1.5 Interval Analysis

Observation:

e Programmers often use global constants for switching dghgg
code on/off.

—

Constant propagation is useful-)

e In general, precise values of variables will be unknown —hpps,
however, a tightnterval!!!
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Example:

for (1 = 0;i < 42;14++)
if (0<iAi<42){
A=A+
M[A]| =i
}
// A start address of an array
/| if the array-bound check

Obviously, the inner check is superfluous)
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|dea 1:

Determine for every variablex an (as tight as possibie) interval of
possible values:

I=A{[l,u] |l e ZU{—o0},u € ZU{+o0},l < u}

Partial Ordering:

11, u1] E [l2, usg] Iff lo <11 ANup < ug
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Thus:

[ll, ’U,l] LI [lg, UQ] = [ll [ lg, U1 LI UQ]

I o
ly U9
:—
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Thus:

[ll, ’Lbl] LI [ZQ, UQ] = [ll [ lQ, U1 LI UQ]
[ll, ul] [ [ZQ, UQ] = [ll L lQ, Uyl UQ] WheneVE(ll L lg) < (u1 [ ’LLQ)

ll Uq
:_
lg U2
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Caveat:

— I Is notacomplete lattice :-)

— T hasinfinite ascending chaine.g.,

0,0z 0,1l [-1,1]C [-1,2] ...
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Caveat:

— I Is notacomplete lattice :-)

— T hasinfinite ascending chaine.g.,

0,0z 0,1l [-1,1]C [-1,2] ...

Description Relation:

ALy iff I<z<uw

Concretization:

yhul={2€Z|l<z<u}
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Example:

710,71 = {0,...,7}
v[0,00] = {0,1,2,...,}
Computing with intervals: Interval Arithmetic
Addition:
[ll, ul] —i—]j [lg, ’LLQ] = [ll -+ lQ, Uy + ’LLQ] where
— X0+ _ = —
+oo+_ = 4o

-)

// —oo+ oo cannotoccur :-)
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Negation:

v = [~u,—I]

Multiplication:
(1, ui] #* [lo,us] = [a,b] where
a = lils M l{us Muyls Muqgus
b = [l Uljus U uily U ujus
Example:
0,2] #* [3,4] = 10,8]
[—1,2] #* [3,4] = [—4,8]
[—1,2] #* [-3,4] = [-6,8]
[—1,2] #* [-4,-3] = [-8,4]
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Division: [, u] /* [ly, us] = [a,b]

e |If O Iisnotcontained in the interval of the denominator, then:

a = ll/lzﬂll/UQﬂul/lzﬂul/UQ
= ll/lzl_lll/ugl_lul/lgl_lul/uz

o Ui [, <0 <wusy,wedefine:

la,b] = |[—o00, +o0]
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Equality:

[llaul] ==/ [lg,Ug] = 9

1,1]
0,0]
0,1]
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If llzulzlgzﬂg
|f U1<l2\/U2<l1

otherwise



Equality:

:1, 1 If ll — U1 — 12 = U2

11, ur] =="[lg, ug) = < 0,0] if wu <laVuy <l

0,1] otherwise

Example:
42, 42]=="[42,42] = [1,1]
0,7]==%[0,7] = [0,1]
[1,2]==*%[3,4 = [0,0
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Less:

[, ur] <P [l uo]
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1, 1]
0,0)
0,1]

If u < lQ
If U9 S ll
otherwise



Less:

:1, 1 If U < lg
[, ur] <P [lo,ug) = 4 0,0] if wuy <[y
0,1] otherwise

Example:
[1,2] <#[9,42] = [1,1]
0,7] < [0,7] = [0,1]
3,4] < [1,2] = [0,0]
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By means of I we construct the complete lattice:

Dy = (Vars — 1),

Description Relation:

p A D Iff D#1 AN VaxeVars: (pxr) A (D x)

Theabstract evaluatioaf expressions is defined analogously to constant
propagation. We have:

([e]l p) A ([e] D)  whenever p A D

331



The Effects of Edges:

:F D
v =e]f D
v = M[e[;]" D

[Pos (e)]* D

Mle,] = 62;]]“) —

D
D @ {z +— [e]* D}
Dao{r— T}

1 if 0,0 =[e]* D
D otherwise

D if [0,0]C [e]*D
L

otherwise

..giventhat D # L
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Better Exploitation of Conditions:

[Pos (e)]* D

{J_ if [0,0] =[e]* D

N\

D, otherwise

where :

D®{r— (Dx)M[—o0,ul}

D@ {r— (Dx)n|l, o0}
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if e =2a

if e =2a

<
>

(Da{r— (Do) ([e]fD)} ife=r==c



Better Exploitation of Conditions (cont.):

S s

D, otherwise

where :

(Da{r— (Do) ([e]fD)} fe=a # e
Dy = D@ {r— (Dx)N[—oc0,ul} ife=x > e, [el]
D& {r— (Dx)N|l, 00} If e =2 < e, [eq]
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