... Inthe Example:

A definition of max may look as follows:

let max = fun r — match z with (z;,23) — (
match r; < x5
with True — 29

| False — 3
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Accordingly, we have for abs :

let abs = funz — let z = (z, —71)

In max 2

4.2 A SimpleValue Analysis

|dea:

For every subexpressione  we collect the set [¢]* of possible
valuesof e ...
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Let V denote the set of occurring (classes of) constants, furshs
well as applications of constructors and operators. Asattice, we

choose:
Vv = 2Y

As usual, we put up aonstraint system

e If e isavalue,i.e., oftheform: b,ce;...ex, (e1,...,€ex),an
operator application orfunx — e we generate the
constraint:

[e]F 2 {e}

o If e=(e1ey) and f=funz — ¢, then

[(]F 2 (fela])?[eT - 0
[«1F 2 (f €ledd’) ?[e2]? - O
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Int-values returned by operators are described by the undgdlua
expression;

Operator applications might return Boolean values or adbasic
values. Therefore, we do replace tests for basic values by
non-deterministichoice...

If e=letx; =e; in ¢y, then we generate:

ﬂelﬂﬂ

[c]" 2 [eolf

=
=

=
U
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Assume ¢ = match eg withp, — e | ... | ppr — €.
Then we generate forp, = b,

[e]* 2 [e:]" - 0

It p; .y and v=ce|...e; isavalue,then

Il

o
<
—

[ 2 (vel[e]’)?[e] : 0
[ylF 2 (velel)?[e]F : 0
If p;, =y, then
[ 2 [e]?
[y]* 2 [eo]”
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Example Theappend-Function

Consider the concatenation of two lists.rwam| we would write:

let rec app = fun xr — match x with
] — funy — y
|h:t — funy — h:appty
in app [1; 2] [3]
The analysis then results in:

[app]* = {funz — match...}

[z]" = L2 2L 1]

[match...]* = {funy — y,funy — h:app...}

[y]F = Bl
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h]? = 11,2}

t]f = {1211}

app t]* =

app [1; 2] = {funy — y,funy — h::app...}
appty]’ =

app [1;2] 3]]F = {[3],huapp...}

Values ce;...ex, (e1,...,e,) oOroperator applications e;0Oe;
now are interpreted ascursivecalls c[e ]* ... [ex]’, ([el], ..., [ex]?)
or [e;]*0[es]*, respectively.

— regular tree grammar
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... In the Example:

We obtain for A = [appty]*:

— [3] | [r]F:A
— 1 | 2

[A]*

Let £(¢) denote the set of terms derivable frdnj* w.r.t. the regular tree
grammar. Thus, e.qg.,

L(h) = {1,2}
L(appty) = {lar;...,a;3]|r>0,a; € {1,2}}
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4.3 An Operational Semantics

ldea:

We construct &ig-Stepoperational semantics which evaluates
expressions w.r.t. an environment-)

Valuesare of the form:
vi=b|cu...ck | (v1,...,0) | (funx — e, n)
Examples for Values:

cl
;2] ==1(:2]])
(funz — z:y, {y — [5]})
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Expressions are evaluated w.r.t.emvironment n : Vars — Values.

The Big-Stepoperational semantics provides rules to infer the value to
which an expression is evaluated w.r.t. a given environment deals

with statements of the form:

(e,n) = v

Values:
(b,n) =0

(funz — e,n) = (funx — e, n)

(e1,m) = vy ... (er,n) = vy

(cep...ex,n) = cuy... v

Operator applications are treated analogously!
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(e1,m) = v1 ... (eg,1n) = vy

((e1,...,ex),n) = (v1,...,0%)

Global Definition:

letrec ... 2=¢ ... 1n ...

(e,0) = v

(x,m) = v
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Function Application:

(e1,n) = (funz — e,m)
(62777) — Vg

(e,m @ {x — v2}) = v3

(61 €2, 77) — U3

800



Case Distinction 1:

(e,m) = b

(61;, 77) — U

(match e withp;, — ey |...|pr — e, ) = v

If p; =0 Isthe first pattern which matches :-)
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Case Distinction 2:

(e,n) = cvy... v

(ei,n@®{z1 = v, .,z = O }) =

(match e withp;, — ey | ... |pr — e, n) =0

If p, =cz ...z, Isthefirst pattern which matches v, ... v, )
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Case Distinction 3:

(e,n) = (v1,...,vk)
(e, n®{yr = vi, . 1 > vk}) =0
(match e withp; — e | ... |pr — €, 1) = v

it p;=(y1,...,yx) Isthe first pattern which matchegv,, ..., v;)

-)
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Case Distinction 4:

(e,n) = v/
(e;,m®{r—1'}) = v

(match e withp;, — ey |...|pr — e, ) = v

If p;, =z Isthe first pattern which matches’ :-)
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Local Definitions:

(617 77) — U1

(0, ® {x1 — v1}) = vy

Variables:

(let x1 = e1 in ey, ) = vy

(z,n) == n(x)
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Correctness of the Analysis:

For every (e,n) occurring in a proof for the program, it should hold:
e If n(x)=wv,then [v] A L(x).
o If (e,n) == v,then [v] A L(e) ...

e wherelv] is thestrippedexpression corresponding toi.e.,
obtained by removing all environments, and

e vALIff ve LorL has an expressiart which evaluates to.

Conclusion:

L(e) returns asupersedf the values to which e is evaluated :-)
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4.4 Application: Inlining

Problem:

e global variablesThe program:

let z=1
inlet f= let z =2
in funy — y+=

in fax
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... computes something else than:

let x=1

inlet f= let z =2

in

in funy — y+=2

let y==x
in y+x

recursive functionsln the definition:

= funy — fooy

foo should better not be substituted-)
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|dea 1:

—  First, we introduceiniquevariable names.

—  Then, we only substitute functions which ataticly within the
scope of thesameglobal variables as the application:-)

—  For every expression, we determine all function definitiorth
this property :-)
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Let ) = Dle] denote the set of definitions which staticly arrive at

oo |f ¢ = letxy =€ iney then:
Dley] = D
Dleg) = DU{z}
itemIf e = funz — e; then:

Dleq] = DU{z}
ee Similarly,for ¢ = match...cz;... 2, —¢; ...,

Dle)l = DUA{z, ..., 2k}
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In all other cases, /) is propagated to the sub-expressions unchanged

-)

... In the Example:

let z=1
inlet f= let 2 =2
in funy — y+ 24

in fax

...the application f x is notin the scope of,

—— we first duplicate the definition of z :

811



let z=1
inlet », =2
inlet f= let 2, =2
in funy — y+ 24

in fax

—— the inner definition becomes redunddit
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let r=1
inlet », =2
inlet f=funy — y+ 2,

in fax

now we can apply inlining :
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let =1
inlet », =2

inlet f=funy — y+ 2,

in let y==x

in y+ 14

Removingvariable-variableassignments, we arrive at:
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let =1
inlet », =2

inlet f=funy — y+ 2,

il’l CC‘|‘£E1
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