13—7-x x
<
0 < —1+45-2 T

I

'V
S

The onlyintegersolution of the systemisxz =1 :-)
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Discussion:

e Solutions only matter within the bounds to the iterationafales.
e Everyintegersolution there provides a conflict.
e Fusion of loops is possible ifo conflicts occur :-)

e The given secial cases suffice to solve the case of two vagaiser
@ and of one variable overZ :-)

e The number of variables in the inequations correspondseto th
nesting-depth ofor-loops =—— in general, is quitemall :-)
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Discussion:

e Integer Linear Programmin@LP) can decide satisfiability of a
finite set of equations/inequations ove¥. of the form:

n n

ZCLZQJZ:b bzw. ZCLZCIfZZb, a; €/

1=1 1=1
e Moreover, a (linear) cost function can be optimized)
e Warning: The decision problem is in general, already NP-Hérd

e Notwithstanding that, surprisingly efficient implememntas exist.

e Not just loop fusion, but also other re-organizations oplegield
ILP problems...
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Background 5: Presburger Arithmetic

Many problems in computer science can be formulatgdout
multiplication :-)

Let us first consider tweimplespecial cases.

1. Linear Equations

20+ 3y = 24
r — Yy + dz = 3
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Question:

e |s there a solution over@Q ?
e IS there a solution overZ ?

e IS there a solution overN ?

Let us reconsider the equations:

2¢ + 3y
r = Y

_|_
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Answers:

e |s there a solution over Q
e Is there a solution over Z

e Is there a solution over N

Complexity:

e |s there a solution over Q
e |s there a solution over Z

e Is there a solution over N
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Yes
No
NO

Polynomial
Polynomial

NP-hard



Solution Method for Integers:

Observation 1:

a1y + ... Fagre =0 (Vi: a; #0)

has a solution iff

ng{afla U a’k} | b
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Example:
5y — 10z = 18

hasno solution overZ :-)
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