Extensions:

e Instead of complete right-hand sides, also subexpressions
could be simplified:

x+ (3xvy) ind it IGENIRET

... and further simplifications be applied, e.g.:

x * 0
x*1
x40
x—0

n
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So far, the information of conditions has not yet be optimally
exploited:

if (x==7)
y=x+3;

Even if the value of x Dbefore the if statement is unknown,
we at least know that x definitely has the value 7 —
whenever the then-part is entered :-)

Therefore, we can define:

/

D if [x==¢]*D=1
[Pos(x ==¢e)]!D={ L if [x==¢]D=0

D, otherwise

\

where
Di =D& {x— (Dx0[e]* D)}

312



The effect of an edge labeled Neg (x # ¢) is analogous :-)

Our Example:
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The effect of an edge labeled Neg (x # ¢

Our Example:
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is analogous
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The effect of an edge labeled Neg (x # ¢) is analogous :-)

Our Example:
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1.5 Interval Analysis

Observation:

e Programmers often use global constants for switching

debugging code on/off.
—

Constant propagation is useful :-)

e In general, precise values of variables will be unknown —
perhaps, however, a tight interval !!!
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Example:

for (i =0;i < 42;i++)
if (0<iAi<42){
A= A+i;
M|A| = i;
}

// A start address of an array
// if the array-bound check

Obviously, the inner check is superfluous :-)
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Idea 1:

Determine for every variable x an (as tight as possible :-)
interval of possible values:

T={[Lu]|l€ZU{—0o},ucZU{+too},I<u)

Partial Ordering:

11, u1] E |1, uy] iff L <L Nup <up

[ U
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Thus:

[ll, ul] L [12, uz] = [ll [ lz, uq L I/lz]

I ty
é ﬁ
I U
:ﬁ

319



Thus:

[ll, I/ll] L [lz, I/lz] = [ll [ lz, uq L I/lz]
,ul] M, up) = [LiUl,u;Muy]  whenever (I UlL) < (uq Muy)

ll U1
:_
12 Us
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Warning:

— I isnota complete lattice :-)

— I has infinite ascending chains, e.g.,

0,0)c[0,1]C[-1,1] = [-1,2] ...
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Warning:

— I isnota complete lattice :-)

— I has infinite ascending chains, e.g.,

0,0)c[0,1]C[-1,1] = [-1,2] ...

Description Relation:

z Al u] iff [1<z<u

Concretization:

ylLbul=4{z€Z |l <z<u}
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Example:

v[0,7] = {0,...,7}
v[0,00] = {0,1,2,...,}
Computing with intervals: Interval Arithmetic :-)
Addition:
I, u1] 4% [l us] = [hi+1l,u1+u)  where
—00+_ = —O00
TOO+_ = +0

// —oo+ oo cannot occur :-)
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Negation:

Multiplication:
[y, uq] " [, u] = |a,b] where
= lllz [ lluz [ u112 [TuqUy
= lllz L lluz L Llllz Ll uquy
Example:
[0,2] +* [3,4] = ]0,8]
[—1,2] %% [3,4] = [—4,8
[—1,2] %% [-3,4] = [—6,8]
[—1,2] #* [—4,-3] = [-8,4]
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Division: [ll, Ml] /jj [12, le] = [ﬂ, b]

e If 0 isnotcontained in the interval of the denominator,
then:

a = ll/lzl_lll/uzl_lul/lzl_lul/uz
b = ll/lz|_|ll/u2|_|ul/lz|_|ul/uz

o If: [, <0<u,, wedefine:

a,b] = [—o0, +0]
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Equality:

1, u] ==F [, uy] =

1,1]
0,0]
0,1
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otherwise



Equality:

1,1 if 11:1/{1:12:1/{2

[lllul] ==} [lzluz] = < :O, O: if uy<bVu, <l

0,1] otherwise

Example:
42,42]=="4[42,42] = [1,1]
0,7]==%[0,7] = [0,1]
[1,2] ==%[3,4] = [0,0]
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Less:

111, uq] < L, us]

328

1,1
0,0
0,1

if u < lz
if Ur S ll
otherwise



Less:

Example:

111, uq] < L, us]

/"
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1,1
0,0
0,1

1,1]
0,1
0,0

if u < lz
if Ur S ll

otherwise




By meansof I we construct the complete lattice:

Dy = (Vars — 1),

Description Relation:

p A D iff D#L1L A VxeVars: (px) A (D x)

The abstract evaluation of expressions is defined analogously to
constant propagation. We have:

([e] p) A ([e]* D) whenever p A D
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The Effects of Edges:

[]*D

[x =¢]* D

[x = Me[;]* D
[Mle:] = ex;]* D

[Pos (e)]*D

[Neg (e)]* D

D
D® {x+— [e]*D}
De&{x— T}

L if [0,0] =[e]*D
D otherwise

D if [0,0] C [e]*D
L

otherwise

... given that D+ L
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Better Exploitation of Conditions:

[Pos (e)]*D =

{L if [0,0] =[e]!D

N\

D, otherwise

where :

D®{x+— (Dx)M[—oo,ul}

Do {x— (Dx)N[] 0]}
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(D& {x— (Dx)N([e]! D)} ife

if e

if e

X::€1
x < ey, [e]fD = [, u
x > ey, e D=1[1,_]



Better Exploitation of Conditions (cont.):

[Neg (e)]* D

{L if [0,0] Z [e]!D

D, otherwise

where :

(Do {x+— (Dx)N([e]fD)} ife=x # e
D, = § D& {x— (Dx)M[—oco,u]} ife=x > e, [e1]*D = [ u
| D& {x— (Dx)M[], o0} ife=x < e, [ei]*D=1,_]
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Pos(i <

42)

A=A+

M[Al] = i;

6

1 =141,

Pos(0 <i < 42)
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Problem:

—  The solution can be computed with RR-iteration —
after about 42 rounds :-(

—  On some programs, iteration may never terminate :-((

Idea 1: Widening

e Accelerate the iteration — at the prize of imprecision :-)

e Allow only a bounded number of modifications of values !!!
... in the Example:

e dis-allow updates of interval boundsin 7 ...

= a maximal chain:

13,17] C [3, +00] C |—00, +00]

335



Formalization of the Approach:

Let x; 3 fi(xy,...,x,), i=1,...,n (1)

denote a system of constraints over [) wherethe f; arenot
necessarily monotonic.

Nonetheless, an accumulating iteration can be defined. Consider
the system of equations:

xi = xiUfi(xy,...,xy), i=1,...,n (2)

We obviously have:

(a) x isasolution of (1)iff x is a solution of (2).
(b)  The function G :D" — D" with
G(x1,.o, %) = (Y1, V), vVi=xiUfi(xy,...,x,)

is increasing, i.e., xC Gx forall xeD".
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(d)
(e)

The sequence Gkl , k>0, isan ascending chain:

lCcGLC...CG'LLC...

If G'1L=G'"' L =y,then vy isasolution of (1).

If D has infinite strictly ascending chains, then (d) is not
yet sufficient ...

but: we could consider the modified system of equations:
xi =x; U fi(xy,...,x,), i=1,...,n (3)
for a binary operation widening;:
:D* D  with ov;Uv, CoUo,

(RR)-iteration for (3) still will compute a solution of (1) :-)
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... for Interval Analysis:

e The complete lattice is: Dy = (Vars —» T),

e thewidening U isdefined by:
lUuD =DuUul =D and for Dy # 1 # D;:

(D1UDy)x = (D1x)4d(D;yx) where
[ll, Ml] L [lz, Mz] = [l, M] with
(1, if L <D

—0o0 otherwise

| = <

U1 if Uy > Uy

| +0o0 otherwise

—— L 1is not commutative !!!
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