
Resolution Strategies as Decision Procedures 

W I L L I A M  H.  J O Y N E R  J R .  

IBM Thomas J Watson Research Center, Yorktown Hetghts, New York 

ABSTRACT. The resolution principle, an automatic inference technique, is studied as a possible decision 
procedure for certain classes of first-order formulas It is shown that  most previous resolution strategies 
do not decide satlsfiabihty even for "simple" solvable classes Two new resolution procedures are 
described and are shown to be complete (1 e semidecislon procedures) In the general case and, m 
addition, to be decision procedures for successively wider classes of first-order formulas These include 
many previously studied solvable classes The proofs that  a complete resolutmn procedure will always 
halt (without producing the empty clause) when apphed to satisfiable formulas in certain classes provide 
new, and in some cases more enlightening, demonstrations of the solvablhty of these classes A 
technique for constructing a model for a formula shown satisfiable in this way is also described 
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1. Introductmn 

M u c h  of  t h e  p r e v i o u s  r e s e a r c h  i n  a u t o m a t m  t h e o r e m  p r o v i n g  ( h e r e  t a k e n  to be  t h e  
s t u d y  of  a l g o r i t h m s  for  d e m o n s t r a t i n g  t h e  u n s a t i s f i a b i l i t y  of  f i r s t - o r d e r  f o r m u l a s )  h a s  
c e n t e r e d  on  t h e  r e s o l u t i o n  m e t h o d  of  J . A .  R o b i n s o n  [28]. T h i s  t e c h n i q u e  o p e r a t e s  on  a 
s e t  of  c l a u s e s  ( e a c h  a s e t  of  s i g n e d  a t o m i c  f o r m u l a s )  c o r r e s p o n d i n g  to a f o r m u l a  of  
f i r s t - o r d e r  logic.  T h e  m e t h o d  i s  a s e m i d e c l s i o n  p rocedure"  G i v e n  a n  u n s a t l s f i a b l e  
f o r m u l a ,  i t  is  g u a r a n t e e d  to  g e n e r a t e  t h e  e m p t y  c l ause ,  d e m o n s t r a t i n g  t h e  u n s a t i s f i a -  
b l h t y .  B y  w e l l - k n o w n  r e s u l t s  of  C h u r c h  [5] a n d  T u r l n g  [32], t h e r e  c a n  b e  no  general 
dec~swn procedure, w h i c h  w o u l d  d e m o n s t r a t e  t h e  s a t i s f i a b i h t y  or  u n s a t i s f i a b i h t y  of  
a n y  f i r s t - o r d e r  f o r m u l a  s u b m i t t e d .  T h e r e  a r e ,  h o w e v e r ,  w e l l - k n o w n  a n d  e a s i l y  speci-  
f ied  c l a s s e s  of f o r m u l a s ,  ca l l ed  solvable classes, for  w h i c h  t h e  q u e s t i o n  of  s a t i s f i a b f l i t y  
or  u n s a t i s f i a b i l i t y  c a n  b e  e f f ec t ive ly  dec ided;  m a n y  s o l v a b l e  a n d  u n s o l v a b l e  c l a s s e s  
h a v e  b e e n  e x t e n s i v e l y  i n v e s t i g a t e d .  

S i n c e  R o b i n s o n ' s  r e s u l t ,  m o s t  r e s e a r c h  i n  a u t o m a t m  t h e o r e m  p r o v i n g  h a s  b e e n  
c o n c e r n e d  w i t h  t h e  d e v e l o p m e n t  of  s t r a t e g i e s  for  r e s o l u t m n  w h i c h  m a i n t a i n  i t s  
c o m p l e t e n e s s  w h i l e  a t t e m p t i n g  to h a s t e n  t h e  p r o d u c t m n  of  t h e  e m p t y  c l a u s e  w h e n  
g i v e n  a n  u n s a t i s f i a b l e  f o r m u l a .  P e r f o r m a n c e  of  t h e s e  m e t h o d s  on  s a t i s f i a b l e  f o r m u l a s  
i s  r a r e l y  c o n s i d e r e d  ( p r e s u m a b l y  b e c a u s e  t h e y  c a n n o t  b e  g u a r a n t e e d  to h a l t  w h e n  
g i v e n  s u c h  s e t s  of  c l auses ) .  B u t  c o m p l e t e  r e s o l u t m n  p r o c e d u r e s  m a y  t e r m i n a t e  
w i t h o u t  g e n e r a t i n g  t h e  e m p t y  c l a u s e  b y  r e a c h i n g  a p o i n t  w h e n  no  n e w  c l a u s e s  a r e  
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generated; thin implies the satlsfiabflity of the input formula. This fact is used 
systematically below to develop new restnctmns on resolutmn which assure its 
completeness m the general case and make it a decismn procedure for a number of 
solvable classes 

Unrestricted resolution (the original techmque of Robinson) itself decides satisfia- 
bflity for certain classes. For example, formulas which have as matrix a conjunction 
of signed atomm formulas produce sets of clauses in which each clause is a singleton 
From such a set, resolutmn either will produce the empty clause immediately or be 
able to generate no clauses, and so will always terminate on a formula of this kind 
However, it is shown below that resolution, even using prevmus strategies, is not a 
decision procedure for most solvable classes We show that two factors must be 
controlled to assure a resolution-type decision procedure: the increase of nesting of 
functional terms m resolvents, and the increase in size of clauses. Llmitatmn of only 
one of these types of growth for a class of formulas and the completeness of a 
resolution procedure are not sufficmnt to assure the solvability of the class. 

The resolution decision procedures developed below are based on a p~evious tech- 
tuque, the A-ordering strategy of Kowalskl and Hayes [15], and are proved complete 
using their devine of semantic trees. A particular A-ordering is defined which limits 
the growth of functmnal nesting in resolvents where possible To limit the growth of 
the number of hterals in resolvents, a new technique called condensing IS introduced; 
this consists of replacing each clause generated by the smallest instance of the clause 
which subsumes it. 

Most previous decision procedures for solvable classes generate models for formulas 
which they demonstrate to be satisfiable. A method is given below for producing such 
a model (over the Herbrand universe) for a formula shown solvable by a resolution 
decision procedure, using a semantm tree and the finite set of clauses with which the 
procedure terminates. This is m a sense dual to previously developed methods of 
extracting proofs from resolution derivations of the empty clause [22] 

2 Rewew ofResolutmn Termtnology 

The terms which describe the resolution technique have often been used by different 
authors in different ways. This section clarifies certain terminology used below, and 
introduces a small amount of new notation. Some famlharity with first-order logic 
and resolution deduction IS assumed; for a more complete description of the method, 
see 14, 25, 28]. 

A first-order formula to be tested for unsatisfiabihty by resolution is first placed in 
prenex normal form, with its matrix in conjunctive normal form. Quantifiers are then 
deleted by replacing each existentially quantified variable by a term consisting of a 
new function symbol (a so-called Skolem functmn ) whose arguments are the univer- 
sally quantified variables preceding the existentially quantified variable in the 
prefix. The set of signed atomic formulas (called ltterals ) of each conjunct of this 
functional form is called a clause Here we let c(A), for any first-order formula A, be 
the set of clauses produced from A in this way. 

Resolution operates on a set of clauses by forming new clauses, called resolvents, 
from pairs of clauses. Though production of resolvents is often decomposed into the 
two operations of resolving and factoring (see [25]), we retain here the original 
definition of Robinson [28] The two clauses are first standardtzed apart by renaming 
the variables in each with new, distract variable names. If a set of atoms taken from 
positive literals m one clause and negative hterals in the other can be untried, or 
made to be a singleton set by a substitution of terms for variables, then a resolvent 
may be formed The hterals whose atoms are unified are the literals resolved upon, 
and the atom remaining in the singleton set after apphcatmn of the most general such 
umfying substitutmn ~s the resolved atom The resolvent of the two clauses is formed 
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by taking the union of all literals in the two clauses except those resolved upon, and 
applying this most general unifier. 

Using this original definition of resolvent, we define a more general notion of a 
resolution proof procedure than that  of Robinson. A function R from finite sets of 
clauses to finite sets of clauses is a resolution procedure if for a fimte set of clauses S, 
R(S) is some finite subset of the union of S and the set (m general infinite) of 
instances of resolvents of pairs of clauses m S. This differs from the standard 
definition in that instances of resolvents (formed in some specified way) may be 
included in R(S), rather than only the resolvents themselves Also, only certain 
resolvents need be retained in R(S). These features allow the specification of various 
resolution strategies within this framework, such as those used as decision proce- 
dures below. Also allowed by this definmon are procedures R such that some clauses 
in. S are not in R(S) (such as strategies in which tautologies or subsumed clauses are 
deleted [25]). Strategies such that S C R(S) will be called nondelet~ag. Robinson's 
original resolution method, in which all possible resolvents are formed, is a resolution 
procedure under this definition and will be denoted Ri. 

I f  R°(S) is defined as some (specific) finite set of instances of clauses in S (usually as 
the set S itself), and R"+t(S) as R(RffS)), then the applzcatlon of R to S is the 
construction of the finite sets of clauses R'(S) for z = 0, 1, ..- . The goal in this 
application is to produce the empty clause, written []. Any set of clauses containing [] 
is unsatisfiable, and if S is a satisfiable set of clauses then R(S) is satisfiable. (R is 
said to be sound. ) Therefore if [] E R"(S) for some n >- 0, S must be unsatlsfiable. 
When this condition occurs, the application of R is said to produce the empty clause 
from S; the apphcation then halts. If R produces the empty clause from any unsatlsfi- 
able set S, R is complete Tile completeness and soundness of a resolution procedure R 
are expressed by: 

[] E R~*(c(A)) for some n >- 0 ~-~ A is unsatisfiable. (2.1) 

Though various techniques have been used to prove completeness for resolution 
strategies, the one most useful below is the method of semantic trees used by 
Kowalski and Hayes {15], which is discussed in Section 3. 

The "normal operation" of a resolution procedure R to show a formula A unsatisfi- 
able is to apply R to c(A) until [] is produced. (To show that a formula A is valid, this 
operation is apphed to -TA.) As pointed out by Robinson [28], however, a complete 
resolution procedure may halt without producing [] by generating no new clauses at 
some resolution level, Le if R"(S) = R"+1(S) for some n. If we assume that  clauses 
that are variants (which differ only m the names of their variables) are not treated 
differently by R, then this halting condition can be weakened somewhat. Let us write 
S ~ T for sets of clauses S and T if every clause in S has a variant m T, and 
conversely. Then an application of resolution procedure R is said to halt w~thout 
producing the empty clause on S if R'~(S) ~ R ' " ( S )  and [] ~ R"(S) for some n -> O. If 
this condition occurs, then [] clearly can never be produced, for 

R,+~(S) = R(R,~÷~(S)) ~ R(R,~(S)) = R,,+,(S)~ Rn(S), 

and in general R'+~(S) ~ R'(S) for ~ = 1, 2, ..- Therefore i fR  is complete, S must be 
satisfiable: 
[For some n _> 0, (R"(c(A))  ~ R'(c(A)) 

and [] @ R"(c(A)))] --~ A is satisfiable (2.2) 

In what follows, we will exploit this manner of halting in a systematic way 

3. Semantic Trees 

The method of semantic trees used by Kowalskl and Hayes [15], who attribute it to 
Robinson [30], is used below not only to prove the completeness of resolution decision 
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procedures, but also m Section 10 to extract models of formulas shown satisfiable. 
Therefore we briefly describe the method here. Nllsson [25] provides a fuller explana- 
tion 

Let S be a fimte set of clauses. The Herbrand unwerse of S is the set (in general 
mfimte) of all ground terms (those with no variables) which can be constructed from 
the set of function symbols occurring in S, augmented by the constant a if no 
constants appear  The Herbrand base of S is the set of atoms constructed from the 
predicate symbols in S and the terms of the Herbrand universe. Let A~, A~, . . .  be 
some nonrepetitlve enumeration of the Herbrand base of S. The (binary) semanttc 
tree T corresponding to this enumeration is a binary tree (m general infinite) with 
elements of the enumeratmn and their  negatmns labeling the edges. The two edges 
leaving the root are labeled A~ and --TAt, and if either A, or ~A, labels the edge 
entering a node, then A,+ ~ and ~A,+ i label the two edges leaving that  node With each 
node of T is associated the asstgnment at that  node, which is the set of hterals  
labeling the edges from the root to the node The assignment at  the root is the empty 
set. 

A clause C in S fads at a node of T if the complement of every htera l  in some 
ground instance Co- of C is m the assignment at that  node. A node is afadure  node for 
S if some clause of S fails there but no clause of S fails higher in the tree (i.e. closer to 
the root). T is closed for S if there is a failure node for S on every branch of T. Note 
that  a closed tree can have only finitely many failure nodes, and (unless the root is a 
failure node) must have at  least one node, called an tnference node, both of whose sons 
are failure nodes. 

The method of proof of the completeness of a resolutmn procedure (such as Ri) using 
semantic trees rests on two facts: 

1. If S is unsatisfiable, every semantic tree T for S is closed for S. (Otherwise, a 
path with no failure nodes would determine a model for S ) 

2. The two clauses which fail immedmtely below an inference node form a resol- 
vent which fails a t  the reference node. (TMs is because the complementary l i tera lsA,  
and -~A, labehng the branches leawng an inference node must appear m the in- 
stances of the clauses failing below the node.) 

To prove Rz complete, we first note that  since S c_ R~(S), T can have no fewer 
failure nodes for S than for R,(S). But at least two failure nodes for S (those below an 
inference node) are not failure nodes for R~(S); the inference node itself, or some 
higher node, has replaced them So T has fewer failure nodes for R~(S) than for S. 
Repeated apphcations of R~ continue to reduce the number of failure nodes, with T 
always remaining closed. Eventual ly T must have one failure node for some RE(S}, 
which must be the root since T remains closed. But [] is the only clause failing at  the 
root, so [] ~ R~(S). 

In proving Rj to be complete in this way, any enumeratmn can be used to form the 
tree, since R, allows formation of all possible resolvents. Below we show the complete- 
ness of more restrictive resolution strategies by a more judicious choice of this 
enumeration. We will say tha t  a resolution procedure R is complete via semantic trees 
if R°(S) is unsatisfiable whenever S is, and, in addition, if for every set of clauses 
there ~s a semantic tree T (corresponding to some enumeration of its Herbrand base) 
such that  l fC and D are any two clauses which fail immediately below a node of T, 
then some clause m R({C, D}) fails at that  node. Kowalskl and Hayes m [15] 
essentially show that  a procedure complete via semantic trees is indeed a complete 
resolution procedure. 

4. The Dectston Problem 

By a well-known result  of Church [5] and Turmg [32], there can be no general 
dectston procedure for first-order logic; 1.e. there is no algori thm which will determine 



402 WILLIAM H. JOYNER JR. 

whether any given formula is satisfiable or unsatisfiable. Thus for no complete 
resolution procedure R can (2 2) above be an implication in both directions Because 
(2 1) holds, a complete resolution procedure is said to be a sem~decision procedure for 
first-order logic; i.e. it will always halt  and produce [] when applied to an unsatisfia- 
ble set of clauses, but may continue forever if given a satisfiable set. 

Because the halting condition in (2.2) cannot be guaranteed for every satisfiable A, 
most previous t reatments  of resolution strategies consider their performance on 
unsatisfiable formulas only. The goal of these strategies m most cases is to reduce the 
number  of resolvents which must  be generated from an unsatlsfiable set of clauses 
before [] is produced. The halting condition (2.2), if  tested for at all, occurs only 
accidentally. Below we investigate resolution strategies which are guaranteed to halt  
on sets of clauses with certain properties by using (2.2) in a systematm way. 

The decision problem (for saUsfiabllity) for an effectively specified class C of first- 
order formulas is the problem of finding an algorithm, called a decision procedure, 
which determines for each formula F in C whether or not F is satisfiable. C is 
solvable if it has a decision procedure, and unsolvable if not. The result of Church and 
Turing mentmned above is thus that  the class of all first-order formulas is unsolvable. 

Many solvable classes of first-order formulas, usually specified by simple syntactic 
features, have been studied in detail by logicians [2, 8, 9]. A number  of them which 
will be considered in the following sections are listed m Table I. These are all subsets 
of the pure first-order predicate calculus, containing only formulas without function 
symbols and without equality. They are specified by the t ruth  functional structure of 
the formulas, the form of the prefix in prenex normal form, the number  of distinct 
arguments  allowed for predicate letters, or a combination of these features. Here V* 
or 3* is used to denote a string of any number  (possibly zero) of universal or 
existential quantifiers, respectively. Much of the terminology used in the description 
of these classes is taken from the work of Dreben and Goldfarb [8]. 

Several of the classes in Table I are maximal solvable classes in some sense. 
Lowenhelm, who showed the solvabihty of the monadlc class m 1915, also showed at 
the same t ime that  the addition of a single dyadic predicate symbol produced a 
reduction class (one whose solvability would yield a general decision procedure) [20]. 
The extension of the Herbrand class [10] to a matrix having a conjunction of binary 
disjunctmns of literals (a so-called Krom matrix ) was shown unsolvable by Orevkov 
in 1969 [26] and independently by Krom m 1970 [17]. The three prefix classes 3, 4, and 
5 in the table are the only solvable classes specified by prefix alone. Their only 
possible prefix extensmns are reduction classes: VVV3 (shown by Sur~inyi in 1943 [31]) 
and V3V (shown by Kahr,  Moore, and Wang m 1962 [13]). The solvable extended 
Skolem class [7] has several solvable extensions; the simplest of these is the class with 
the same prefix of 6 in the table, such that  for some fixed no -< n, (iii) becomes: 

(iii') all ofy~, • • . ,  Y~o but none ofy,,o+,, • • -, y~. 
Note that  the definition of the extended Skolem class includes the Ackermann and 
Godel classes. Also, the Godel class in a sense contains the Ackermann, since the 

TABLE I SoMz SOLVABLZ CL~,SSZS 

1 Monadlc 
2. Herbrand 
3 Bernays-Schonfinkel 
4. Ackermann 
5 Godel 
6 Extended Skolem 

7 Maslov 

Only one place predicate le t ters  appear 
Matrtx a conjunctton of h te ra l s  
Prefix 3*V* 
Prefix 3"V3" 
Prefix 3 " ~ 3 "  
Prefix 3zl 3zpVy, Vy~3.~, • 3x~, and such tha t  each atomm 

component of the ma t r ix  has  among i ts  a rguments  e t ther  (l) a t  
leas t  one of the x .  or (n) a t  most  one o'f the y .  or (ill) all  of y,, , 

Y~ 
Prefix 3 " V ' 3 "  and mat r ix  a conJunction of b inary  disJunctions of 

hterals 
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addition of a vacuous universal quantifier to an Ackermann formula produces an 
equivalent in the Godel class. 

The classes of Table I are by no means all of the solvable classes which have been 
studied More complicated combinations of syntactic features produce more and more 
classes, some dfwhich have been shown solvable. The literature on unsolvable classes 
and reductions of the decision problem is even greater. 

5 Resolutmn Decision Procedures 

Several authors have developed methods for systematically treating many of the 
solvable classes mentioned above; among these are the method of decision tables [9], 
the amenability method [8], and the inverse method [24]. The inverse method is 
claimed by Maslov to provide a decision procedure for a wide range of solvable classes, 
though the descriptions of the method and of its use as a decision procedure are 
obscure. In this section a way in which the resolution method can be refined to make 
it a decision procedure for certain classes is descmbed. 

Although resolution Is one of the most widely studied complete refutation proce- 
dures for first-order logic, and many strategies aimed at improving its efficiency have 
been developed, little of this investigation has centered on the possibilities of resolu- 
tion as a decision procedure. Kalhck [14] did develop a resolution procedure, based on 
Friedman's algorithm [9], which was a decision procedure for the prefix class VV3, a 
subset of the Godel class of Table I. However, this algorithm was specialized to accept 
only formulas of this form (i.e. it was not a semldecision procedure for the general 
case), and it was not immediately extendable to other solvable classes. Our aim below 
is to produce a resolution strategy which is complete on the general case, is a decision 
procedure for a number of solvable classes, and provides some insight into the reasons 
for the solvabihty of those classes. 

Recalling (2.1) and (2.2) above, we define a resolution deczsmn procedure for an 
effectively specified class C of first-order formulas to be a complete resolution proce- 
dure R such that 

[F ~ C & F satmfiable] -o [RP(c(F)) ~ Rp+1(c(F)) for some p -> 0]. (5.1) 

Note that a resolution decision procedure for a class C will always halt when applied 
to a formula in C, either by generating [] (from an unsatisfiable formula) or by failing 
to generate any (essentially) new clauses at some level p (for a satisfiable formula). 
Thus a resolution decision procedure is a decision procedure as defined in Section 4. 
But since a resolution decision procedure is required to be complete, such a procedure 
has the stronger property of being (in addition) a semidecision procedure for the class 
of all formulas Also note that, unlike some previous decision methods, a resolution 
decision procedure R need not be given the information that a formulaF submitted to 
it is in C to assure that it will halt when applied to c(F); R will simply compute 
R°(c(F)), RI(c(F)), • • • until one of the two halting conditions occurs. 

It is natural now to ask whether the unrestricted resolution method of Robinson, 
and previous resolution strategies, are decision procedures for any of the classes of 
Table I. It was pointed out in Section i that any resolution procedure will always halt 
when applied to a formula of the Herbrand class, whmh generates a set of unit, or one- 
literal, clauses. Most other known solvable classes (including all of the other classes 
listed above), however, are characterized by criteria other than their truth-functional 
structure. For these classes, unrestricted resolutmn is not a decismn procedure. 

As an example for some of the classes of the table, consider the following satisfiable 
formula: 

F = Vx3y((P(x) k/P(Y)) & (-~P(x) k / ~  P(Y))) (5.2) 

This formula is a member of the monadic class, the Ackermann class, and the Maslov 
class, and, by extensmn, of the Godel class and the extended Skolem class. Now c(F) 
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= {{P(x), P(flx))}, {~P(x), -~P(~x))}}. If  R, is applied to c(F), the clauses {P(x), 
P(f(flx)))}, {P(x), P(fif(f(x))))}, • • . ,  {P(x), P ( f . .  -f(x)..-)}, - . -  are resolvents produced 
at  successive levels of resolution. Since none of these clauses is a var iant  of a clause 
previously generated, R~ will not halt  when applied to c(F), and thus it is not a 
decision procedure for the solvable classes of which it is a member.  Such previous 
resolution strategms as P,-resolution [29], resolutmn with merging [3], linear resolu- 
tion [19, 21], and S-L resolution (with any selection function) [16] also generate these 
clauses, and hence they are not decision procedures for these simple solvable classes. 

Now consider the satisfiable formula 

E = Vx,Vx2Vx3((P(xl, x2) V Q(x2, x3) V R(xD x3)) & 
(mR(x1, x2) V Q(x~, x3) V ~P(xl, x3))) (5.3) 

of the Bernays-Schonfinkel class. If R, is applied to 

c(E) = {{ P(x,, x~), Q(x~, x~), R(x,, x~)}, {~R(y,, y~), Q(y2, y:~), ~P(y~, y3)}}, 

clauses of the form 

{P(x,, x2), Q(x~, x~), "." , Q ( x , , ,  x,), R(x,, x,,)}, n = 5, 7, 9, " "  , 

are generated at successive levels. Thus R, and, with some modffication of the 
formula, several of the strategies mentioned above are not decision procedures for the 
Bernays-Schonfinkel class. 

These examples illustrate the two factors which prevent resolution strategies from 
being decision procedures for solvable classes. Apphcation of resolution to (5.2) shows 
growth ~n nesting, in which terms of increasingly greater  functional height appear m 
the generated clauses. Note tha t  in this example, clause size, m terms of number  of 
literals, remains bounded by two at all levels. The clauses generated from (5.3) 
illustrate growth in size: Clauses with more and more literals are produced (al- 
though, in this example, no growth in nesting occurs). 

Since formulas (5.2) and (5.3) are m several solvable classes, these examples 
indicate that  limitation of only one of the types of growth by a complete resolution 
procedure for a certain class is not sufficmnt to make that  method a resolution 
decision procedure for tha t  class. However, all clauses generated by resolution from a 
set of clauses S are made up only of variables and the finite set of predmate symbols 
and Skolem function symbols occurring in S Therefore if both types of growth are 
limited for all formulas F in a class C by a complete resolution procedure R, then at 
some levelp + 1 of the application of R to c(F), only variants  of clauses in RP(c(F)) wall 
be generated. Thus Rp+'(c(F)) ~ R~(c(F)), and R must  be a resolution decision 
procedure for C. 

The strategy of the proofs tha t  the resolution procedures R2 and R3 below are 
decision procedures for various classes consists of showing tha t  bounds on growth in 
nesting and growth in size can be computed from the formulas F to which the 
resolution methods are applied. In most cases these bounds are constant over a class 
or are based on simple syntactic propertms of the formulas. Note that  this does not 
mean that  these bounds need to be computed in order to apply these decision 
procedures to formulas; their existence is used only in the proofs that  the procedures 
will always hal t  when applied to sets of clauses c(F). 

One might  suspect tha t  if  a bound on only one of growth in nesting or growth in size 
could be shown to hold for a complete resolution procedure R with respect to a class C, 
then C would be solvable (even though R might not be a decision procedure for it). 
However, this is not the case; below we exhibit unsolvable classes for which fimte 
nesting limits and finite size limits exist with respect to complete resolution proce- 
dures. 
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6. A-Order~ngs 

In def ining the  resolut ion  decision procedures  below, we use two techniques  to 
a t t emp t  to l imi t  the  two types  of growth  ment ioned  in Section 5. To provide a nes t ing  
rest r ic t ion,  the  A-ordering s t r a t egy  of Kowalsk i  and  Hayes  [15] is used; a pa r t i cu l a r  
A-order  which l imi t s  growth m nes t ing  for formulas  m severa l  solvable  classes m 
defined. A new technique  of s impl i fy ing  clauses,  called condensing, will be def ined in  
the next  section as  an  a t t e m p t  to l imi t  c lause s~ze. 

An  A-ordertng < ,  is an i r ref lexive  and t r ans i t ive  b ina ry  re la t ion  on a tomic  
formulas  such t ha t  (a) for any  set  of clauses,  < ,  is compat ib le  wi th  some enumera t i on  
of i ts He rb rand  base  (this means  t ha t  there  is some e n u m e r a t i o n  Ai ,  A2, "'" of the  
base such t ha t  ifA~ <~, A,,  then  ~ < j ) ;  and  (b) i f A  < ,  B, t hen  A #  < ,  BO for any  
subs t i tu t ion  0. 

(In the i r  or ig ina l  defini t ion,  Kowalsk i  and  Hayes  omit  (a), though  i t  is necessary  to 
the i r  proof For  example ,  i f a  se t  of c lauses  contains  only the  monadic  p red ica te  le t te rs  
P and Q, the  o rder ing  <~ defined by P(t) <q Q(u) for al l  t e rms  t and  u obeys (b) bu t  
not (a) for an m f i m t e  H e r b r a n d  umverse . )  

If  <,, is a b ina ry  re la t ion  on atoms,  a resolvent  E of c lauses  C and D wi th  resolved 
a t o m L  will  be sa id  to obey the <,~ restr~ctmn if  the re  is no a tom M occurr ing in E such 
t h a t  L < ,  M. The  reso lu t ion  p rocedure  R<,, cor responding  to <~ is def ined  by: 

R°<,,(S) = S,  R<,(S) -- S U {E I E is a r e so lven t  of C, D 
E S  obey ing  the  <a-res t r ic t ion}.  

Kowalsk i  and  Hayes  show tha t  R<o for an  A-order ing  < ,  is complete  via  s eman t i c  
t rees  by us ing  the  enumera t ion  compat ib le  with <,, (see (a) above) to gene ra t e  the  
tree.  

Often, the  functmnal  height of t e rms  occurr ing in a toms  Is used in  cons t ruc t ing  
enumera t ions  for semant i c  t rees.  Here  we le t  the  he igh t  of a ~ n s t a n t  or va r i ab le  be 1, 
the  he igh t  of a t e rm  ~t l ,  " " ,  t~) be one more t h a n  the  m a x i m u m  of the  he igh t s  of  tl, 
• " ,  tn, and  the  he igh t  of an  a tom be the  m a x i m u m  of the  he igh ts  of i t s  a rgumen t s .  

We now define a pa r t i cu l a r  A-order ing  designed to res t r ic t  g rowth  in funct ional  
nest ing.  This o rder ing  is mot iva ted  by a desire  to remove a toms  wi th  h ighe r  func- 
t ional  nes t ing  f i rs t  (by reso lwng  upon them)  before the  nes t ing  increases  fu r the r  
because  of subs t i tu t ion .  F i r s t ,  an  order ing  <1 on t e rms  is defined. 

We say t e rms  r and  s are s tmdar  if  t hey  differ only in the i r  (outermost)  function 
symbols.  Te rm r will  be said to dominate  t e rm s if r = f(tl, " " ,  t,~), s = g(tl, " " ,  t,,~), 
and 0 <- m < n. Then r <1 s i f  e i the r  (1) r occurs in s, (2) r is domina ted  by s, or  (3) a 
t e rm u which domina tes  r or is s im i l a r  to r occurs in s. 

LEMMA 6.1 Relatton <1 on terms zs trreflexwe, transttwe, and  preserved under  
substttution. 

PROOF. <1 is c lear ly  i r ref lexive,  since a t e rm cannot  occur in  itself,  cannot  be 
domina ted  by itself,  and  cannot  be domina ted  by or be s imi l a r  to a t e rm  which  occurs 
in itself. < ~ is p reserved  under  subs t i tu t ion ,  since if  r < 1 s by (1), (2), or  (3), t hen  r~ < 1 
sO by (1), (2), or (3), respect ively ,  for any  subs t i tu t ion  #. <1 is t r ans i t ive ,  s ince 
considera tmn of the  var ious  cases shows that :  

i f r  <~ s by (1) a n d s  <~ t by (1), (2), or (3), then  r <~ t by (1); 
i f r  <1 s by (2) and  s <~ t by (2), then  r <~ t by (2); 
i f r  <~ s by (2) and  s <~ t by (1) or (3), then  r <~ t by (3); 
f i r  <1 s by (3) and  s <~ t by (1), (2), or (3), then  r <~ t by (3). • 

<2 is defined on a toms  A and  B by le t t ing  A <~ B if  and  only i f  t h e r e  is some 
a r g u m e n t  u of B such tha t  for each a r g u m e n t  t of  A ,  t <~ u. 

THEOREM 6.2. <~ is an A-ordering.  
PROOF. The l r re f lex iv i ty  and p rese rva t ion  under  subs t i tu t ion  of <2 follow from the  

same proper t ies  of <1. For  t r ans i t i v i t y ,  le t  A <2 B and  B <e C,  and  le t  t be any  
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argument of atom A. Then since A < :  B, there is some argument u of B such that t <~ 
u. But since B <5 C, there must be some argument v of C such that u <~ v, and by 
transitivity of <~, t <1 v. HenceA <2 C. 

To show that there is an enumeration of the Herbrand base of any set of clauses 
compatible with <5 in the sense of (a) above, we note that  ifA <2 B for ground atoms 
A and B, then the height of A must be less than or equal to the height ofB. Thus the 
enumeration of the Herbrand base, in which atoms smaller in height precede those 
greater in height, and in which the finite sets of atoms of the same height are ordered 
by <2 If possible and otherwise lexicographically (which is possible because of the 
lrreflexivity and transitivity of <2), is the desired enumeration. • 

Examples .  a <~ f(x), x <1 ~x), ~x) <1 g(x, y), P(x, f(x)) <~ Q(g(x, y)). 
Given clauses C = {P(x, [(x)), Q(g(x, y))} and D = {P(u, v), -1Q(w)}, their resolvent E 

= {P(x, I~x)), P(u, v)} obeys the <5 restriction, but resolvent F -- {Q(g(x, y)), Q(w)} 
does not. 

7 Condenstng 

In addition to restrictions on growth in nesting (via A-ordering and some modifica- 
tions of it), limits on growth in clause size must be provided to assure a decision 
procedure. To do this we introduce the notion of condensing,  in which we try to 
collapse as many hterals in a clause as possible by a substitution. 

We define the condensatwn of a clause to be the smallest subset of the clause which 
is also an instance of it. Though one can effectively determine for any subset of a 
clause whether it IS an instance, it is not obvious that a unique condensation always 
exists But uniqueness up to variants can be established: 

THEOREM 7.1 A n y  two condensattons o f  a clause are vartants.  
PROOF Let A01 C A and A02 C A be condensations of A. Now A0102 C A02 C A .  

But A0102 cannot have fewer hterals than A05, for then A05 would not be a condensa- 
tion. So AO~02 = A02. Similarly A0501 = A01. Thus AO~ and A02 are variants. • 

A condensatmn of a clause may be produced by examining all subsets of it to 
determine if they are instances, or by successively unifying pairs of hterals in a clause 
until no clause which is a variant of a subset of the clause can be produced. For our 
purposes it is sufficient to note that there is an algorithm which produces a certain 
condensation (or a variant of it), which will be called the condensation. A clause 
which is its own condensation will be called condensed. 

Examples  If  C = {Q(x), Q(f(a)))}, its condensation is {Q(f(a))}. 
Clause D = {P(w, x), P(x, y), P(y, z)} is condensed. 

We now define cond(S) for a set of clauses S as the set which results from S when 
each clause is replaced by its condensation, and use this to define a resolution 
procedure. If  R is any resolution procedure, Rco,,~ IS the procedure which is like R 
except that each initial clause and generated resolvent is replaced by its condensa- 
tion: 

R~o~,~(S) = cond(R°(S)), Rco,~d(S) = S U cond(R(S) - S). 

Rco~, is a resolution procedure under our general definition which allows specific 
Instances of resolvents to be formed in computing Rcond(S). 

Condensation is compatible with certain resolution procedures m the following 
sense: 

THEOREM 7.2. I f  R ~s a resolutmn procedure which  ~s complete vta semant tc  trees, 
then Rcond ts complete. 

PROOF. First, note that If R°(S) is unsatisfiable, then R~°on~ = cond(R°(S)) is 
unsatisfiable since cond(R°(S)) contains a subset of every member of R°(S). If  R is 
complete via semantic trees, then there is a semantic tree T for any set of clauses such 
that if C and D fail immediately below a node w of T, but no higher, then some 
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resolvent of C and D produced by R fails at w. But by the definition of failure, the 
condensatmns C' and D'  of C and D must also fail below w, since they are subsets of C 
and D. Therefore by the completeness of R wa semantw trees, some resolvent E ofC' 
and D'  produced by R must fail at w. But the condensatmn E '  of E, produced by Rco~, 
also fails at w. Thus R~o,,~ is complete via semantic trees, and hence complete. , 

In Section 8 we use both A-ordering and condensation to produce a resolution 
decision procedure. 

8. Resolution Deczsmn Procedure Rz 

In this section we consider the resolution procedure R2 = R ...... ~, whwh is complete 
by the results of Sections 6 and 7 This procedure is shown below to be a decision 
procedure for some of the "simpler" solvable classes: the monadic predicate calculus 
and the Ackermann class (prefix 3*VB*) In proving thin we show that for each 
formula F m such classes, there exist 

(1) A nesttng hmtt g such that no clause in R~(c(F)) for any p -> 0 has terms of 
height greater thang,  and (2) a stze limit s such that no clause in R~ (c(F)) for anyp  -> 
0 has more than s literals. 

If such hmits can be computed for each formula F m a class C, then R¢ is a decision 
procedure for C: Since the literals m each level l~(c(F)) are made up only of variables 
and the finite set of predicate and function symbols in c(F), only a fimte number of 
nonvariant clauses exist w~thin the limits g and s. Therefore i fF  is satisfiable, there 
must be ap  >- 0 such that all clauses generated after levelp are variants of previously 
generated clauses. Then P,~(c(F)) ~ l~+l(c(F)), R will halt  without generating [], 
and F will be shown satisfiable. 

Note carefully that this does not mean that nesting or size limits need be the same 
for all formulas in a class, nor that the limits must be computed for each formula to 
which 1~ ~s to be apphed. It is only necessary that we show that such limits exist. 
Having shown thin, we may then apply R2 to any satisfiable formula in a class C and 
be assured that it will halt at some level. (And since R¢ is complete, we are assured 
that it will produce [] given any unsatisfiable formula.) 

The nesting limit which we shall show for each of the classes discussed below is two. 
That is, we show that no nesting of function symbols can take place; the only 
arguments to functmn symbols ~vill be varmbles and constants (Note that this is true 
of the initial clauses because these are classes of pure formulas; the only functions 
appearing in the clause representation are Skolem functions.) To show that a size 
limit exists given this nesting limit, we prove that only a finite number of condensed, 
nonvarmnt clauses with height of hterals two or less can be formed by Re. 

To aid in establishing a size limit, clauses are partitioned (for purposes of the proof 
only) into blocks w~th common variables. The v-partttmn of a clause Is a partition 
such that (a) all the ground hterals are in a single block (called the ground block) 
containing only ground hterals; (b) no two blocks share varmbles; (c) no refinement of 
the partitmn obeys (a) and (b) Given a nesting limit, a size limit for condensed 
clauses may be established by showing that the size of a block of the v-partitmn is 
bounded. Then any clause having more than some number of blocks must have two 
blocks which are variants, and will not be condensed. 

Our technique m proving that a class C has nesting and size hmlts with respect to 
R2 (or the procedure R3 introduced in Section 9) involves defining certain properties of 
clauses and proving things about them. A property K of clauses is an acceptable 
property ff it obeys these conditions: 

(a) If K holds for a clause, it holds for any varmnt or subset. 
(b) If K holds for two clauses sharing no varmbles, it holds for their union. 
(c) Given a finite set of predicate and functmn symbols, only a fimte number of 

nonvariant condensed clauses obeying K can be constructed. 
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To show that R~ is a decision procedure for a class C, then, we need to: 
(1) Define an acceptable property K. 
(2) Prove that all clauses in c(F) for any formula F in C obey K. 
(3) Prove that any resolvent of clauses obeying K which is permitted by R2 also 

obeys K. 
Part  (3) can be simplified even further A resolvent is a subset of an instance (under 
the unifying substitution) of the union of variants of two clauses. Moreover, the 
unifying substituhon may be obtained by successively unifying pairs of atoms. Note 
also that if L <2 M, then L and M cannot unify, since this would contradict the 
lrreflexivity of <2 Therefore, considering these facts, the definition of acceptable 
property, and the notion of A-ordering, it is sufficmnt to replace (3) by" 

(3') Prove that if clause C with literals L and M obeys K, and L and M unify with 
most general unifier 0 such that there is no atom N m C such that LO = MO <~ NO, 
then CO obeys K. 

To illustrate the way in which these demonstrations are carried out, one proof that 
R~ is a decismn procedure for a class will be given in detail. For the other solvable 
classes, the acceptable property for that class will be defined, with details of the proof 
(which appear in [11]) left to the reader. 

THEOREM 8.1 R2 ~s a resolution dec~smn procedure for the A c k e r m a n n  class 
3"V3". 

PROOF. Let F be a formula with prefix 3'nV3 ", and let al, "'" , a,,, be the constants 
and f~, ... , f, be the monadlc function symbols occurring in c(F). 

The property A C K  whwh we define for clauses coming from this class is that (1) no 
literal of height greater than two appears; (ii) exactly one variable occurs in each 
nonground block of the v-partition; and (iii) each argument of each literal in a 
nonground block with variable v is m {al, ' "  , a,n, v, fl (v), "'" , fn(v)}. 

Inspection shows that A C K  is acceptable. It provides a nesting hmit of two, and 
provides a size hmlt because the number of hterals whmh can appear m a single block 
of the v-partition of a clause obeying A C K  is the finite number of literals constructible 
from k predicate symbols, rn + n function symbols, and one variable. This is given 
by 2~=1 (m + n + 1) a~g~P,~ -< 2k(m + n + 1)% where deg(P~) is the degree of the zth 
predicate symbol and q is the maximum degree of the predicate symbols appearing 

Now, since only one universal quantifier appears in the prefix of F, only one 
variable can appear in c(F). So all clauses of c(F) must obey A C K  Moreover, since 
only monadlc function symbols appear, no more than one varmble can ever occur in a 
literal (although by standardization apart and umficatmn, clauses with more than 
one variable can be produced). Also, ff a term /~(v) occurs as an argument to a 
predicate symbol in a literal (which must be an instance of a literal in c(F)), no term 
of the form f~(ak) can also occur. Therefore all clauses produced by R~ from c(F) obey 
(ii) and (iii) of A C K .  Now it is only necessary to show that, consistent with <2, no 
unification of two atoms of a clause obeying A C K  can increase functional nesting. 

Suppose that in the umfication of L and M by substitutmn o- in clause C obeying 
A C K ,  growth in nesting were to occur. Then one literal, say L, would have to have a 
variable v as argument, the corresponding term of M would have to be of the form 
f~(t), t another variable or constant, and a term f,(v) would have to appear either in L 
or some other atom. But if f,(v) did occur m another a tomN in C, then some term fk(v) 
would have to be an argument to L. Otherwise, because C obeys A C K ,  L <2 N and L a  
<2 No-, violating the restrictmn of <2 imposed in (3'). So L must have an argument 
fk(v) But then the unification of L and M cannot take place, because the only 
possibflitms for the corresponding argument positron m M (indicated by ? m Figure 1) 
are t, some fp(t), or a constant, and none of these can unify with f ~ ( t ) ) .  Thus no 
nesting can be produced. , 

The monadic class is also decided by R~. The argument for a limit to clause size is 
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shgh t ly  more difficult,  bu t  the  e s t ab l i shmen t  of the  nes t ing  l imi t  is s im i l a r  to 
Theorem 8.1. 

THEOREM 8.2 R~ is a resolution decision procedure for the monadic class. 
Thin theorem ~s proved us ing  the  acceptable  proper ty  MON. 
M O N  is defined for clauses from a formula  F with n un ive rsa l  quant i f i e r s  as  

follows: (i) no l i t e ra l  of he igh t  g rea te r  t han  two appears ,  (fi) each block of the  v- 
par t i t ion  has  a t  most  n var iables ;  and  (ifi) the  var iab les  of each nonground  block can 
be l i s ted  v,, . - .  , v,,, m <- n, such t ha t  the  a rgumen t s  of al l  l i t e ra l s  of the  block are  
e i ther  constants ,  among  the v,, . . .  , v,,. or of the  form flv,, . . .  , v~), 1 -<j -~ rn (I.e. the  
hs t  of a rgumen t s  of each function symbol  ~s an in i t i a l  s egment  of v,, . ' .  , Vm). 

If  growth m nes t ing  were to occur, the  s i tua t ion  shown m F igure  2 would have  to 
obtain; as m the  case shown m F igu re  1, th is  s i tua tmn viola tes  the  condi tmns imposed 
D y ~ 2 ,  

Note tha t  i f  R~ is appl ied  to the  set  of two clauses  gene ra t ed  from the  sa t i s f iab le  
formula  (5 2) m Section 5, which is m both the  A c k e r m a n n  class and  the  monadlc  
class, the  formula  F is shown sat isf iable .  

I~(e(F)) = {{P(x), P(flx))}, {~P(x), ~P(f(x))}}, 
I~(c(F)) = R~ (c(F)) U {{P(x),~P(x))}}, 
l~(c(F))  ~ R~ (c(F)). 

Though Re can be shown to decide sa tmf iab ih ty  for a few other  less-known classes 
(see I l l ] ) ,  a questmn which armes at  this  point  is whe the r  R, decides the  Godel class 
(prefix 3*VV3*), a na tu r a l  and  s lmple  extens ion of the  A c k e r m a n n  class Unfortu-  
na te ly  i t  does not, as the  following example  from tha t  class shows. 

Let  

G = BzVxVyBw(~P(w,  z) & (Q(x, y) ~/P(x,  z)) & (-~Q(x, w) V ~P(w ,  y))). (8.1) 

G is a sa t i s f iable  formula  of the  Godel class, and also of the  Maslov class,  since each 
conjunct is a t  most  a b ina ry  dis junct ion c(G) is {D j, De, D3}, where  

D, = {~P(flx, y), a)}, D2 = {Q(x, y), P(x, a)}, D~ = {~Q(x, f(x, y)),~P(f(x,  y), y)} 

Now for each n, Re admi t s  a de r iva t ion  of a c lause C2~+, of the  form shown in 
F igure  3 

Since an unbounded  n u m b e r  of c lauses  Cz,~+, will be gene ra t ed  from c(G) by IRz (and 
are  not  va r i an t s  of ea r l i e r  clauses),  Re is not  a decmion procedure  for the  Godel  
class (or i ts  extensions)  or for the  Maslov class In fact, to avoid the  product ion of 
th is  der iva tmn,  an A-order ing  <~ would have  to be such t h a t  P(t, a) <~ Q(t, y) or 
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P(f( t ,  y), y) <a Q(t ,  l i t ,  y)). But by substitutions, the argument sets of the atoms on 
either side of<a can be made identical, and < ,  must be preserved under substitution. 
Thus any A-ordering would have to take advantage of the names of predicate symbols 
or the order of their arguments. But then a simdar example, with predicate symbols 
and order of arguments reversed, would defeat R<~. So no resolution procedure using 
only A-ordering and condensing can be a demslon procedure for the Godel class or the 
Maslov class. 

9. R e s o l u t i o n  D e c z s w n  Procedure  R~ 

As a first step toward developing a resolution procedure which does decide satlsfiabil- 
ity for the Godel class, consider again the failure of 11.2 when applied to formula (8.1) 
above. The problem with this example is that a literal P(x ,  a) which has only one 
argument in addition to constants is resolved upon, whale a hteral Q(x,  y) in the same 
clause whwh has x among its arguments but also has other nonconstant arguments is 
not resolved upon. This produces the literal Q(f(wl ,  w2),wa), whmh remains in the 
resolvent. The presence of w3 as an argument in thin hteral is used (in Figures 3 and 
4) to absorb functional arguments and cause nesting 

If literals such as Q(f(w~, w2),w3), in whmh terms of height greater than one appear 
along with variables which are not arguments of such terms, could be avoided and 
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completeness could be preserved, a resolution decision procedure for the Godel class 
(and its extensions) could be produced As example (8.1) shows, this cannot  be done 
via A-ordering alone. We now introduce a resolution procedure which extends the A- 
ordering technique and, again,  we rely for the proof of its completeness on a special 
ordering of the Herbrand base for a semantm tree. 

Here, we will call a l i teral essenttally monadtc if  it  has only one a r g u m e n t  which is 
not a constant; it is essential ly monadic on that  a rgument .  A li teral  is argumenta l  if  
it has some a rgumen t  t = f(tl, "'" , t,,) such tha t  each of its other a rgumen t s  is t, is 
s imilar  to t, is one of the tl, "'" , tn, or is a constant;  the l i teral  is a rgumen ta l  on t We 
will call a literal s imple  i f  for some sequence vl, . . .  , vn of var iables  and constants ,  all 
i ts a rgumen t s  are variables,  constants,  or of the form f(v, ,  . . .  , Vn) (I.e. all  funct ional  
terms are of height  at  most two and have the same sequence of var iables  and 
constants  as arguments) .  Literals  which are both simple and essential ly monadic  or 
simple and a rgumen ta l  will be called s imply  monadtc or s imply  argumental ,  respec- 
tively. 

In  the above example from the Godel class, resolved atom P ~ w ~ ,  w2),a) is s imply 
monadm on f(w~ ,w2). Literal  Q(f(w ~w,), w:~) is ne i ther  simple, a rgumenta l ,  nor  essen- 
t ial ly monadic because of the presence of w3. In the resolut ion decision procedure 
described below, which decides the Godel class, each resolvent  conta in ing  such 
nona rgumen ta l  h tera ls  is replaced by a fimte set of instances of it  in  which all l i terals  
of height  greater  than  one are a rgumenta l .  We now define the way in  whmh such sets 
of instances are constructed. 

Let K be a set of function symbols, and let E be a resolvent  of two clauses C and D 
obeying the <z restriction, with resolved atom P We define O(E,P,K) as follows: 

(1) I fP  is simply monadlc on t, let Q be the first simple htera l  m E ,  in  lexlcographic 
order, which has a term u which is t or ~s s imilar  to t as a rgument ,  and which has as 
a rguments  varmbles  v,, .. , vv which do not occur in t (and hence not  l nP) .  If no such 
hteral  exists, let ¢p(E,P,K) = {E}. Otherwise, let C = {u, c~, ""  , cr}, where cl, "'" , cr 
are the constants  m K. Let o-l, "'" , o',,, be all subs t l tu tmns  of the form {vl ~--u~, . . .  , 
vp ~-- Up}, where u, E C, 1 -< t <- p, and such tha t  for no l i t e ra lL  i n E  l s P  <2L o',. Then  
let q)(E,P,K) = U~=i dp(Eo-,,P,K). 

(2) I f P  is s imply a rgumenta l  on term t = f(t~, ""  , t,), but  not s imply monadlc, 
then let Q be the first simple l i teral  m E in lexicographm order which has t or a 
s imilar  term as a rgumen t  bu t  which Is not simply a rgumenta l .  If  no such l i teral  
exists, let O(E,P,K) = {E} Otherwise, let v~, • • , % be the variables  which are 
a rguments  of Q but  which do not occur in t. Let 

C = {t, t~, . . .  , t,~, g~(t~, . . .  , t,,), . . .  , g~(t~,... , t,~), c~, . . .  , c~}, 

where g~, . . .  , gk are all the function symbols of K with degree equal to tha t  off, and 
cl, . . .  , c~, are the constants  i n K .  Again,  let o-1, "'" , o-,, be all subs t i tu t ions  of the 
form { v ~ u  1, "'" , vp ~up}, where u~ ~ C, 1 -< z -< p, and such tha t  for no l i teral  L in  E 
is P <2 Lore. Then  let ¢O(E,P,K) = U:5~Cp(Eo-,P,K). 

(3) Otherwise, let (P(E,P,K) = {E} 
Informally,  suppose E is a resolvent  with resolved atom P which is s imply argu- 

menta l  or s imply monadw on a term t I fE  contains s~mple l i terals  with t as a rgumen t  
which are not simply monadic or s imply a rgumenta l  (as m Figure  3), ~ "makes"  them 
simply a rgumen ta l  or simply monadic by a subst i tut ion,  a t tempt ing  to prevent  the 
growth in nes t ing  of example (8.1). 

Using ~ ,  we define the resolutmn procedure R3 by: R~(S) = cond(S)+ R3(S) = S U 
cond(S'),  where S '  is the u m o n  of the sets (O(E,P,K) for all resolvents E (with resolved 
atom P) of clauses C and D in S which obey the <2 restr ictmn,  and where K is the set 
of function symbols occurring in S, augmented  by the constant  a if no constants  
appear. 

R3 appears to be a resolution procedure, since our broad defimtion allows ins tances  
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of  c lauses  to be formed. Al l  t ha t  is  necessary  is to show t h a t  each ~b(E,P,K) is finite.  
But  since each subs t i tu t ion  o- used in cons t ruc t ing  cb(E,P.K) in t roduces  no new 
var iab les  and  removes  some n u m b e r  p of va r iab les  from E on each appl ica t ion  of ~ ,  
the  recurs ive  appl ica t ion  ofcb m u s t  t e r m i n a t e  wi th  a f imte  set  of instances .  Thus  1~ IS 
a resolut ion  procedure.  

Examples.  Consider  aga in  the  t roublesome example  (8.1). The  reso lu t ion  of 
{ ~ P ~ x ,  y), a)} and  {Q(x, y), P(x, a)} unde r  R~ produced E = {Q~wl ,  w2), w3)} wi th  
resolved a tom P = P(f(w~, w2}, a). This  resolved a tom is essen t ia l ly  monadic  on 
f(wl, w2). Therefore  

• (E,P,{a,f}) = {{Q(f(w~, w2),a)}, {Q(l~w~w2), f(wlw2))}}. 

I f  El  = {P(w, I~x, y))}, Pj = Q(f(x, y), y), E2 = {P(x, f(x, y))}, P2 = Q (f(x, y), y), t hen  

¢P(Ei, P , ,  ~, a}) = {{P(x, ~x,  y))}, {P(y, ]~x, y))}, {P(f(x, y), ~x, y))}, {P(a, f(x, y))}}, 
dP(E2, P2, {J~ a}) -- {S2}. 

I f  P~ is apphed  to the  set  of c lauses  c(G) of Section 8, then  

R~(c(G)) = {D~, V2, D3}, 
R~(c(G)) = R~(c(G)) U {{Q(l~x, y), a)},{Q(f(a, a), a), ~Q(a,  ~a,  a)}, {P(x, a), 

~P(f(x,  y), y)}}, 

R~(c(G)) = l~  (c(V)) U {{P(a, a), Q(f(a, a), a)}, {Q(f(x, a), a), P(x, a)}}, 

R~(c(G)) = R~ (c(G)). 

So R3 can demons t r a t e  the  sa t l s f i ab i l i ty  of G where  P~ failed. 
THEOREM 9.1. R3 is complete. 
PROOF. Recal l  from Theorem 6.2 the  enumera t i on  of the  H e r b r a n d  base  of any  set  

of c lauses  used to prove t ha t  R2 is an  A-order ing.  In  th is  e n u m e r a h o n ,  a toms  sma l l e r  
m he igh t  precede those g r ea t e r  in height ,  and  the  f in i te  sets  of c lauses  of the  s ame  
he igh t  a re  ordered by <2. To prove R3 complete,  we impose addi t iona l  res t r ic t ions  on 
th i s  order ing.  Fo r  a toms  of the  same  he igh t  which a re  incomparab le  u n d e r  <~, le t  
e ssen t ia l ly  monadic  a toms  precede a toms  not  e s sen tml ly  monadic,  and  le t  a rgumen-  
t a l  (but  not  e s sen t i a l ly  monadlc)  a toms  precede n o n a r g u m e n t a l  atoms.  Otherwise ,  le t  
the  o rder ing  be lexicographic.  

Let  T be the  seman t i c  t ree  for any  set  of c lauses  S based  on this  e n u m e r a t m n ,  and  
le t  C and D be c lauses  fa i l ing  i m m e d i a t e l y  below, bu t  not  a t ,  a node w. F rom Theorem 
6.2, the re  mus t  exis t  a reso lvent  E of  C and  D (with resolved a tom P)  which obeys the  
<2 res t r ic t ion  and whmh fai ls  a t  w. We now wish to show t h a t  ff K is t he  set  of 
functmn symbols  occurr ing m S (perhaps  a u g m e n t e d  by a),  then  some clause in 

• ~(E,P ,K)  fai ls  a t  w. C lea r ly  th is  is t rue  m the  cases where  ~P(E,P,K) = {El; the  crucial  
cases a re  (1) and  (2) of the  def ini t ion of <P in which the  subsh tu t i ons  a j, " "  , ¢r~ are  
genera ted .  Since ~ is recurs ive ,  we can prove th is  by showing  t ha t  i f E  is a c lause  and 
P an  a tom such t ha t  no a t o m L  i n E  is such t h a t L  <2P ,  then  some clause Eo- ,  1 _< ~ -< 
m, fai ls  a t  w By induct ion on the  n u m b e r  of app l ica t ions  of ¢P, some c lause  m 
¢(E,P ,K)  m u s t  then  fail  a t  w. 

Suppose P Is e s sen tml ly  monadic  on a t e rm t, and  the re  is a s imple  h t e r a l  Q m E 
which has  a t e r m  u whmh i s t  or s imi l a r  to t as  a r g u m e n t ,  as  well  as  va r i ab le s  v~, .. • , 
vp which do not  occur in t. Let  0 be the  subsh tu t ion  such t h a t  EO ~s cont radic ted  by the 
a s s ignmen t  a t  w. Atom P0  mus t  be e s sen tml ly  monadm on tO. By the  const ruct ion of 
T, Q8 mus t  be e s sen t i a l ly  monadic  on u0. Therefore  the  subs t i tu t ion  0 m u s t  replace  
each va r i ab le  v~, -- .  , v~ by uO or by a constant .  Then 0 = o-0, where  o- = {v~---u~, . . .  , 
Vp~--up}, with  each u,, 1 -< ~ _~p, be ing  u or a constant .  Bu t  thenEo-  fads  a t  w, and  cr is 
one of the  subs t i tu t ions  ~ ,  . . .  , crm 

I f P  is a r g u m e n t a l  on t e r m  t = ~t~, . . .  , t.), le t  Q be the  f irst  s imple  l i t e ra l  in E 
which is a r g u m e n t a l  on t or a mmflar  t e rm,  and which has  va r i ab le s  v~, "-" , vp which 
do not  occur in t as  a rgumen t s .  Let  8 be as  above. Then  P0 m u s t  be a r g u m e n t a l  on tO, 
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and by the construction of T, QO must be argumental on tO or a similar term. Then 0 
must replace each of vl, "'" , v, by a term similar to tO, an argument of tO, or a 
constant. But then (as above), 0 = o-0, where o- replaces each such variable by t, 
term similar to t, an argument oft, or a constant, respectively. But then Eo- fails at w, 
and o- is one of the substitutions ~1, "'" , o-,, used in constructing q). 

Thus in all cases, lfE is a resolvent with resolved atom P obeying the <2 restriction 
which fails at w in T, then some clause m dp(E,P,K) also fails at w. , 

Although R:~ is not a refinement of R2, in the sense that it generates a subset of the 
clauses generated by R~, it does decide satisfiability for the classes considered in 
Section 8. This is seen by noting that if a resolvent E with resolved atom P obeys the 
<~-restrictlon and property ACK or property MON, then (P(E,P,K) = {E}. Thus for 
these classes, R,~ generates the same clauses as R2. 

We now show that R~ is more powerful than R_,, that is, that it decides satisfiabihty 
for the Godel class and some of its extensions. We do this by first showing that when 
R~ is applied to any formula with prefix 3"V'3" ,  no growth in nesting can occur. 
Since the class 3"V '3"  is unsolvable, no size limit can exist, so when R3 is applied to 
some sets of clauses in this class, unbounded growth in clause size must occur. But for 
the Maslov class and the extended Skolem class, which are solvable subcases of 
3"V'3" ,  the additional constraints imposed on the formulas make a size limit 
possible. 

THEOREM 9.2. I f  F ts a pure formula wzth prefix 3"V'3" ,  then no clause ~n 
P~ (c(F)), p -> 0, has any hteral of height greater than two 

PROOF. The technique used to prove this theorem is that used in Section 8 with R2. 
A property of clauses is defined, and it is shown that the initial clauses and all 
resolvents generated by R~ have this property. Of course, the property used in this 
theorem cannot be acceptable (because it cannot provide a size limit), but it does give 
a nesting limit of two for the 3"V '3"  class. 

The property SKO used is that (1) no literal in a clause has height greater than two, 
and (ii) every literal of height greater than one is simply argumental. 

Clearly every clause in c(F) obeys SKO To show that clauses produced by R~ also 
have this property, we first note that if clauses C and D obey SKO, then no literal in a 
resolvent E of C and D with resolved atom P which obeys the <3 restriction can have 
any literal of height greater than two. However, E can have literals of height two 
which are not simply argumental; i.e. there may be a first literal Q in which a term t 
of height two, and variables not occurring in t as arguments, occur Since thin 
violation of SKO was created by the substitution which produced resolved a tomP,  by 
a substitution of t for a variable, the terms in Q of height two must be t or terms 
similar to t But by the construction of(P, such terms are made simply argumental (or 
perhaps essentially monadic) in the instances of E in q)(E,P,K). Also, the substitu- 
tions which generate these instances cannot cause growth in nesting, for then there 
would be a literal L m some clause in ¢p(E,P,K) such that P <2 L, and this is not 
allowed by the constructmn. Hence all clauses produced by R3 obey SKO. • 

This class and this theorem show that establishment of a nesting limit alone is not 
sufficient to insure solvability. 

COROLLARY 9.3. R3 ~s a resolution dec~ston procedure for the extended Skolem 
class 

We sketch the proof by describing a property S K 0 2  whmh provides a size limit for 
the extended Skolem class; in conjunction with Theorem 9.2, this assures a decision 
procedure. 

The property S K 0 2  is that  (i) each nonground block of the v-partition of a clause in 
which a literal simply argumental on a term f(v,  • •., v,) occurs is such that every 
other literal of the block is simply argumental on a similar term, or essentially 
monadic, or of height one with variables among v~, . - . ,  v,~o, where n~ is as in the 
definition of this class, and (ii) each other nonground block in which more than one 



4 1 4  WILLIAM H. JOYNER JR .  

variable appears is such that for some set ofm variables, 1 _< m -< n,,, each literal has 
among its arguments all of these variables, or is essentially monadic on one of them. 

The Maslov class has the prefix ~*V*3*, so Theorem 9.2 provides a nesting limit for 
it But since formulas in this class have only binary disjunctions in their conjunctive 
normal forms, clauses produced from them have at most two hterals. Thus the class 
has an inherent size limit of two, for no larger resolvents can be produced. Even 
without the use of condensing, partitioning, or other arguments, we get the solvabil- 
ity of this class: 

COROLLARY 9.4. R~ ts a declsmn procedure for the Maslov class. 
The class of all formulas with Krom matrix (conjunction of binary disjunctions) is 

unsolvable. Since this class has an inherent size limit of two, existence of a size limit 
alone does not guarantee solvability; some formulas must produce unbounded nesting 
growth It is the interaction of matrix structure (Krom matrix) and prefix (3"V'3") 
that causes the solvability of the Maslov class. 

10. Model Constructton 

In [22], Luckham and Nilsson describe a way of extracting information (a proof, in 
some form) from a resolution derivation of the empty clause If a resolution decision 
procedure indicates that  a formula is satisfiable, it would be helpful to obtain 
analogous information. In this section we describe a way in which a model,  or 
satisfying truth assignment to all ground literals, can be constructed when a resolu- 
tion method halts without producing [~. Production of such a model is inherent in 
other decision methods (such as the amenability method [8]), which work by con- 
structing a truth assignment. 

When a resolution procedure halts without producing the empty clause from a 
formula F, a model for the original formula is not immediately at hand. What is 
available is the finite set of clauses RP(c(F)) ~ RP+I(c(F)) from which no new resol- 
vents can be formed. We use this set below to specify a model. Our only requirement 
for a resolution procedure used below is that  it be proved complete using semantic 
trees. This requirement is satisfied by the resolution decision procedures R2 and R3, 
and many other resolution strategies. 

THEOREM 10.1. If  R ts a resolution procedure whtch is complete vta semantic trees 
and  for some formula  F,  RP(c(F)) ~ RP+1(c(F))and [] ~ RP(c(F))for some p -> O, then 
a model for F can be effectwely specLf~ed 

PROOF. Let T be the semantic tree for c(F) based on the enumeration for which R 
is complete via semantic trees. Recall from Section 3 that ifc(F) is satisfiable, then T 
is not closed for c(F). Therefore there must exist at least one branch from the root on 
which there are no failure nodes, and the literals on such a branch determine a model 
for c(F). Also, T can have no Inference nodes with respect to RP(c(F)); otherwise a 
new resolvent could be formed at that  node, and it would not be the case that  RV(c(F)) 

R"(c(F)) .  
We wish to use these facts to "walk" down a specific open branch ofT. We begin at 

the root, and when we are at any node, we move to the sen of that  node which is not a 
failure node. There must be at least one such son, because no inference nodes exist. If 
neither son is a failure node, we take the left arbitrarily. We can effectively deter- 
mine whether any clause fails at a node w by generating the finite number of ground 
instances of clauses in RP(c(F)) in which all hterals are no greater in height than any 
literal in the assignment at w, and then testing whether this finite assignment 
contradicts any such instance. 

This procedure allows us to walk arbitrarily far down an open, and in general 
infinite, branch of T, which determines a model for RO(c(F)), and hence for c(F) and 
for F. For an infinite model to be effectively specified, we must be able to decide for 
any ground atom Q over the Herbrand universe ofF whether it is true or false in the 
model. To do this we begin walking along the open branch from the root. Eventually 
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we must walk along an edge labeled by either Q or -nQ; we then stop and assign Q 
true or false, respectively. , 

11 Conclusmns 

Two resolution procedures R:, and R:3 have been shown to be complete in the general 
case, and to be decision procedures for successively wider classes of pure first-order 
formulas. 113, in fact, decides satisfiabllity for all of the solvable classes in Table I 
except the Bernays-Schonfinkel class (prefix 3*V*). The failure for the Bernays- 
Schonfinkel class is somewhat surprising, since the class Is one of the ~simpler" 
solvable classes, easily shown solvable by the finiteness of Its Herbrand universe But 
while R.3, or indeed any resolution procedure, provides a nesting limit for this class, 
clauses may increase in size without hmit,  as m example (5.3). The solvability of this 
class seems to rest strongly on the finiteness of the universe, and not to be related to 
the considerations which show the other classes solvable via resolution. 

1l:3, the strongest decision procedure produced here, also falls on other solvable 
classes not mentioned above, inclu&ng the Aanderaa class (V3V prefix and Krom 
matrix) [1] and the Suranyi extensions to the extended Skolem class [8]. What  R~ and 
R:~ do show is that  the resolution method, designed for refutation, can be modified to 
show satisfiability in some cases. Unlike some earlier decision procedures [2], these 
methods are complete in the general case and do not require a formula in a special 
form (other than the form of resolution m general) They are applied uniformly to all 
formulas, and are guaranteed to halt  for all unsatisfiable formulas and satisfiable 
formulas in certain classes. 

The operation of R, and R.3 on the solvable classes studied gives some insight into 
the reasons for their solvabihty. In particular, in the Maslov case, the interaction 
between the Krom matrix and the Skolem prefix to produce solvability (where 
neither alone is sufficient) is clamfied m the use of R3. The use of resolution m this 
way indicates its possibilities as a logical tool, m addition to being a machine- 
implementable inference mechanism. In particular, resolution might be used to 
investigate the solvability of classes with open decision problems. Chief among these 
are classes of the predicate calculus with equality; techmques such as paramodulation 
[27] might  be used to attack this problem. 

The obwous advantage in using a complete resolutmn decision procedure (aside 
from any efficiency considerations) is that,  especially m question-answering applica- 
tions, negative answers to questions of unsatisfiabflity can be given more often. R3 
will halt  when applied to many formulas on which previous resolution strategies 
would not. Decision procedures are also of value in proving properties about abstract 
programs. Manna [23] converts the problem of proving termination of programs to 
one of showing a first-order formula unsatlsfiable, and points out the equivalence in 
this sense of certain classes of abstract programs and the three solvable classes 
determined by prefix alone. In [18], Lewis describes in greater  detail reductions of 
assertions about programs to first-order formulas in solvable classes. 

Factors detrimental to the efficiency of R2 and R3 are the necessity to condense 
clauses, to detect variants  of clauses, to compute <2 between literals, and to compute 
the set of clauses ¢p(E,P,K). Though no at tempt has been made here to consider 
efficiency, we note that  computation of ap, which seems to involve the generation of 
several clauses from each resolvent, might  be implemented instead by returning the 
original resolvent, with restmctions on what  unifying substitutmns can be applied to 
~t. Condensing itself is less costly than the deletion of subsumed clauses, for it is a 
local rather  than a global operation. (Deletion of subsumed clauses might  itself be 
used to strengthen resolution decismn procedures. Proofs of this would likewise 
involve considering an entire set of clauses, and would probably be more difficult than 
those above ) 
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Theorem 9.3, which states that R:~ produces no nesting growth on formulas with 
prefix 3"V'3" ,  is of interest from the standpoint of the implementation of resolution 
theorem provers. It follows from thls that  a resolution procedure like Ri (the unre- 
stricted original procedure) that discards all resolvents in which growth in nesting 
occurs is complete on the prefix class 3"V'3" .  Also, any first-order formula has a 
corresponding form with prefix V*3* which is satisfiable if and only if the formula is 
satisfiable. (This was an early result of Skolem; the transformation of a formula to 
this form, which is not difficult, is detailed in [6] ) Thus a complete resolution 
techmque would be to transform any formula to this Skolem normal form, and to 
apply unrestricted resolution to the result, discarding all clauses in which any 
nesting occurs (which is easy to detect). The fact that only limited substitutions of 
terms for variables can occur in such a method indicates that  simpler ways of storing 
clauses and handling substitution might be used. This, In addition to the reduction in 
the number of clauses produced, might make such a method a feaslble complete 
resolution strategy. 
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