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Abstract. In this paper we consider two-player zero-sum payoff gamefinite
graphs, both in the deterministic as well as in the stochastiting. In the deter-
ministic setting, we consider total-payoff games whichénbeen introduced as
a refinement of mean-payoff games [18, 10]. In the stochastting, our class is
a turn-based variant of liminf-payoff games [15, 16, 4]. bilbsettings, we pro-
vide a non-trivial characterization of the values throughtad fixpoint equations.
The characterization of the values of liminf-payoff gamesr@over shows that
solving liminf-payoff games is polynomial-time reducitie solving stochastic
parity games. We construct practical algorithms for sawime occurring nested
fixpoint equations based on strategy iteration. As a canpilge obtain that solv-
ing deterministic total-payoff games and solving stodiedshinf-payoff games
isinUP N co—UP.

1 Introduction

We consider two-player zero-sum payoff games on finite ggapithout sinks. The
goal of the maximizer (called-player) is to maximize the outcome (his payoff) of the
play whereas the goal of the minimizer (calleeplayer) is to minimize this value (his
losing). We consider both deterministic and stochasticegarin the stochastic setting
there additionally exists a probabilistic player who ma#tesisions randomly.

In the deterministic setting we considetal-payoff games, where the payoff is
the long-term minimal value of the sum of all immediate resdgariThis means that, if
r1,72,73 - - - denotes the sequence of the immediate rewards of a playtitbeotal re-
ward islim infy_. o, Zle r;. This natural criterion has been suggested by Gimbert and
Zielonka in [10], where they prove that both players havetmosl optimal strategies.

Total-payoff games can be considered as a refinemeneéah-payoff gamésf. e.g.
[6,19]). Mean-payoff games are payoff games where the owtanf a play is given as
the limiting averageof the immediate rewards. For the same game, the mean-payoff
is positive iff the total-payoff isxo; likewise, the mean-payoff is negative iff the total-
payoff is —oo. The refinement concerns games where the mean-payfHgr these,
the total-payoff is finite and thus allows to differentiaten® precisely between games.

Many algorithms have been proposed for solving mean-payffes (e.g. [11,17,
19, 1]). While it is still not known whether mean-payoff gasrean be solved in poly-
nomial time, it at least has been shown that the correspgraiaision problem, i.e.,
deciding whether the-player can enforce a positive outcome, i N co — UP.
Much less is known about total-payoff games.

One contribution of this paper therefore is a method for coting the values and
positional optimal strategies for total-payoff games. fhig, we provide a polynomial-
time reduction tchierarchical systems of simple integer equatiassntroduced in [8].
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The hierarchical system utilized for the reduction comssista greatest fixpoint subsys-
tem which is nested inside a least fixpoint system. This reéoluallows to compute the
values of total-payoff games by means of the strategy imgmr@nt algorithm for the
corresponding hierarchical system as presented in [8].

Deterministic total-payoff games can be generalized tehsistic total-payoff
games, where the objective is to maximize the expected termg-minimal value of
the sum of all immediate rewards. The immediate gener@izatf deterministic total-
payoff games to stochastic total-payoff games is problemiftboth —oo andoo are
possible rewards with positive probabilities. Here it isgible to restrict the consider-
ations to stochastic total-payoff games, where the paywfébery play is finite. This
allows to model the realistic situation, where each plagerdn initial amount of money
and can go bankrupt. These games can be reductddbastic liminf-payoff gamdxy
encoding the currently accumulated rewards into the mosst(cf. [15]).

In stochastic liminf-payoff games an immediate reward sigred to each posi-
tion and the payoff for a play is the least immediate rewaad titcurs infinitely often.
These games are more general than they appear at first sigbhaStic liminf-payoff
games have been studied by Maitra and Sudderth in the moeeajeoncurrent setting
with infinitely many positions [15, 16]. In particular, thejtow that concurrent stochas-
tic liminf-payoff games have a value and that this value carekpressed through a
transfinite iteration. Recently, Chatterjee and Henzirsgpexwed that stochastic liminf-
payoff games can be solved¥iP N co— NP [4]. This result is obtained by providing
polynomial-time algorithms for both-player cases, using the fact that these games are
positionally determined. A practical algorithm for theplayer case is not provided.

In this paper we present a practical method for computingvtiiees and posi-
tional optimal strategies for liminf-payoff games whichneists of a reduction to a
class of nested fixpoint equation systems. The resultirmuyiiign is a strategy improve-
ment algorithm. As a corollary we obtain that solving limjpelyoff games is in fact in
UP N co—UP. As a consequence of the provided characterization we niereet
that liminf-payoff games are polynomial-time reduciblestochastic parity games.

The technical contribution of this paper consists of a pecattlgorithm for solving
hierarchical systems of stochastic equatiofkese are generalizations of hierarchical
systems of simple integer equations as considered in [&ldtter hierarchical systems
are equivalent the quantitatiyecalculus introduced in [7]. In a hierarchical equation
system least and greatest fixpoint computations are nestitlaei-calculus. In this
paper we use the nesting in order to describe the values bf deierministic total-
payoff games and stochastic liminf-payoff games.

Omitted proofs can be found in the corresponding technéegzrt.

2 Definitions

As usual,N, Z, Q andR denote the set of natural numbers, the set of integers, the
set of rational numbers and the set of real numbers, respgctiVe assum® € N
and we denoté \ {0} by N~,. We setZ := Z U {00, 0}, Q := QU {—0c0, 00}
andR := R U {—o0, 00}. We use a uniform cost measure where we count arithmetic
operations and memory accessest ). The size of a data structufein the uniform
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cost measure will be denoted pg||. An algorithm is callediniformiffits running time
w.r.t. the uniform cost measure only depends on the sizesgfifiut in the uniform cost
measure, i.e., the running time does not depend on the dizks occurring numbers.
Given a binary relatiol® C A x B and a subsetl’ C A, we write A’R for the set
{beB|3Jaec A :(a,b) €R}.

Game GraphsA (stochastic) game grapk a tupleG = (P, P, Py, 6, E) with the
following properties: The set®,, P» and P, are pair-wise disjoint sets of positions
which are controlled by thg-player, theA-player, and the probabilistic player, respec-
tively. We always writeP for the setP, U P, U P, of all positions. The sek C P?

is the set oimoveswhere we claim thafp} £ # () holds for allp € P, i.e., the graph
(P, E) has no sinks. The mappirg: P, — P — [0, 1] assigns a probability distri-
butioné(p) with 3° .,z 9(p)(»') = 1 to each probabilistic positiop € P, i.e.,
d(p)(p") denotes the probability fgs' being the next position assuming thats the
current position. For convenience, we assume fhat é(p)(p’) > 0} = {p} F holds
for everyp € P,. A game graplt is called deterministic iff{p} E| = 1 holds for all

p € P;. Itis called0-playergame graph iff{p} E| = 1 holds for allp € P, U Pjx.

Plays and HistoriesAn infinite wordp = p1p2ps - - - over the alphabd? with p; Ep; 1
foralli € Ny is called gplay inG. The set of all plays iid7 is denoted byP“ (G). The
set of all plays inG starting at positionp € P is denoted byP“ (G, p). A non-empty,
finite word h is calledplay prefix (or history) ofp € P« (G) iff there exists some
p’ € P¥(G) such thatp = hp’ holds. The set of all play prefixes gfis denoted by

P*(p) and we seP*(G) := Upepw () P*(p) andP* (G, p) := Upepe g, P (P)-

StrategiesA functions : P*(G) N P*P, — P — [0, 1] is called(mixed)Vv-strategy
for G iff o(hp) is a probability distribution with{p’ € P | o(hp)(p’) > 0} C {p}FE
for all hp € P*(G) N P*P,. Mixed A-strategies are defined dually. We denote the set
of all mixed v-strategies and all mixed-strategies by£ ¢ andl s, respectively. A/-
strategyo is calledpureiff, for everyhp € P*(G) N P*P,, o(hp) is a Dirac measure,
i.e., it holds|{p’ € P | o(hp)(p’) > 0}| = 1. PureA-strategies are defined dually. A
pureV-strategyo for G is called(pure and) positionaiff o(pp) = o(p’p) holds for all
pp,p'p € P*(G) N P*P,. We identify a positional/-strategyo for G with a function
which maps a positiop € P, to some positiorr(p) € {p}E. PositionalA-strategies
are defined dually. We denote the set of all positionaitrategies (resp. positionat
strategies) fol; by Y (resp.llg). We omit the subscrip®, whenever it is clear from
the context. For a positionatstrategy € X', we writeG(o) for the game graph that is
obtained fromG by removing all moves that are not used wheneventipayer plays
consistent withr. For a positionah-strategyr € I, G(r) is defined dually.

After fixing a starting positiom, a Vv-strategyo and aA-strategyr, a probability
measuréP¢ , » » ON P¥(G, p) is defined as usual, i.e., for a given measurablesset
of plays,P¢ ,,-,(A) denotes the probability that a play which starts at positiamd
is played according to the strategiesandr is in the setA. In a deterministicgame
graph, after fixing a starting positign a pureVv-strategyo, and a pure\-strategyr,
there exists exactly one play which can be played fgpatcording to the strategies
andrw. We denote this play bplay (G, p, o, 7).
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Payoff functionsWe assign gayoff U(p) to each playp € P“(G) due to a measur-
able payoff functionU. A pair G = (G, U) is called apayoff gameWe setG (o) :=
(G(o),U) forall o € X andG(w) := (G(n),U) forall = € II.

Values For a payoff gam&j = (G,U) we denote the expectation 6f under the
probability measur®c p, o« by (p))g,0,»- FOrp € P,o € X, andr € I we set:

(Phg.o =Mnf cz(Phoox  (P)g = 5u,ex(Pho.o
(Phgr :=swppex(Phon (P =il cq{p)or

{(p) ¢ and((p)) g are called théowerand theupper valueof G at positiorp, respectively.
The payoff gam¢ is calleddeterminedff ((p)) = (p))g holds for all positiong. In
this case we simply denote tvalue (p)); = ((p))g of G atp by (p))g. We omit the
subscriptg, whenever it is clear from the context. Létbe a class of payoff games.
Deciding whether, for a given payoff gargec C, a given positiorp, and a given value
r € R, ((p)g > = holds, is called thguantitative decision problefor C.

Optimal StrategiesA V-strategyo is calledoptimaliff ((p))g., = ((p))¢ holds for all
positionsp. Accordingly, aA-strategyr is calledoptimaliff (p))g.~ = (p))§ holds for
all positionsp. A payoff gameg is calledpositionally determinedff it is determined
and there exist positional optimal strategies for both gtay

Mean-payoff functionLet ¢ : £ — R be a real-valued function that assigns an imme-
diate payoff to every move. The mean-payoff functigfi® is defined by

UXP(p) = liminfy oo 727 Zf;l c(pi, Pit1), p=pip2--- € PY(G)

The pairG = (G,UMP) is calledmean-payoffyame and is for simplicity identified
with the pair(G, ¢). Mean-payoff games are widely studied (e.g. [6, 19]).

Example 1.For the mean-payoff gante = (G, ¢) in figure 1 it holdsU™P (a(bc)¥) =
UP(a(de)*) = 0. Moreover, it holdd/*P((bc)”) = UXP((cb)¥) = 0. o

Total-payoff functionLet ¢ : £ — R be a real-valued function that assigns an immedi-
ate payoff to every move. The total-payoff functitj* is defined by

U (p) = liminfyoo 30—} c(pirpis1), P =pip2-- € PY(G)

The pairG = (G, U'P) is calledtotal-payoffgame and is for simplicity identified with
the pair(G, ¢).

We only consider the total-payoff function in the deterrsiid context, because oth-
erwise the expectation may be undefined. This is the caseyevbhethe payoff is-co
with some positive probability as well as with some positive probability. Motivated
by applications in economics [18], Gimbert and Zielonkaadticed this total-payoff
function in [10]. This payoff function is very natural, sidt basically just sums up
all occurring immediate payoffs. Since this sum may be uneéefiit associates to a
play p the most pessimistic long-term total rewardmfrom the \VV-player’s perspec-
tive. The following example shows that the total-payoffdtion allows to differentiate
more precisely between plays, whenever the mean-payoff is
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Fig. 1. A Payoff Game.
Example 2.For the total-payoff gamé = (G, ¢) in figure 1 it holdU!P (a(bc)¥) = 1
andU!P(a(de)*) = 2. Thus, thev-player should prefer the playde)“. Moreover, the
payoff may depend on the starting position. In the exampldae U ((bc)¥) = 0
andU®((ch)*) = —4. 0

Liminf-payoff functionLetr : P — R be a real-valued function that assigns an imme-
diate payoff to every position. The liminf-payoff functiéii™ ! is defined by

Ulimint () .= 1iirgi£f r(pi), p=pip2--- € PY(G)

The pairG = (G, U™ inf) is calledliminf-payoff game and is for simplicity identified
with the pair(G, r). Limsup-payoff games are defined dually. We only considegirif-
payoff games, since every limsup-payoff game can be tram&fd in an equivalent
liminf-payoff game by negating the immediate payoff fuonati- and switching the
roles of the two players (cf. [4]).

Liminf-payoff games are more general than it may appearstsfight. Some classes
of games on graphs where the decision at a current positigrdepends on the value
achieved so far can be encoded into liminf-payoff gamesyiged that only finitely
different values are possible (cf. [15]). In particularigats of stochastic total-payoff
games, where each player starts with an initial amount ofep@md can go bankrupt,
can be expressed using liminf-payoff games.

Parity-payoff functionLet r : P — Ny be a function that assigns a rank to every
position. The parity-payoff functiobP2% is defined by

U (p) i=

{0 if lim inf; .o 7(p;) is odd b= pips-- € P(C)

1 if liminf; . r(p;) is even’

The pairg = (G, UP¥i%) is called (stochastig)arity game and is for simplicity identi-
fied with the pain G, r). Recently, Chatterjee et al. showed that stochastic pgaityes
can be solved using a strategy improvement algorithm [3viBfeover, computing the
values of stochastic parity games is polynomial-time rédalado computing the values
of stochastic mean-payoff games [3].

Lemmal ([9, 14,6, 10,4, 2]Liminf-payoff games, Mean-payoff games, parity games,
and deterministic total-payoff games are positionallyedetined. a

3 Hierarchical Systems of Stochastic Equations

In this section we introduckierarchical systems of stochastic equatiodiscuss ele-
mentary properties, and show how to solve these hierailchystems using a strategy
improvement algorithm. Hierarchical systems of stocleastjuations are a generaliza-
tion of hierarchical systems of simple integer equatiohsdied in [8]).



6 Thomas Martin Gawlitza and Helmut Seidl

Assume that a fixed s& of variables is givenRational expressionare specified
by the abstract grammar

ex=qlx|ert+ex|t-e|erVea|er Nea,

whereq € Q, t € Q-g, x € X, ande, e, e, are rational expressions. The operator
has highest precedence, followed-by A and finallyv which has lowest precedence.
We also use the operators \V andA ask-ary operators. An elemeate Q is identified
with the nullary function that returng An equationx = e is calledrational equation
iff e is a rational expression.

A systent of equations is a finite sdtx; = e1,...,x, = e,} of equations where
x1, ..., X, are pairwise distinct. We denote the §&t, . . ., x, } of variables occurring
in £ by X¢. We drop the subscript, whenever it is clear from the confélxe set of
subexpressions occurring in right-hand side§ @& denoted byS(€) and||£|| denotes
|S(€)]. An expressiore or an equatiorx = e is calleddisjunctive(resp.conjunctive
iff e does not contain-operators (resp/-operators). It is callebasiciff e does neither
containA- nor V-operators.

A V-strategyo (resp.A-strategyr) for £ is a function that maps every expression
e1V---Veg (resp.e; A-- - Aeg) occurring in€ to one of the immediate subexpressions
e;. We denote the set of all-strategies (resp\-strategies) fo€ by X¢ (resp.fl¢). We
drop subscripts, whenever they are clear from the contextz & X' the expressions
is defined by

(e1V---Veg)o:=(o(er V- Veg))o, (fle1,...,ex))o = f(ero,...,ex0),

wheref # V is some operator. Finally, we séfo) := {x = ec | x = e € £}. The
definitions ofer and&(w) for a A-strategyr are dual.

The setX — R of all variable assignmentis a complete lattice. We denote the
least upper and the greatest lower bound of asel \/ X and A\ X, respectively. For
avariable assignment an expression is mapped to a valug]p by setting[x]p :=
p(x)and[f(e1,...,ex)]p = f([eilp, - -, [ex]p), wherex € X, f is ak-ary operator,
for instancet, andey, . . ., e, are expressions.

A basicrational expression is calledstochastidff it is of the form

gty X1+ b Xy

whereq € Q, k € N, xy,. .., x; are pair-wise distinct variables,, . . ., t, € Q0, and
t1 + -+t < 1. Arational expression is calledstochastidff eon is stochastic for
everyV-strategyo and every\-strategyr. An equationx = e is calledstochastidff e
is stochastic.

We define the unary operatfif] by setting([E]p)(x) := [e]p forx = e € £. A
solution (resp. pre-solution, resp. post-solution) isgalde assignment such thap =
[E]p (resp.p < [E]p, resp.p > [E]p) holds. The set of solutions (resp. pre-solutions,
resp. post-solutions) is denoted 8gl(€) (resp.PreSol(£), resp.PostSol()).

A hierarchicalsystemH = (&, r) of stochastic equations consists of a system
of stochastic equations and a rank functiomapping the variableg of £ to natural
numbers:(x) € {1,...,d},d € Nsg. The canonical solutio@€anSol(H) of H is a
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particular solution o€ which is characterized by. In order to define it formally, let,
forj e {1,...,d} andxie {=,<,>, <, >}, Xy := {x € X | r(x) > j}. Then the
equationx = e of £ with x € X ; define a monotonic mappir|g, r]; from the set
X.; — R of variable assignments with domaX ; into the setX>; — R of variable
assignments with domaiK > ; as follows: We sef&, r]q+1p := {} for all p. Assume
that; is odd. Given the mappinff, r];1, the mappind&, r]; is inductively defined
by
£, r]]j p=p"+ [[Evrﬂj+1(p +p"),

wherep : X.; — R is a variable assignment apd : X_; — R is theleastvariable
assignment such that

p*(x) = [e](p+p* + [E,7]j41(p + p"))

holds for all equations = e € £ withx € X_;. Here, the operator denotes com-
bination of two variable assignments with disjoint domaifise case whergis even,
i.e., corresponds to a greatest solution is defined duattglly, the canonical solution
is defined by

CanSol(&,r) = [€,7]1{},

where {} denotes the variable assignment with empty domain. Theaesxe of a
canonical solution is ensured by Knaster-Tarski's fixptiiebrem, since all used oper-
ators are monotone. For convenience, we denote an equatior with r(x) odd by

u : x = e and withr(x) even byv : x = e. Equations of lower ranks will be written
above equations of higher rank.

Example 3.Consider the following hierarchical systefh= (€, r):

pibr=0V(24+x2V1+x3) p:by=0V3-(=2+x3)+2 (1+x4)

Hnib3=0V2+4xs pwibs=0V-—-1+4+x
vixi=bi A2+x3V1+x3) I/:XQ:bg/\%-(72+X3)+%-(1+X4)
v:x3=b3A2+xo vixg=bsA—-1+x9

Thereby,r is given byr(b;) = 1 andr(x;) = 2 for all 4. It holds CanSol(H) =
{b1 — 1,ba — 0,bg — 0,by — 0,x; — 1,x3 — —2,x3 — 0,%4 — —3}. a

We only consider hierarchical systeris = (£, ) with finite canonical solutions. A
variable assignment : X — R is calledfinite iff —oo < p(x) < oo holds for all
x € X. In order to make finite solutionmique we introduce the lattice

Ry =R x (—1)' - Rxsg x (—=1)% Rsg x - -+ x (=1)%- R,
which is lexicographically linear ordered (for instan¢2; —3,5) < (2,—2,1)). The

same idea is also used in [8]. Finally, we Bat:= R, U {—o00, oo}, where—oo andoo
is the least and the greatest element, respectively. Weedefin

(x’y17"'ayd)+(‘rlaylla"'ay(/i) = (:L’—f—x/,yl +y/171yd+ylli)
t(@yr,sya) = oty t e ya)
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where(z, y1,...,ya4), (2", v, ..., y,;) € Rgandt € R. As usual, we set-oo + 0o :=
—o0. With these definitions the usual commutativity, assodigtiand distributivity
laws hold, i.e., forinstande(z; Vas) = t-z1 Vt-zo holdsfor allt € R, z1, 22 € Rg.

We call the analogon to stochastic equations (resp. stictegpressions), where
constants are fror,, stochastic equations ové, (resp. stochastic expressions over
R,). SinceRy is not a complete lattice, Knaster-Tarski’s fixpoint thenreannot be
applied. Nevertheless, every systérof stochastic equations ovRy has a least and a
greatest solution, which we denote bf€] andv[£], respectively.

Lemma 2. Every systerd of stochastic equations ov&; has a least solutiop[£] =
/\ PostSol(€) and a greatest solution[€] = \/ PreSol(€). O

Given a stochastic expressienwe define the stochastic expressidroverR, as the
expression obtained fromby replacing every constamt€ R occurring ine with the

constan{x,0,...,0) € Ry, i.e.,x% := (x,0,...,0), —oof := —oof, oof := oof, xF :=
x, (e14e2)! == el el (t-e)t i=t-ef, (e1 Aea)t := el Aed, and(e Vea)? :=ef Vel
wherex € Q,x € X, t € Qs¢, ande, e1, e are expressions. Fgre {1,...,d} we set

1 := (0,615 - (1)1, 695 - (=1)%,...,84; - (—1)9). Therebys denotes the Kronecker
delta, i.e.d;; equalsl if : = j and0 otherwise. For a hierarchical systéh= (€, r)
of stochastic equations we define the sysi@ih of stochastic equations ov&, by
Ei={x=1,0+¢€ | x=ec &}

We define mappings andg by a(—o0) := —00, a(c0) := 00, alx, Y1, ..., Yd) :=
z, f(—00) = B(oc) = (0,...,0), and B(z,y1,...,ya) = (y1,...,ya) for all
(x,y1,...,y4) € Ry. For a basic stochastic expressionover R;, we definelV (e)
by W(z) = p(z), W(x) := (0,...,0), W(e; + e2) := W(ey) + W(ez), and
W(t-e):=t-W(e), wherex € Ry, x € X, t € Ry, ande, 1, e3 are expressions. We
call e non-zerdff Vars(e) = 0 or W(e) # (0,...,0). A stochastic expressian(resp.
stochastic equatior = ¢) overRy is finally callednon-zeroiff eor is non-zero for
everyV-strategyo and every\-strategyr. A non-zero expressionremains non-zero
if one rewrites it using commutativity, associativity, agigtributivity. Note that€™# is
non-zero. We have:

Lemma 3. 1. Every systerd of non-zero stochastic equations oWy has at most
one finite solutiom. If p exists, then its size is polynomial in the siz& of
2. LetH = (&,r) be a hierarchical system of stochastic equations. Assuatdtib
canonical solutiorCanSol(H) of H is finite. The non-zero systeffi* has exactly
one finite solutiorp and it holdsa o p = CanSol(H). O

Example 4.Consider again the hierarchical systéim= (£, r) of stochastic equations
from example 3. The systefii* of non-zero stochastic equations o¥eyris given by:

by = (0,—1,0) + ((0,0,0) V ((2,0,0) +x2 V (1,0,0) + x3))

by = (0,—1,0) 4 ((0,0,0) V % - ((=2,0,0) +x3) + 2 - ((1,0,0) + x4))
b3 = (07 71:0) + ((0700) Vv (2a 070) + XZ)

b4 = (07 71‘0) + ((070~0) Vv (71, 70) + XZ)

X1 = (0707 1) + (b1 A\ ((27070) + X9 V (17070) + Xg))

x2 = (0,0,1) + (ba A 3 - ((=2,0,0) + x3) + 2 - ((1,0,0) +x4))

X3 = (0707 1) + (bg N (27 0~0) + Xz)

X4 = (0707 1) + (b4 A (—17 0~0) + Xz)
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The unique finite solutiop of £7* is given byp(by) = (1, -2, 1), p(bs) = (0, —1,0),
p(bsg) = (0,—1,0), p(bs) = (0,—1,0), p(x1) = (1,-2,2), p(x2) = (—2,-1,6),
p(x3) = (0,—-1,1), p(x4) = (—=3,—1,7). Lemma 3 implieCanSol(H) = aop. O

An equationx = e is calledboundedff e is of the forme’ A bV a with —oo < a,b <
oo. A system& of equations is calletboundediff every equation of is bounded. A
bounded systerdi of non-zero stochastic equations oferhas exactly one solutigst.
The problem of deciding, whether, for a given bounded systerfinon-zero stochastic
equations oveR,, a given variables, and a giverr € Ry, p*(x) > z holds, is called
the quantitative decision problem for bounded systems pnfzeryo stochastic equations
overR,. Therebyp! denotes the unique solution 6f Since by lemma 3 the size pf

is polynomial in the size of, the uniqueness gf implies that the quantitative decision
problem is inUP N co—UP.

We use a strategy improvement algorithm for computing thigue solutionp®
of a bounded systerfi of non-zero stochastic equations owy. Given av-strategy
o and a pre-solutiop, we say that a/-strategyc’ is animprovemenof o w.r.t. p
iff [E(c”)]p > [E(o)]p holds. Assuming thap € PreSol(€) \ Sol(£) holds, an
improvement’ of o w.r.t. p can be computed in tim@(||£]|) (w.r.t. the uniform cost
measure). For instance one can chadssich that, for every expressien= e; V- - -Vey,
occurring in&, o’(e) = e; only holds, if[e;]p = [e]p holds (known asll profitable
switche$. The definitions for\-strategies are dual.

Our method for computing? starts with an arbitrary-strategyr, such that (o)
has a unique finite solutiopy. The v-strategy which select for every right-hand side
e AbV a can be used for this purpose. Assume that, aftei-thestepo; is aVv-strategy
such thatg(o;) has a unique finite solutiop; < p*. Let o, be an improvement of
o; W.r.t. p;. By Lemmas 2 and 3, it follows that(c;1) has a unique finite solution
pir1 and it holdsp; < p;11 < pf. Sincep; is not a solution of (o, 1), it follows
pi < pit1 < pt. Thuspg, p1, ... is strictly increasing until the unique solutigh of £
is reached. This must happen at the latest after iteratiegalin/-strategies.

Analogously, the unique finite solutign of the non-zero syste&)(s; ) of stochastic
equations oveR, can also be computed by iterating over at most\aditrategies for
&(0;). EveryA-strategyr considered during this process leads to a non-zero system of
basicstochastic equations ov&; with a unique finite solution, which, according to
the following lemma, can be computed using an arbitraryrélgm for solving linear
equation systems.

Lemma 4. Let £ be a system of basic non-zero stochastic equations Byewith
a unique finite solutiorp. For ¢ € {1,...,d} we set8;(z,y1,...,y4) := y; for
(x,y1,...,94) € Rgandg;(c) = cforc € {—o0,0}. Fory € {«,(1,...,084} we
denote the system of stochastic equations obtaineddrbmreplacing every constant
c occurring in& with y(c) by~(€). The following assertions hold:

1. The system (&) has a unique finite solutiop, for all v € {«, 51, ..., Ba}-

2. Itholdsp(x) = (pa(x), pg, (X), ..., pa,(x)) forall x € X. O

As a consequence of the above lemma, the unique solution gétans& of basic
non-zero stochastic equations olgy, provided that it exists, can be computed in time
O(d - (IX|> + |€]l)) (w.r.t. the uniform cost measure). Moreover£ifis a system of
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basic non-zersimple integeequations oveR, (see [8]), then this can be done in time
O(d- (IX] + [I€]) (w.r.t. the uniform cost measure), since there are no cyeli@ble
dependencies.

We have shown thai* can be computed using a strategy improvement algorithm
which needs at mo€(|X| - || - d- (|X|* + ||€]|)) arithmetic operations. The numbers
|X| and|II| are exponential in the size 6f However, it is not clear, whether there exist
instances for which super-polynomial many strategy imprognt steps are necessary.

Observe that all steps of the above procedure can be don&/imgooial time. Sum-
marizing, we have the following main result:

Lemma 5. The unique solution of a bounded syst€wf non-zero stochastic equations
overR, can be computed in timeC| - | 17| - O(d - (|X|? + [|€]])) (w.r.t. the uniform cost
measure) using a strategy improvement algorithm. The dpadine decision problem
for bounded systems of non-zero stochastic equationskyvisrin UP Nco—UP. O

A hierarchical systen{ = (&,r) is calledboundedff £ is bounded. The problem
of deciding, whether, for a given bounded hierarchicaleysof stochastic equations
H = (€,7),agivenx € X, and agiven: € R, CanSol(H)(x) > = holds, is called the
guantitative decision problem for bounded hierarchicatams of stochastic equations.

We finally want to compute the canonical soluti@anSol(#) of a bounded hier-
archical systen{ = (&,r) of stochastic equations. By Lemma 3, it suffices to com-
pute theuniquesolution of the bounded systeéi? which can be done according to
Lemma 5. Thus, we obtain:

Theorem 1. The canonical solution of a bounded hierarchical syst&m= (£, r) of
stochastic equations can be computed in tjgae- [17] - O(d - (|X]2 + ||€]])) (w.r.t. the
uniform cost measure) using a strategy improvement algorjivherel = max r(X) is
the highest occurring rank. The quantitative decision fpeabfor bounded hierarchical
systems of stochastic equations idJi# N co—UP. a

If a hierarchical systenit = (&£,r) of stochastic equations is not bounded but has
a finite canonical solutiolCanSol(7), then it is nevertheless possible to compute
CanSol(H) using the developed techniques. For that, one first compuieandB (&)
such thajCanSol(H)(x)| < B(£) holds for allx € X. Then one solves the hierar-
chical system(& A B(€) vV —B(E),r) instead ofH, whereE A B(E) vV —B(€) =
{x=eAB(E)V —-B(E) | x=e € &}. An adequate bounB(£) can be computed in
polynomial time. Moreover, there will be obvious boundshe absolute values of the
components of the canonical solutions in the applicatioribé following sections.

4 Solving Deterministic Total-Payoff Games

A lower complexity boundin a first step we establish a lower complexity bound for
deterministic total-payoff games by reducing determiaistean-payoff games to deter-
ministic total-payoff games. The quantitative decisioalpem for mean-payoff games
is in UP N co—UP [13], but, despite of many attempts for finding polynomial al
gorithms, not known to be if?. LetG = (G, ¢) be a deterministic mean-payoff game,
where we w.l.0.g. assume that allimmediate rewards are #dm., it holdsc(E) C Z.
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Lemma 6. For all positionsp € P and allz € R it holds:

<z i {phgur y=-
(P v =2 Tehcur,) €R
>z i {(p)guwe y=occ O

By lemma 6 the quantitative decision problem for mean-plagaines is polynomial-
time reducible to the problem of computing the values ofl{ptgyoff games. Since the
problem of computing the values of mean-payoff games ismmtyial-time reducible
to the quantitative decision problem for mean-payoff gamedginally get:

Theorem 2. Computing the values of deterministic mean-payoff gamgsligiomial-
time reducible to computing the values of deterministialtpayoff games. a

Computing the value®ur next goal is to compute the values of deterministic total
payoff games. We do this througierarchical systems of stochastic equatio8sce
stochastic expressions likes; + 1e are ruled out, we only neduerarchical systems
of simple integer equatioress considered in [8].

LetG = (G, ¢) be a deterministic total-payoff game where we w.l.0.g. amsthat
P, = () holds. For every Positiop € P we define the expressieg , by

P {vp’e{p}E c(p,p) +xp ifpeP,
o /\P’E{p}E C(p,p/) + Xp if p € Pa.

Finally, we define, fob € N, the hierarchical systefg ;, = (g, 7g) by
Egp={bp,=(0Vegp) N26+1, x, =(b,ANegp)V—-2b—1]|pe P}

andrg := {b, — 1, x, — 2 | p € P}. We setB(G) := > cplc(m)], & =
5973(9), anng = (Eg,Tg).

ThusHg is a hierarchical system, where the variablgs(p € P) live within the
scope of the variablds, (p € P). Moreover, thex,’s (p € P) are “greatest” whereas
theb,’s (p € P) are “least fixpoint variables”. Intuitively, we are searafifor the
greatest values for the,’s (p € P) under the least possible bourlss (p € P) that
are greater than or equal@We illustrate the reduction by an example:

Example 5 (The Reduction)et G be the deterministic total-payoff game shown in
figure 1. The systerfig 1; of simple integer equations is given by:

b, =0V (1+x,V2+x4))A23 x4= (b A(14+xV2+xq))V—23
by, =(0V4+x.)A23 xp = (bp ANd+x.) V —23
b.=(0V —4+x)A23 xe = (be A =44 x5) V —23
bs=(0Vx:)A23 xdf(bd/\xe)\/ —23

b, :(vad)/\23 ( /\Xd)\/ —23.

Together with the rank functiory defined byrg (b, ) = rg(by) = rg(b.) = rg(ba) =
rg(be) = 1 andrg(x,) = rg(xp) = rg(x.) = rg(x4) = rg(x.) = 2 we have given
the hierarchical systefig 11 = (£g,11,7¢). ThenCanSol(Hg 11) = {bs — 2,by —
0,b.+— 0,bg+— 0,b, — 0,%, — 2,xp — 0,%x, — —4,x4 — 0,%, — 0}. a
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In order to show that the values of a total-payoff gaghare given by the canonical
solution of the hierarchical systefrg, we first show this result for the case that no
player has choices. In order to simplify notations, e N, we set
-0 fx<—b
vp(x) = r fo<z<b, zeR.
oo ifx>b

Lemma?. LetG = (G,c) be a0-player deterministic total-payoff game and>
B(G). It holds{(p)) = vy(CanSol(H¢)(x,)) forall p € P. 0

In order to generalize the statement of the above lemma, o #hat (in a certain
sense) there exist positional optimal strategies for thegnchical systerfig ;:

Lemma 8. LetG be a deterministic total-payoff game abd N. It hold

1. CanSol(Hg) = max,cx CanSol(Hg () and

2. CanSol(Hg,;) = minge;r CanSol(Hg(x)s).-
Proof. We only show statement 1. Statement 2 can be shown analgg8ysinono-
tonicity it holds CanSol(Hg(,),,) < CanSol(Hg;) for all o € X. It remains to
show that there exists somee € X such thatCanSol(Hg(,),) = CanSol(Hg )
holds. Since by Iemmaé%é?bﬁ has a unique finite solutiopf, there exists a € X such
that p! is the unique finite solution of the syste’fé?j) »- Thus lemma 3 gives us that
CanSol(Hg(,) ;) = @ 0 p* = CanSol(Hg ;) holds. 0
We now prove our main result for deterministic total-paygdfmes:
Lemma 9. Letb > B(G). It holds((p)) = vy(CanSol(Hg;)(x,)) for everyp € P.

Proof. For everyp € P, it holds

{(p)g = maxsex minzen (P)g(o) () (Lemma 1)
= maX,cy Mil;crr Ub(CanSOI(Hg(U)(,T)_’b)(Xp)) (Lemma7)

= vb(maxoeg minﬂen (CanSOl(Hg(a)(WLb)(Xp)))
= vp(CanSol(Hg ) (xp)) (Lemma8) O

We additionally want to compute positional optimal strégésgBy lemma $_§gﬁ has a
unique finite solutiop* and it holdsCanSol(Hg) = a o p. The unique finite solution
can be computed using lemma 5.\Astrategyo an;:l c':l/\-strategyﬂl-t such thatp! is
. . o ; ) e

a solution anq thus thg unique f|n!te solut|onﬁéﬁo)73(g) and gg(ﬂ),B(g) can then
be computed in linear time. Thus, it hol@&anSol(Hg(+),5(g)) = CanSol(Hg) =
CanSol(Hg(x) 5(g)) Which (by lemma 9) implieg-))g(») = (‘g = {-)g(m)- Thus,
o andr are positional optimal strategies. Summarizing, we haegvsh

Theorem 3. LetG be a deterministic total-payoff game. The values and mysitiop-
timal strategies for both players can be computed using @edly improvement algo-
rithm. Each inner strategy improvement step can be donenie @(||G||) (w.r.t. the
uniform cost measure). The quantitative decision probkem UP N co—UP. a

Additionally one can show that the strategy improvementialgm presented in sec-
tion 3 needs only polynomial time for solving determinidtiplayer total-payoff games.
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5 Solving Stochastic Liminf-Payoff Games

In this section we characterize the values of a liminf-phgaineG = (G,r) by a
hierarchical system of stochastic equations. Firstlyeoles that the values fulfill the
optimality equationsie.., (p)) = \/, ¢,y 2 (#') forallp € Py, (b)) = Ay cpy o ()
forall p € Px, and((p) = 3, c(,yp0(0)(®) - (p') forallp € P,. The optimality
equations, however, do not have unique solutions. In oocd@stain the desired solution,
we define the hierarchical systefty, = (£g,rg) by

Eg:={b,=r(p)Vegyp, xp =bpNegp |p € P}
andrg(b,) := 1, rg(x,) := 2 forall p € P, where

Vp’e{p}E Xp’ ?f pE P,
€Gp = /\p/e{p}EXp’ !fp € P, , peP.
ZZD’E{p}E d(p)(p") xy ifpe Py

Analogously to lemma 8 we find:

Lemma 10. LetG be a stochastic liminf-payoff game. It hold
1. CanSol(Hg) = max,cx CanSol(Hg(,)) and
2. CanSol(Hg) = mingep CanSOl(Hg(ﬂ))- =

Finally, we can show the correctness of our reduction. BeeafiLemma 1 and 10, we
only have to consider th&player case. There the interesting situation is withinraa e

component, i.e., a strongly connected component withotigoing edges. In such a
component every position is visited infinitely often. Thtlg value of every position in
such a component is equal to the minimal immediate payoffiwithe component. By

induction one can show that this corresponds to the canisotidion of the hierarchi-

cal systenf{g. Since the canonical solution solves the optimality equetiand there

exists exactly one solution of the optimality equations rettbe values of all positions
in end-components are fixed, we finally obtain the followiagma:

Lemma 11. It holds {(p)) = CanSol(H¢)(x,) for every positiorp € P. O

We want to compute positional optimal strategies. By Iemrﬁé% has a unique finite
solutionp® and it holdsSCanSol(Hg) = a o p*. The unique finite solution can be com-
puted using lemma 5. A-strategyo and aA-strategyr such that? is a solution and
thus the unique finite solution 6%?(5) andﬁgﬁ) can then be computed in tint2(||G||)
(w.r.t. the uniform cost measure). Thus, it holdanSol(Hg(,)) = CanSol(Hg) =
CanSol(Hg(~)) which (by lemma 11) implieg-) gy = (-))g = (- Dg(x)- Thus,o
andr are positional optimal strategies. Summarizing, we haogvsh

Theorem 4. Let G be a stochastic liminf-payoff game. The values and positiop-
timal strategies for both players can be computed using @edly improvement algo-
rithm. Each inner strategy improvement step can be donenie @(|P|?) (w.r.t. the
uniform cost measure). The quantitative decision probemUP N co—UP. O

It is not clear whether the strategy improvement algorithrespnted in section 3 needs
only polynomial time for solving deterministicplayer total-payoff games.
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6 Solving Stochastic Parity Games

In this section we characterize the values of a stochastitymmmeG = (G, r). For
that, we define the hierarchical systétg = (g, rg) of stochastic equations I8 :=
{xp=egp N1V O |pe P}andrg(x,) :=r(p), p € P. Thereby, the expressiey ,
is defined as in section 5. We get:

Lemma 12. For every positiorp € P it holds ((p)) = CanSol(Hg)(x,). O

Since lemma 10 holds also for stochastic parity games (Wéldefinition ofHg given
in this section), one can use the strategy improvementithgopresented in section 3
for computing the values and positional optimal strategdiéss is literally the same as
for liminf-payoff games. We get:

Theorem 6.1 Let G be a stochastic parity game. The values and positional @tim
strategies for both players can be computed using a strategyovement algorithm.
Each inner strategy improvement step can be done in @rj&|?) (w.r.t. the uniform
cost measure). The quantitative decision problem € N co—UP. a

Finally, we show that computing the values of stochastittpgames is at least as hard
as computing the values of stochastic liminf-payoff ganfé® values of a stochastic
liminf-payoff gameg can (by lemma 11) be characterized by the hierarchical syste
Hg of equations (see the definition in section 5). Let us asshatetP) C [0, 1] holds.
This precondition can be achieved in polynomial time bytsigfand scaling.. Now
one can set up a stochastic parity gaghsuch that the hierarchical systehty; (see
the definition in this section) which characterizes the galafG, and the hierarchical
systenfHg have the same canonical solution (besides additionalbdagi Thus, using
lemma 11 and lemma 12 we obtain the following result:

Theorem 6.2 Computing the values of stochastic liminf-payoff gameolgrmmial-
time reducible to computing the values of stochastic paétynes with at most differ-
ent ranks. a

Stochastic parity games are polynomial-time reduciblédotgastic mean-payoff games
[3]. The latter are polynomial-time equivalent to simplecdtastic games [12]. Since
stochastic liminf-payoff games generalize simple stottb@ames, computing the val-
ues of stochastic liminf-payoff games is in fact polynontiaie equivalent to comput-
ing the values of stochastic parity games.

7 Conclusion

We introduced hierarchical systems of stochastic equaiod presented a practical al-
gorithm for solving bounded hierarchical systems of stetiha&quations. The obtained
results could be applied to deterministic total-payoff garand stochastic liminf-payoff
games. We showed how to compute the values of as well as dstirategies for these
games through a reduction to hierarchical systems of sstichaquations — which
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results in practical strategy improvement algorithms.he tleterministic case, thie
player games can be solved in polynomial time. We also préivedthe quantitative
decision problems for theses games ardJiR N co—UP. As a by-product we ob-
tained that the problem of computing the values of stocbdistinf-payoff games is
polynomial-time reducible to the problem of computing tlaues of stochastic parity
games.
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