Background 2: Complete Lattices

A setD together with arelation C C D x D is apartial ordenf for
alla,b,c e D,

alC a reflexivity
aCObANbCa — a=0 antt—symmetry

aCbADCE ¢ — alc transitivity

b
Examples: e

1. D = 2{=bet with the relation < :

69



2. 7 with the relation =" :

3. 7 with the relation K" :

2/"‘

a9

4. 7, =7 J{L} with the ordering:
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d € D is calledupper boundor X C D if

xCd forallz € X

71



d € D is calledupper boundor X C D if

xCd forallz € X

d is calledleast upper bound (lubf
1. d is an upper bound and

2. d C y for every upper boung of X.
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d € D is calledupper boundor X C D if

xCd forallz € X

d is calledleast upper bound (lubf
1. d is an upper bound and

2. d C y for every upper boung of X.

Caveat:

e {0,2,4,...} C Z hasnoupper bound!
e {0,2,4} C Z has the upper bounds5, 6, . ..
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A complete lattice (cl) D is a partial ordering wherevery subset
X CD hasaleastupperbound| | X € D

Note:

Every complete lattice has

—  aleastelement | =||0 € D

— agreateselement T = |D < D.
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Examples:

1. D =2{*>disacl :-)
2. D = Z with “="is not.
3. D = Z with “<” Is neither.

4. D =7, isalso not -

5. With an extra element, we obtain thdlat lattice
Z, =7U{L, T}
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We have:

Theorem:

If D isacomplete lattice, then every subseX’ C D has agreatest
lower bound [ ] X.
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We have:

Theorem:

If D isacomplete lattice, then every subset C D has agreatest
lower bound [ ] X.

Proof:

Construct U={ueD|VxeX: uluzx}.
//  the set of all lower bounds of :-)
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We have:

Theorem:

If D isacomplete lattice, then every subset C D has agreatest
lower bound [ ] X.

Proof:

Construct U={ueD|VrecX: ulCa}.
//  the set of all lower bounds of :-)

Set: g:=|U

Claim: g=[1]X
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(1) g isalower boundof X :

Assume z € X. Then:

uwCxforallueU

——  zis an upper bound df

— gL« -)
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(1) g isalower boundof X :

Assume z € X. Then:
uwCxforallueU

x 1S an upper bound af
gCax )

—
—
(2) g isthegreatest lower bounaof X :

Assume wu Is a lower bound ofY. Then:
uelU

— ulyg )
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We are looking forsolutionsfor systems of constraints of the form:

v, 3 filwy, . ) (%)
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We are looking forsolutionsfor systems of constraints of the form:

v 3 filzy,..., 1) ()
where:
T; unknown here: Alu]
D values here: 2Ezpr

C C DxD | orderingrelation here: D

fi:D" - D constraint here:
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We are looking forsolutionsfor systems of constraints of the form:

v 3 filzy,..., 1) ()
where:
T unknown here:  Alu]
D values here: 2&pr

C C DxD | orderingrelation here: D
fi:D" - D constraint here:

Constraint for Alv] (v # start):

Al S (IRF (Alu)) | k= (u, _v) edgd
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We are looking forsolutionsfor systems of constraints of the form:

v 3 filzy,..., 1) ()
where:
T unknown here: Alu|
D values here: 2&pr

C C DxD | orderingrelation here: D
fi:D" - D constraint here:

Constraint for Alv] (v # start):

Al € (WIF) (A[u]) | k= (u,_,v) edgd
Because:
rddyAN...A Nz Dd it 3| Hdy,. .., dp} -)
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A mapping f:D; — Dy iscalledmonotonigif f(a) C f(b) for
all aLCb.
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A mapping f:D; — Dy iscalledmonotonigif f(a) C f(b) for
all aLCb.

Examples:

(1) D;=Dy=2Y forasetUand fz= (zxNa)Ub.
Obviously, every suclt is monotonic :-)
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A mapping f:D; — Dy iscalledmonotonigif f(a) C f(b) for
all aLCb.

Examples:

(1) D;=Dy=2Y forasetUand fz= (zxNa)Ub.
Obviously, every suclt is monotonic :-)

(2) Dy =Dy, =Z (with the ordering ¥”). Then:

e incx=x-+1 IS monotonic.

e decz=x—1 IS monotonic.
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A mapping f:D; — Dy iscalledmonotonigis f(a) E f(b) for
all aCb.

Examples:

(1) D;=Dy=2Y forasetUand fz= (zxNa)Ub.
Obviously, every suclt is monotonic :-)

(2) Dy =Dy, =Z (with the ordering ¥”). Then:

e incx=x-+1 IS monotonic.
e decz=x—1 IS monotonic.

e invx = —x ISnotmonotonic :-)
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Theorem:

If f:D; —D;, and f,: Dy — D3 are monotonic, then also
Joo fi: Dy — Dy -)
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Theorem:

If f:D; —D;, and f,: Dy — D3 are monotonic, then also
Joo fi: Dy — Dy -)

Theorem:

If Dy isacomplete lattice, then the sefD; — ;| of monotonic
functions f :ID; — D, Is also a complete lattice where

fEg iff fxCgax forallx e,
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Theorem:

If f:D; —D;, and f,: Dy — D3 are monotonic, then also
Joo fi: Dy — Dy -)

Theorem:

If Dy isacomplete lattice, then the sefD; — ;| of monotonic
functions f :ID; — D, Is also a complete lattice where

fEg iff fxCgax forallx e,

In particular for F' C [D; — Ds],

|_|F:f mit fx:U{gx]gEF}
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For functions f; x = a; N x U b;, the operations ¢”, “LI" and “I”
can be explicitly defined by:

(foofi)x = |lagNag|NaxUlasNby Ub,y
(filfy)x = |[(aqUas) | NazU|[by Uby
(f1|_|f2).’13 = (CL1Ub1)ﬂ(CL2Ubg) Nx U blﬂbg
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Wanted:  minimally smallsolution for:

in;fi(ﬂfl,...,%n), ZZl,

where all f; : D" — D are monotonic.
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Wanted:  minimally smallsolution for:

in;fi(ﬂfl,...,mn), iZl,...,n (*)

where all f; : D" — D are monotonic.

ldea:

e Consider F:D™ — D" where

F(xy,...,xn) = (Y1, -, yn) WIith  y; = fi(xq, ..., 2,).
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Wanted:  minimally smallsolution for:

in;fi(ﬂfl,...,%n), iZl,...,n (*)

where all f; : D" — D are monotonic.

ldea:

e Consider F:D™ — D" where

F(xy,...,xn) = (Y1, -, yn) WIith  y; = fi(xq, ..., 2,).
e Ifall f; are monotonic,then alsoF :-)
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Wanted:  minimally smallsolution for:

in;fi(ﬂfl,...,%n), iZl,...,n (*)

where all f; : D" — D are monotonic.

ldea:

e Consider F:D™ — D" where

F(xy,...,xn) = (Y1, -, yn) WIith  y; = fi(xq, ..., 2,).
e Ifall f; are monotonic,then alsoF :-)

e We successivelgpproximate solution. We construct:

L, FL, F°L1, F°L,

Hope: We eventually reach a solution 2.2?
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Example: D =2lebdt T =C

8
w
U
8
—_
C
—~—
o
——
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Example: D = 2tebet T =C

rs 2 x1U{c}
The Iteration:
0] 1 2 3
1 @
X9 @
X3 @
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Example: D = 2tebet T =C

rs 2 x1U{c}
The lteration:
0] 1 2 3
1 @ {a}
o) @ @
z3 || 0] {c}
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Example: D = 2tebet T =C

r1 2 {a}Uuxs
) ) T3 {CL, b}
rs 2 x1U{c}
The lteration:
0] 1 2 3
21 || 0| {a} | {a,c}
X9 @ @ @
z3 || 0| {c} | {a,c}
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Example: D = 2tebet T =C

The lteration:

la} | {a;cr [ {a,¢;
e}
1o [ 1o, ¢} [0, ¢)

N
N\
=S = = | O
=
=
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Example: D = 2tebet T =C

r1 2 {a}Uuxs

L9 2 T3 M {CL, b}

rs 2 w1 U{c}

The Iteration:
0 1 2 3 4

x| 0| {a} | {a,c} | {a,c} | dito
o || 0] 0 0 {a}
L3 @ {C} {CL, C} {CL, C}
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Theorem

e | F1,F?1, ... formanascending chain

1l £ FL1L C F*1L LC

e If FF1 =FFT11  asolutionis obtained which is the least one
=)

e If all ascending chains are finite, such & alwaysexists.
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Theorem

e | F1,F?1, ... formanascending chain

1l £ FL1L C F*1L LC

e If FF1 =FFT11  asolutionis obtained which is the least one
=)

e If all ascending chains are finite, such & alwaysexists.

Proof

The first claim follows bycomplete induction

Foundation: FO1L =1 C F'l :)
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Step: Assume ' 1 C F*1. Then
Fi'l=FF 'O CF((F1L)=F"_1

since F monotonic :-)

108



Step: Assume ' 1 C F*1. Then

Fi'l=FF 'O CF((F1L)=F"_1

since F monotonic :-)

Conclusion:

If DD isfinite, a solution can be found which is definitely the leas

Question:

What, if D Is not finite 7?7
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Theorem Knaster — Tarski

Assume D is a complete lattice. Then evemyonotonicfunction
f:D—D hasadeastfixpoint d, € D.

let P={deD|fdCd}
Then dy =[P
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