Given automaton ({a1,...,an},{q1, -, qm}, 5, F,0).

Consider variables X, for 1 <i<mnand Y forl <i<m.

X, denotes the positions in the input where a; occurs.
Y, denotes positions in the run where ¢; occurs.

The required formula ¢(X1,...,X,,) is

Y7 ... 3dY,,-

partition(Xq, ..., Xy,) A partition(Y1,...,Yy)
AV, esO €Y,

ANVZ(V (4.0 & € YiNT € Xj AS(2) € Xy
AV, es infinite(Y;).



partition(Zy, ..., Zk) =VT(Vicjcp(® € Zi) N N\1cjcp( € Zi =

/\j;éix ¢ Zj)).

infinite(X) =Vady(z <y ANy € X).

Hence all languages accepted by Biichi automata can be defined in S1S.



WS1S : weak monadic second order logic of one successor.
Same syntax as for S18S.

Same semantics, except that second order variables are interpreted as
finite subsets of N.

WS1S has the same expressive power as automata on finite words.



WSkS : weak monadic second order logic of k successors.
Terms now denote positions in a tree instead of in a linear sequence.

Terms are of the form

¢ (the empty string)

x,y, ... (first order variables)
t,... tk

Atomic formulas: t{ = to, t € X where X is a second order variable.

Logical connectives and quantifiers as usual.

Semantics: terms represent strings from {1,...,k}*. Second order
variables are interpreted as finite sets of such strings.



-XCY

Ve(re X =z €Y)

— Union: X =X;UX, = X{CXAX,CX
ANVz(xr e X = (x € Xy Ve Xy))

— Intersection:

X=X1NXo= XCXIAXCXoAVz(ze XiAx e Xog=>axe X)
— Emptiness: X =0 = VW CX=XCY)

— Partition(X, X1,...,X,) =
X=X1U...UXn/\/\i#inﬂXj:@

— The prefix ordering:
r<y = VX(yeXAMVz(Vi_,(zieX)=zeX)=>zeX)

— PrefixClosed(X) = VaVy(re X ANy<z=ye X)



Let ¢t € T'(X), and the maximal arity of the symbols in X = {f1,..., fn}
be k.

We encode ¢ as the tuple of sets C'(t) = (5, S¢,,...,S,) where Sy, is
the set of positions in ¢ which are labeled with f; and
S:Sfl U...Uan.

The term f(g(a), f(a,b)) is encoded as S = {¢,1,11,2, 21,22},
Sy ={e,2}, S, = {1}, S, = {11,21}, S, = {22}

Term(X,Xs,...,Xs,) = X #0APrefizClosed(X)
APartition(X, X¢,,..., Xy, )
k i
A Niz1 /\fj has arity (N1 Va(r € Xy, = 2l € X)
/\/\f:ile Ve(x € Xy, = 2l ¢ X))



Conversely given sets S1,...,5, C{1,...,k}* we interpret it as a tree.

The positions of this tree are

{e}U{pi | e U, Si,p<p,ie{l,...,k}}.
The symbol at position p is (a1, ..., a,) where
a; =1 iff p € S,

a; =0 iff p ¢ S; and p < q for some q € 5;

a; = L otherwise

(a1,...,a,) is a constant if each a; = L, otherwise it has arity k.

E.g. the tuple ({€,11},0,{11,22}) represents the tree

110

N

0.L0 110

/NN

111 1Lt 111 111

/N 7\

S I s e e IS 111 411



First perform some simplifications:

t1 = ut simplifies to ¢t = u

t1 = uy simplifies to L for i =£ j

t1 = e simplifies to L

x = ti simplifies to dy(z = yi Ay =t) (where ¢ is not a variable and y
is fresh)

t € X simplifies to dy(t =y Ay € X)

After repeated applications all atomic formulas are of the form x = ¢,

r=yiand r € X.



We introduce following atomic formulas:

-XCY

— X =Y (interpreted as: X and Y are singletons {x} and {y}, and
x = yi)

- X =c€

As in the case of S1S we eliminate all first order variables, using the

formula Singleton.

Finally all atomic formulas are of the form X C Y, X =Yi and X =e.



Automaton for X C Y, with final state ¢:

11 —q 00(¢,q) — ¢ L0(q,q9) — ¢
01(¢,q) — g 11(¢,q9) — ¢ L1(q,q9) — ¢

Automaton for X = Y1, with final state ¢”":
1Ll —q 11(q,q9) — ¢  01(¢',q) — ¢"
OO(q//, q) N q// OO(q, q//) N q//

Automaton for X = ¢ with final state ¢’:

1l —q 1(q,...,q9) = ¢



Boolean operations and quantifiers taken care of as usual.

Hence the language defined by a WSkS formula can be translated to

tree automata.

= WSKS is decidable.



Let ({f1,---sfnt,{q1,---sqm}, F,0) be the given automaton.
The required logical formula is

(X, Xp,...,Xp,)=3Y, ...3Y, -
Term(X,X¢,....,Xp, ) ANTerm(Y,Y,,,...,Y,,)

AVieo, €€Y,
AT Nies collz € Xp Az €Y

= (\/f(qil""’qis)_)qe /\j:]_ CCZ] 6 YC]ij ))



Program analysis

Prediction of run time behavior of programs.

Application: code optimization techniques used by compilers

X = =5;
A Program point | Values for X
while X < 0 do A {=5}
B B {-5,...,0}
A=A 41 C {—4,...,1}
C
D 1
. (1)

Some approximation is unavoidable.
Correct approximation: we overapproximate the set of values taken by a

variable at a program point.



L := cons(a, cons(b, nil));

X =g

A

while (L # nil) do
B
X := head(L)
C
L :=tail(L)
D

E

Point

Environments

L — a.b.nil, X — c]}
L — a.b.nil, X — (]

L +— bnil, X — a]
L+— a.bnil, X — a
L — b.nil, X +— b
L — b.nil, X — a]
L — nil, X D]
{[L — nil, X — 0]}




lgnore inter-variable dependencies.

A

A set variable like is used for the set of all possible values of

program variable X at program point A.

Set constraints are used to describe relationships between these

variables.

For statement

B
X := head(L)
C

we introduce constraints
C D) B
C ~1/,B
D consy (L7)

where cons;*(S) = {v; | cons(vi,v2) € S}



Solutions of set constraints are sets of trees.

Consider the constraints

2a

D f(f(X))

One possible solution is

— {a, fa), f(f(a)),.. .}

(The set of all terms)

Another one is

— {a, [(f(a)), F(F(f(f(a)))),.. .}

This is also the least solution (w.r.t set inclusion)

Our interest is in finding least solutions if they exist.



L := cons(a, cons(b, nil));

X =g

A

while (L # nil) do
B
X := head(L)
C

= tail(L)

D

E

D cons(a, cons(b, nil))
D L4 N nil

D LP Nnil

D LP

D consy H(LY)

D L4 N nil

D P Nnil

D cons; H(LP)




L := cons(a, cons(b, nil));

Xi=a L4 D cons(a,cons(b,nil)) | X+ Dec
véhile (L+nil)do | £ 2L 0nil e 24
B LB 2P nnil X8 DxP
X :=head(L) | LY DL X¢  Dconsyt(LP)
C LP D consy H(LY) xP Do xc
Li=tail(l) ) o 5 panp xE oA
> o L D LP Nnil xt  2>xPb
L4 {cons(a,cons(b,nil))} x4 = {c}
LB {cons(a,cons(b,nil)), cons(b,nil)} | X¥* +— {a,b,c}
£Y  +— {cons(a,cons(b,nil)), cons(b,nil)} | ¥ s {a,b}
LP w— {cons(b,nil), nil} xXP o {a,b}
L {nil} Xt —{a,b,c}




In general we have a set X of function symbols of fixed arities.

For each f € X of arity n, we also have the projection functions
—1 —1
fi{ o

Programs consist of assignment statements of the form X :=t together
with if-then and while-do statements.
(¢ is built from function symbols, projection symbols and program

variables.)

For each program variable X and program point A we have a set
variable . We generate constraints between the set variables
corresponding to the program statements.

A solution I of the constraints maps each variable X'“* to some set
I(x4) CT(%).

If variable X ever takes value z at point A, then = € I(X'*'). Hence we

are interested in the least solution 1.



Set constraints:

set expressions are of the form

(set variable), T, L, f(se1,...,se,), f;l(se), sey1 U seq, seq N ses

Given an interpretation [ such that I(.X') C T'(X), we define I(se) to be:

- I(X) if se =

-T(X) ifse=T

—Pifse= L

—{f(v1,...,vn) | v; € I(se;)} if se = f(seq,..
—{wv; | flur,...,v,) € I(se')} if se = f;*(s€)
— I(se1) U I(seq) if se = se; U seqy

— I(se1) N I(seq) if se = se; N sesy

Monotonicity property: if I; (X)) C I5(X) for all

., S€n)

then I (se) C I5(se).



We deal with set constraints of the form X DO se.

I is a model of this constraint, written I F ' C se, iff I(X) D I(se).

For a collection C of constraints,
TECIff I EX D seforeach (X D se) €C.

We write I; C I to mean I;(X) C I5(.t") for each

I N I5 denotes the interpretation I such that I(X) = I (X)) N I (X).

If 11, 15,..., are each models of C then by the monotonicity property
Iy NIsN...is a model of C. Hence C always has a least model.



another mechanism for describing tree

languages.

Tree automata are conveniently described using Horn clauses (Prolog

programs)

The clauses

Geven(O)
QG’Uen(S(x>) ~ C]odd(x)
QOdd(S(fC» <~ Qeven(x)

define the sets of even and odd numbers.



The general idea is to represent automata states using unary predicates
of first order logic.

We read atom P(t) as “tree t is accepted as state P".

Then clauses of the form P(f(x1,...,2,)) < Pi(x1) A ...\ Pp(xy)
conveniently represent the transitions of usual tree automata.

This clause corresponds to the fact that P € o(f, P1,..., P,).

More general clauses allow us to represent extensions of tree automata.



In general clauses are of the form P(t) <= Pi(t1) A ... A P, (t,).

This represents the fact that for any ground substitution o, if ;0 is
accepted at state P, for 1 < ¢ < n then to is accepted at state P.



We have seen clauses P(f(x1,...,2,)) < Pi(x1) A... A Py(zy)
(Call them pop clauses).

€ transitions are represented using clauses P;(z) < P (x).
(Call them e clauses).

If now we allow clauses of the form P(x) < Pi(x) A... A P,(z) we
obtain alternating tree automata.

(Call these clauses alternation clauses).



The other interesting kind of clauses is

These clauses destruct terms instead of constructing them. Call them
push clauses.

Adding these clauses to (alternating) tree automata produces
(alternating) two-way tree automata.

(Sometimes also called pushdown systems; but should be distinguished
from pushdown automata).

How expressive are these compared to ordinary tree automata?



