Theorem:

If f:D; —D;, and f,: Dy — D3 are monotonic, then also
Joo fi: Dy — Dy -)

Theorem:

If Dy isacomplete lattice, then the sefD; — ;| of monotonic
functions f :ID; — D, Is also a complete lattice where

fEg iff fxCgax forallx e,
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Theorem:

If f:D; —D;, and f,: Dy — D3 are monotonic, then also
Joo fi: Dy — Dy -)

Theorem:

If Dy isacomplete lattice, then the sefD; — ;| of monotonic
functions f :ID; — D, Is also a complete lattice where

fEg iff fxCgax forallx e,

In particular for F' C [D; — Ds],

|_|F:f mit fx:U{gx]gEF}

94



For functions f; x = a; N x U b;, the operations ¢”, “LI" and “I”
can be explicitly defined by:

(foofi)x = |lagNag|NaxUlasNby Ub,y
(filfy)x = |[(aqUas) | NazU|[by Uby
(f1|_|f2).’13 = (CL1Ub1)ﬂ(CL2Ubg) Nx U blﬂbg
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Wanted:  minimally smallsolution for:

in;fi(ﬂfl,...,%n), ZZl,

where all f; : D" — D are monotonic.
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Wanted:  minimally smallsolution for:

in;fi(ﬂfl,...,mn), iZl,...,n (*)

where all f; : D" — D are monotonic.

ldea:

e Consider F:D™ — D" where

F(xy,...,xn) = (Y1, -, yn) WIith  y; = fi(xq, ..., 2,).
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Wanted:  minimally smallsolution for:

in;fi(ﬂfl,...,%n), iZl,...,n (*)

where all f; : D" — D are monotonic.

ldea:

e Consider F:D™ — D" where

F(xy,...,xn) = (Y1, -, yn) WIith  y; = fi(xq, ..., 2,).
e Ifall f; are monotonic,then alsoF :-)

98



Wanted:  minimally smallsolution for:

in;fi(ﬂfl,...,%n), iZl,...,n (*)

where all f; : D" — D are monotonic.

ldea:

e Consider F:D™ — D" where

F(xy,...,xn) = (Y1, -, yn) WIith  y; = fi(xq, ..., 2,).
e Ifall f; are monotonic,then alsoF :-)

e We successivelgpproximate solution. We construct:

L, FL, F°L1, F°L,

Hope: We eventually reach a solution 2.2?
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Example: D =2lebdt T =C

8
w
U
8
—_
C
—~—
o
——
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Example: D = 2tebet T =C

rs 2 x1U{c}
The Iteration:
0] 1 2 3
1 @
X9 @
X3 @
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Example: D = 2tebet T =C

rs 2 x1U{c}
The lteration:
0] 1 2 3
1 @ {a}
o) @ @
z3 || 0] {c}

102



Example: D = 2tebet T =C

r1 2 {a}Uuxs
) ) T3 {CL, b}
rs 2 x1U{c}
The lteration:
0] 1 2 3
21 || 0| {a} | {a,c}
X9 @ @ @
z3 || 0| {c} | {a,c}
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Example: D = 2tebet T =C

The lteration:

la} | {a;cr [ {a,¢;
e}
1o [ 1o, ¢} [0, ¢)

N
N\
=S = = | O
=
=
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Example: D = 2tebet T =C

r1 2 {a}Uuxs

L9 2 T3 M {CL, b}

rs 2 w1 U{c}

The Iteration:
0 1 2 3 4

x| 0| {a} | {a,c} | {a,c} | dito
o || 0] 0 0 {a}
L3 @ {C} {CL, C} {CL, C}
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Theorem

e | F1,F?1, ... formanascending chain

1l £ FL1L C F*1L LC

e If FF1 =FFT11  asolutionis obtained which is the least one
=)

e If all ascending chains are finite, such & alwaysexists.
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Theorem

e | F1,F?1, ... formanascending chain

1l £ FL1L C F*1L LC

e If FF1 =FFT11  asolutionis obtained which is the least one
=)

e If all ascending chains are finite, such & alwaysexists.

Proof

The first claim follows bycomplete induction

Foundation: FO1L =1 C F'l :)

107



Step: Assume ' 1 C F*1. Then
Fi'l=FF 'O CF((F1L)=F"_1

since F monotonic :-)

108



Step: Assume ' 1 C F*1. Then

Fi'l=FF 'O CF((F1L)=F"_1

since F monotonic :-)

Conclusion:

If DD isfinite, a solution can be found which is definitely the leas

Question:

What, if D Is not finite 7?7
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Theorem Knaster — Tarski

Assume D is a complete lattice. Then evemyonotonicfunction
f:D—D hasadeastfixpoint d, € D.

let P={deD|fdCd}
Then dy =[P

110






Theorem Knaster — Tarski

Assume D is a complete lattice. Then evemyonotonicfunction
f:D—D hasadeastfixpoint d, € D.

let P={deD|fdCd}
Then dy =[P

Proof:
(1) do e P:
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Theorem Knaster — Tarski

Assume D is a complete lattice. Then evemyonotonicfunction
f:D—D hasadeastfixpoint d, € D.

let P={deD|fdCd}
Then dy =[P

Proof:
(1) dy € P
fdoC fdEd forallde P
—— fdy Isalower bound off
——  fdyCdy, sincedy,=][]P
— dp€P :-)

113



(2) Jdo=dp:
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(2) Jdo=dp:

fdoCdyg by (1)

f(fdy) T fdy by monotonicity off
fd() e P

do C fdy and the claim follows :-)

L1
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(2) fdo=do:

fdo Edy by (1)

f(fdy) T fdy by monotonicity off
fdyeP

do C fdy and the claim follows :-)

L1

(3) dy Is leastfixpoint:
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(2) fdo=do:

fdo Edy by (1)

f(fdy) T fdy by monotonicity off
fdyeP

do C fdy and the claim follows :-)

L1

(3) dy Is leastfixpoint:
fdy =d; Edy an other fixpoint
— di e P
— doC dy -))
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Remark:

The least fixpoint d, isin P and aower bound :-)

—— dy Istheleastvalue with 3 fx
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Remark:

The least fixpoint d, isin P and alower bound :-)

—— dy Istheleastvalue with 3 fx

Application:

Assume r; J filry,...,xn), 1=1,....n (%)

Is asystem of constraintwhere all f; : D™ — D are monotonic.
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Remark:

The least fixpoint d, isin P and aower bound :-)

—— dy Istheleastvalue with 3 fx

Application:

Assume r; J filry,...,xn), 1=1,....n (%)

Is asystem of constraintwhere all f; : D™ — D are monotonic.

—— least solution dfx) — least fixpoint of " :-)
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Example l: D=2V, fr=2naUb
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Examplel: D=2V, fz=xznaUb
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Examplel: D=2V, fz=xznaUb

0] 0 U
1 b |aUb
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Examplel: D=2V, fz=xznaUb

FLfLfrT
0] 0 U
Il b |aUb
21 b |aUDd
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Examplel: D=2V, fz=xznaUb

FLfLfrT
0] 0 U
Il b |aUb
21 b |aUDd

Example 2. D=NU/{oo}
Assume fx =x+ 1. Then

flfl=Ff0=i C i+1=f"_1
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Examplel: D=2V, fz=xznaUb

fLL T
0] 0 U
Il b |aUb
21 b |aUDd

Example 2. D=NU/{oo}
Assume fx =z -+ 1. Then

fil=fl0=i C i+1=f*1

—— Ordinaryiteration will never reach a fixpoint :-(

—— Sometimes, transfinite iteration is needed :-)
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Conclusion:

Systems of inequations can be solved throfigoint iteration i.e., by
repeated evaluation of right-hand sides)
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Conclusion:

Systems of inequations can be solved throfigoint iteration i.e., by
repeated evaluation of right-hand sides)

Caveat: Naive fixpoint iteration is rathenefficient :-(
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Conclusion:

Systems of inequations can be solved throfigoint iteration i.e., by
repeated evaluation of right-hand sides)

Caveat: Naive fixpoint iteration is rathdnefficient :-(

o ks W N = O
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Conclusion:

Systems of inequations can be solved throfigoint iteration i.e., by
repeated evaluation of right-hand sides)

Caveat: Naive fixpoint iteration is rathdnefficient :-(

1
0
{1,z > 1,z — 1}
Expr
{1,z > 1,z — 1}
{1}

Expr

o ks W N = O
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Conclusion:

Systems of inequations can be solved throfigoint iteration i.e., by
repeated evaluation of right-hand sides)

Caveat: Naive fixpoint iteration is rathdnefficient :-(

1 2
0 0 0
1| {1,z >1,2—1} {1}
2 Expr {1,z > 1,z — 1}
3|1 {L,z>1,z—1} | {1,z > 1,z — 1}
4 {1} {1}
5 Expr {1,z > 1,z — 1}
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Conclusion:

Systems of inequations can be solved throfigoint iteration i.e., by

repeated evaluation of right-hand sides)

Caveat: Naive fixpoint iteration is rathdnefficient :-(

Example:

1

2

3

o ks W N = O

0
{1,z > 1,z — 1}
Expr
{1,z > 1,z — 1}
{1}

Expr

0

{1}
{1,z > 1,z — 1}
{1,z > 1,z — 1}

{1}
{1,z > 1,z — 1}

0
{1}

{1,z >1}
{1,z > 1,z — 1}
{1}

{1,z >1}
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Conclusion:

Systems of inequations can be solved throfigoint iteration i.e., by
repeated evaluation of right-hand sides)

Caveat: Naive fixpoint iteration is rathdnefficient :-(

Example:

1 2 3 4
0 0 0 0 0
1| {1,2>1,z—1} {1} {1} {1}
2 Expr {1,z > 1,z — 1} {1,z > 1} {1,z > 1}
3|1 {L,z>1,z—1} | {l,z> 1,2 —1} | {1,z > 1,z —1} | {1, > 1}
4 {1} {1} {1} {1}
5 Expr {1,z > 1,z — 1} {1,z > 1} {1,z > 1}
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Conclusion:

Systems of inequations can be solved throfigoint iteration i.e., by
repeated evaluation of right-hand sides)

Caveat: Naive fixpoint iteration is rathdnefficient :-(

Example:

1 2 3 4 5%
0 0 0 0 0
1| {1,2>1,z—1} {1} {1} {1}
2 Expr {1,z > 1,z — 1} {1,z > 1} {1,z > 1}
31 {L,z>1,z—1} | {l,z>1,z—1} | {1,z > 1,z — 1} | {1,z > 1} | dito
4 {1} {1} {1} {1}
5 Expr {1,z > 1,z — 1} {1,z > 1} {1,z > 1}
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ldea: Round Robin lteration

Instead of accessing the values of the last iteration, awag theurrent
values of unknowns :-)
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ldea: Round Robin lteration

Instead of accessing the values of the last iteration, awag theurrent
values of unknowns :-)

Example:

U N W NN = O
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ldea: Round Robin lteration

Instead of accessing the values of the last iteration, awag theurrent
values of unknowns :-)

Example:

{1}
{1,z > 1}
{1,z > 1}

{1}
{1,z > 1}

U N WD = O
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ldea: Round Robin lteration

Instead of accessing the values of the last iteration, awag theurrent
values of unknowns :-)

Example:
1 2

0 0

1 {1}

2 | {1,z > 1}

31 {1,z > 1} | dito
4 {1}

51 {1,z > 1}
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The code folRound Robinteration inJavalooks as follows:

for (i =1;1 < nji++) z; = L;
do {
finished = true;
for (i = 1;i < mji++) {
new = fi(r1,...,Tn);
if (1(x; 3 new)) {
finished = false;

T, = x; L new,

}
} while (!finished);
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