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Composition Operators on Markov Chains

Only the synchronous product makes sense.
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The MCs proceed in

lock-step through
discrete time.

What happens
to the probabilities?



Composition Operators on Markov Chains

Synchronous Composition of DTMCs

p q
s — S| N 55— s, P q

(s1, %) == (s1, 5))

(1—p)(L—q)




Markov Chains in Discrete Time — and Beyond
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Continuous-Time Markov Chains

The exponential distribution

— continuous, parameter: rate A
— mean: 1/4

~CDF: F(x)=1—e ™

Memoryless property:
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Markov Chains

Continuous-time Markov chains
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Markov Chains

Continuous-time Markov chains
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Markov Chains

Continuous-time Markov chains
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Markov Chains

CTMC in Modest 20
10
property ETime = > 1
: . 1 1
Xmax(T, lost || arrived); ~ = 20
do { 10 T x) )1
:: rate(1l/5) tau; 90
alt {
rate(1/20) tau
rate(1/10) {=arrived =true=}; stop
}
:: rate(1/10) tau;
alt { = Try it with
rate(1/30) tau {=arrived = true =} mosta ond
rate(1/90) {= lost = true =}
1. stop mcstal



A bit of (branching-time) logic — CSL

he p Obakj/ l mg he long y
Ow.ln O/of?g Pent in finlon T time
State formulas: * 9 valye ff }f,%s Sa c:vluseo-fe
€ Inferyq 7 e nferyg) J

O :=true|a| P APy | 7D | Py(o) | Ly(P)
where a € AP, J C [0,1] is an interval with rational bounds.

With;
hin g duratie,,

fl’om .
fime i
Path formulas: "erval |

=X | ot b,

where | C R0 denotes an interval.



A Triple-Modular Redundant System

In the steady state, the probability that the system is in state s5 1 is at
most p,

ups 3\ up2

e The transient probability at time t in state s’ meets the bound > p,

e The probability of reaching down state within 10 time units after having
continuously operated with at least two processors is at most 0.01

e |n steady state, with probability at least 0.9, the probability that the
system will not go down within 10 time units is at least 0.8

upo pY up1

L ;(up): steady-state availability
P, (0Ot up): instantaneous availability at time ¢

[ ]

®

Py (Ul up): conditional instantaneous availability at time ¢

P, (05t up): interval availability,

L,(P,(06t])): steady-state interval availability

P (dUHIL (up)): conditional time-bounded steady-state availability
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CSL Model Checking — Numerical algorithm

* Can all be cast into fixpoint computations
that juggle with matrices and vectors.

* Polynomial in size of model (cubic in practice).
* Linear in length of formula.
* Linear in largest rate occurring.

* Linear in largest interval bound occurring.



Exponential Distributions — Unleashed

* Absorption time distribution in an absorbing CTMC

* Topologically dense 2

« Can approximate
arbitrary distributions

with arbitrary precision T
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What This Means

* Absorption time distribution in an absorbing CTMC

« Topologically dense L/'f_
1 -

o
« Can approximate —

arbitrary distributions
with arbitrary precision

« Effective fitting tools available

* “Phase-type Distributions”

¢ C(Closed under maximum, minimum, convolution




Composition Operators on Discrete-Time Markov Chains

1—p 1—gq
Only the synchronous product makes sense.
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The MCs proceed in
lock-step through

discrete time.

What happens
to the probabilities?



Composition ot Continuous-Time Markov Chains

Only the interleaving operator makes sense. olll
S1 ih 5| s+ s !
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Composition ot Continuous-Time Markov Chains

Only the interleaving operator makes sense. oy 1] &
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Comparing CT-Interleaving with DT-synchrony

Synchronous Composition of DTMCs (1-p)(1-a)

DRD 4 3

Interleaving of CTMCs
M|||M'




Connecting CT-Interleaving with DT-synchrony

e For a given time step A a discretised exponential distribution
is a geometric distribution.

e In the limit A — 0 a geometric distribution

] is an exponential distribution.
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Connecting CT-Interleaving with DT-synchrony

e For a given time step A a discretised exponential distribution
Is a geometric distribution.
e In the limit A — 0 a geometric distribution
is an exponential distribution.

e This can be lifted to MCs:
For each CTMC M and time step A, there is discretised DTMC D, .

Let

e M and M’ be two CTMC(s,
e Dp, D) be the corresponding discretised D TMCs for time step A,

then:

Im (D& D'y) = M|||M



Where We Stand

Discrete-time Markov chains:
Continuous-time Markov chains:

Markov decision processes:
decisions and /

Markov automata: ime/ TA M
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Part Two

Markov Decision Processes
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Markov Decision Processes

Decision making under uncertainty
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Markov Decision Processes

Computing values in MDP

wrong Iine
. 0.1

buS @ T 0.9, >

0.5
1k/
/\/\ork’roberdor an(\gwa 0.5:®3

station 8 taxi

Phax(ev') =2 Vp(s) = mea,i(

maximum over
all actions a

z,uéT(s,a)

H_J\

“ if ergef)

u(s’) - Vp(s')

J

sum over
a's targets...

..ot weighted
target values



Markov Decision Processes

Value iteration: dynamic programming
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