Example: {rx—1ly— -7} A {z— T,y— -7}

(3) States:

A C (Vars = 7Z)x (N—=Z)) x (Vars = Z"),
(o) AD it pAD

Concretization:

{ 0 if D=1
D=
{(p,p) |Vx: (px) A(Dz)} otherwise
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We show:

(*)

If

s A D

and

[7] s is defined, then:

(7] s) A ([7F* D)

7]
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The abstract semantics simulates the concrete semantics

In particular:
[7] s € v ([7]* D)
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The abstract semantics simulates the concrete semantics
In particular:

[x] s € 5 (=] D)

In practice this meanse.g, that D+ = -7 implies:

pr = =7 forall pe~yD
— prx = =7 for (p1,_) =|[n]s
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To prove (%), we show for every edgek :

%]

S > 5

D > D1
[K]*

Then (x) follows by induction :-)
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To prove (xx), we show for every expressiore :
(xx%) ([e]p) A ([e]*D) whenever p A D
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To prove (xx), we show for every expressiore :
(xx%) ([e]p) A ([e]*D) whenever p A D

To prove (x x x), we show for every operator :

(z0y) A (F 0%y whenever z A 2% Ay A 3
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To prove (xx), we show for every expressiore :
(xx%) ([e]p) A ([e]*D) whenever p A D

To prove (x x x), we show for every operator :

(z0y) A (F 0%y whenever z A 2% Ay A 3

This precisely was how we have defined the operatans :-)
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Now, (xx) is proved by case distinction on the edge labelsb .
Let s=(p,u) A D.Inparticular, L#D : Vars —7Z'

Case |x =e:]:

pr = p&{r—=lelpt o= w
D, = Do{xrw—[e]fD}

— (p1, 1) A Dy

294



Case |x = Mlel;|:

p = pD{r—=pu(le]fr)} o= p
D = Dae{r—T}

= > (p1,11) A Dy

Case | Mley| = ey;|:

P = p = p®{feifp = [e]p}

— (p1, 1) A Dy
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Case

Neg(e)|:
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Case

Pos(e) |:

(,01,#1) = S

0 # [e]

A e]

— 0 # [€]

where:

P

D
D

—— | £ D, =D
— (p1,1) A Dy
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\We conclude: The assertion () istrue :-))

The MOP-Solution:
D[] = | [Iz]* Dy |7 : start —* v}

where  Drax=T (x € Vars) .
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\We conclude: The assertion () istrue :-))

The MOP-Solution:
D[] = | [Iz]* Dy |7 : start —* v}

where  Drax=T (x € Vars) .

By (%), we have for all initial states s and all program executions
m which reach v :

(Il s) A (D*[v])
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\We conclude: The assertion () istrue :-))

The MOP-Solution
D[] = | [Iz]* Dy |7 : start —* v}

where  Drax=T (x € Vars) .

By (%), we have for all initial states s and all program executions
m which reach v :

(Il s) A (D*[v])

In order to approximate the MOP, we use our constraint systeim
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Example:
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Example:

Ly
oy T T
110} T
2110 1
31 10| 1
4110 | 10
51 9 |10
6
7
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Example:

Loy L1y
oy T | T | T]|T
L1 7|10 T
2011010 1 (T | T
310 1 (T | T
410110110 T | T
51N 9 (10 T | T
6 T 1T
7 T 1T
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Example:

3

Loy LYy x|y
oy T T | T |T
10} 17|10 T
2011001 T | T
101 T | T
4110 (10| T | T | dito
51N 9 10y T | T
6 T 1T
7 T 1T
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Conclusion:
Although we compute with concrete values, we fail to compute
everything :-(

The fixpoint iteration, at least, is guaranteed to terminate

For n»n program points and m variables, we maximally need:
n-(m-+1) rounds :-)

Caveat:

The effects of edge amot distributive!!!
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Counter Example:  f = [z =2z +y]’

let Dy = {r—2,y— 3}
= {r+—3,y— 2}

S
|

Dann f D, U f D {r—5y—=3tu{r—5y—2}
{r—5y— T}
{fr—T,y— T}
flr— T, y— T}

f(D1UDs)

“h

-((
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We conclude:

The least solution D of the constraint system in general yields only an
upper approximatioof the MOP, i.e.,

D*[v] T D]
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We conclude:

The least solution D of the constraint system in general yields only an
upper approximatioof the MOP, i.e.,

D*[v] T D]

As an upper approximation, D|v] nonetheless describes the result of
every program execution = which reaches v :

([7] (p, 1)) A (Dv])

whenever 7] (p,u) isdefined ;-))
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Transformation 4:

by
0

Removal ofDeadCode

[lab]*(Dlu]) = L
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Transformation 4 (cont.): Removal ofDeadCode

1 #Dlu]=D
[e]* D =0

Neg(e) ﬁ

1L #Dlu]=D
[e]* D ¢ {0, T}

Pos(e) ﬁ
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Transformation 4 (cont.): Simplified Expressions

1 #Dlu]=D
[e]! D = ¢
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Extensions:

e Instead of complete right-hand sides, also subexpressmurid be
simplified:

{z—=T,y—5}

r+ (3xy) = x+ 15

... and further simplifications be applied, e.g.:

x * 0
T * 1
x + 0
x — 0

LIl
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So far, the information ofonditionshas not yet be optimally
exploited:

if (z==17)
y=x+3;
Even if the value of + before thaf statement is unknown, we at

least know that » definitely has the value 7 — whenever the
then-part isentered :-)

Therefore, we can define:

i

D if [v==¢)!D=
[Pos(z ==e)]*!D=< 1 if [r==¢c]*D=0
| Ds otherwise

where
D =D®{zw— (Dx[e]* D)}
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The effect of an edge labeled\eg (= # ¢) is analogous :-)

Our Example:
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The effect of an edge labeledNeg (= # ¢

N——

IS analogous :-)

Our Example:
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The effect of an edge labeled\eg (= # ¢) is analogous :-)

Our Example:
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