Division: [, u] /* [ly, us] = [a,b]

e |If O Iisnotcontained in the interval of the denominator, then:

a = ll/lzﬂll/UQﬂul/lzﬂul/UQ
= ll/lzl_lll/ugl_lul/lgl_lul/uz

o Ui [, <0 <wusy,wedefine:

la,b] = |[—o00, +o0]
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Equality:

[llaul] ==/ [lg,Ug] = 9

1,1]
0,0]
0,1]
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If llzulzlgzﬂg
|f U1<l2\/U2<l1

otherwise



Equality:

:1, 1 If ll — U1 — 12 = U2

11, ur] =="[lg, ug) = < 0,0] if wu <laVuy <l

0,1] otherwise

Example:
42, 42]=="[42,42] = [1,1]
0,7]==%[0,7] = [0,1]
[1,2]==*%[3,4 = [0,0
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Less:

[, ur] <P [l uo]

329

1, 1]
0,0)
0,1]

If u < lQ
If U9 S ll
otherwise



Less:

:1, 1 If U < lg
[, ur] <P [lo,ug) = 4 0,0] if wuy <[y
0,1] otherwise

Example:
[1,2] <#[9,42] = [1,1]
0,7] < [0,7] = [0,1]
3,4] < [1,2] = [0,0]
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By means of I we construct the complete lattice:

Dy = (Vars — 1),

Description Relation:

p A D Iff D#1 AN VaxeVars: (pxr) A (D x)

Theabstract evaluatioaf expressions is defined analogously to constant
propagation. We have:

([e]l p) A ([e] D)  whenever p A D

331



The Effects of Edges:

:F D
v =e]f D
v = M[e[;]" D

[Pos (e)]* D

Mle,] = 62;]]“) —

D
D @ {z +— [e]* D}
Dao{r— T}

1 if 0,0 =[e]* D
D otherwise

D if [0,0]C [e]*D
L

otherwise

..giventhat D # L
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Better Exploitation of Conditions:

[Pos (e)]* D

{J_ if [0,0] =[e]* D

N\

D, otherwise

where :

D®{r— (Dx)M[—o0,ul}

D@ {r— (Dx)n|l, o0}

333

if e =2a

if e =2a

<
>

(Da{r— (Do) ([e]fD)} ife=r==c



Better Exploitation of Conditions (cont.):

S s

D, otherwise

where :

(Da{r— (Do) ([e]fD)} fe=a # e
Dy = D@ {r— (Dx)N[—oc0,ul} ife=x > e, [el]
D& {r— (Dx)N|l, 00} If e =2 < e, [eq]
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cOo J O Ot B W N o= O

_ o O O o O

42

+00
42
41
41
41
41
42

42




Problem:

—  The solution can be computed with RR-iteration —
after about 42 rounds:-(

—  On some programs, iteration magverterminate :-((

ldea 1. Widening

e Accelerate the iteration — at th®ize of imprecision :-)

e Allow only a bounded number of modifications of valués
... Inthe Example:

e dis-allow updates of interval bounds inZ ...
— a maximal chain:

13,17] C [3, +o0] C |—00, 9]
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Formalization of the Approach:

Let x; O fi(zy,...,2,), i=1,....n (1)

denote a system of constraints oveld where the f; arenot
necessarilynonotonic.

Nonetheless, aaccumulatingteration can be defined. Consider the
system of equations:

in:.flfiufi(ﬁlfl,...,ﬁlfn), ?::1,...,7’1, (2)

We obviously have:

(a) z Isasolutionof(l)iff z Is a solution of(2).
(b)  Thefunction G :D"™ — D™ with

Gy, xn) = Wi,y Yn), Vi =x U fi(xg, ... 2p)
IS increasingi.e., zrC G forall zeD".
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(€)

(d)
(€)

The sequence G* L, k>0, isan ascending chain:

lCcGLC...CcGFLC ...

If G"L=G""'L=y,then y isasolutionof(l).

If DD has infinite strictly ascending chains, th@nis not yet
sufficient...

but we could consider the modified system of equations:
v, = fi(ry,...,x,), 1=1,....n (3)
for a binary operationvidening
4 :D?* > D with v Uvy T v oy

(RR)-iteration for(3) still will compute a solution of1) :-)
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... for Interval Analysis:

e The complete latticeis: Dy = (Vars — 1),

e thewidening U isdefined by:

1ldD = DUl =D and for D, # 1L # D

(Dl 4 DQ) r = (Dl QIZ') - (D2 QIZ') Where
[ll, Ul] 4 [12, Ug] = [l, U] with
(L 0 L <l

—oo  otherwise

[ = <

Uq If U1 Z U9

+oo  otherwise

\

—— 4 Is not commutative!!
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Example:

0,2]4(1,2] = [0,2]
172l=|072 — :_0072]
1,5]4(3,7] = [1,+o0]

—  Widening returns larger valuesore quickly

— It should be constructed in such a way that termination o&iten
IS guaranteed :-)

—  For interval analysis, widening bounds the number of iteratby:

Hpoints - (142 - # Vars)
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Conclusion:

e Inorder to determine a solution of(1) over a complete lattice
with infinite ascending chains, we define a suitable wideaindgj
then solve (3) :-)

e Caveat: The construction of suitable widenings islark art!!!

Often 4 Is choserdynamicallyduring iteration such that

—  the abstract values do not get toomplicategl

—  the number of updates remains bounded ...
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Our Example:
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Our Example:
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o N O Ot = W NN = O

o O O O O

+00

o O O O O

_ O O O o O

42
42

+00
+00
+00
+00
+00
+00
+00
+00
+00

dito




... obviously, the result is disappointing-(

|dea 2:

In fact, acceleration with LU need only be applied aufficiently many
places!

Aset [ Iisaloop separatgnf every loop contains at least one point
from [ :-)

If we apply widening only at program points from such a sét, then
RR-iteration still terminate&!
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In our Example:

Neg(i < 42) Pog: < 42)

Pog0 < i < 42)
A1:A—|—i;
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{1} or:
{2} or:
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The Analysis with I = {1} :
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o N O Ot = W N = O

+00

o o O O O

_ o O O o O

42

+00

+00
41
41
41
41
42

+00

dito




The Analysis with I = {2} :

1 4
[ U [ U [ U
0| —oo | 400 || =00 | +00 || —00 | +00
1 0 0 0 1 0 42
2 0 0 0 | +oo 0 | +oo
3 0 0 0 41 0 41
4 0 0 0 41 0 41 || dito
D 0 0 0 41 0 41
6 1 1 1 42 1 42
7 1L 42 | +oo || 42 | +o0
8 1L 42 42
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Discussion:

e Both runs of the analysis determine interesting infornratio-)

e Therunwith I ={2} provesthatalways: =42 after
leaving the loop.

e Onlytherunwith 7 ={1} finds, however, that the outer check
makes the inner check superfluous(

How can we find a suitable loop separatar???
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ldea 3: Narrowing

Let z denote any solutionof (1), i.e.,
ngfzga izl:"'an

Then for monotonic f;,

// Narrowinglteration
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ldea 3: Narrowing

Let 2z denote any solution of (1), i.e.,
Q?ngzﬁ, izl,...,n

Then for monotonic f;

¢ J Fg O F?x 3...0 FFae O...

// Narrowinglteration

Every tuple F*z isasolutionof (1) :-)
—

Termination is no problem anymore:
we stop whenever we want:-))

// The same also holds for RR-iteration.
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Narrowing Iteration in the Example:
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o N O Ot = W NN = O

o O O O O
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Narrowing lteration in the Example:
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o N O Ot = W NN = O

o O O O O

42
42

+00
+00
+00
+00
+00
+00
+00
+00
+00

_ O O O o O

42

+00

+00
41
41
41
41
42

+00
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Narrowing lteration in the Example:

o N O Ot = W NN = O

o O O O O

42
42

+00
+00
+00
+00
+00
+00
+00
+00
+00

_ O O O o O

42

+00

+00
41
41
41
41
42

+00

o O O O O

42

+00
42
41
41
41
41
42

42




Discussion:

We start with a safe approximation.
We find that the inner check is redundant)

We find that at exit from the loop, always: = 42 :-))

b

It was not necessary to construct an optimal loop separatgy))

Last Question:

Do we have to accept that narrowing may not termirrate
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4.1dea: Accelerated Narrowing

Assume that we have a solutionx = (xy,...,x,) ofthe system of
constraints:

v, Jfi(xy,...,x,), i=1,...,n (1)
Then consider the system of equations:

v, = o fi(ry,...,x), 1=1,...,n (4)

Obviously, we have for monotonicf; : Hfxz = Ffg )

where H (zq,...,2,) = (W1, Yn) s, Yi=x; 1 fi(x1,...,2p).

In (4), we replace M durch by the novel operator™ where:

CI/1|_|CL2 E CL1|=|CL2 E ay
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... for Interval Analysis:
We preserve finite interval bounds-)

Therefore, 1 AD = DAL = 1 andfor D # L # D

(Dl i Dg) r = (Dl ZC) A (DQ ZC) Where
[ll, ul] i [12, UQ] = [l, U] with
l2 If ll = —
| = ¢ |
[y otherwise

s If  uy = o0

| v otherwise
—— [ IS not commutative!!
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