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What Did You See Yesterday?

𝑉𝔼(𝑠) = Σ𝑠′∈𝑆𝑃 𝑠, 𝑠
′ ⋅ (cost 𝑠, 𝑠′ + 𝑉𝔼 𝑠

′ )
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Composition Operators on Markov Chains

Only the synchronous product makes sense.

The MCs proceed in 

lock-step through 

discrete time.

What happens 

to the probabilities?
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𝑝𝑞



Synchronous Composition of DTMCs

Composition Operators on Markov Chains
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Markov Chains in Discrete Time – and Beyond
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Sojourn time 

distributions 

are geometric.
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are exponential.
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Continuous-Time Markov Chains

The exponential distribution

– continuous, parameter: rate 𝜆

– mean: 1/𝜆

– CDF: 𝐹 𝑥 = 1 − 𝑒−𝜆𝑥

Memoryless property:

…

ℙ 𝑋 > 𝑥 + 𝑡 𝑋 > 𝑥 = ℙ(𝑋 > 𝑡)



Markov Chains
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walking

wrong line

wrong way

Continuous-time Markov chains

Marktoberdorf station:

a bus every 5 minutes

walk after 10 minutes

race: bus comes

or decide to walk

exit rate 
3

10
:

stay 3.  3 min 

race between Exp(𝜆) and Exp(𝜇) follows Exp(𝜆 + 𝜇)

Marktoberdorf

station

Gymnasium

lost in Marktoberdorf



Markov Chains
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Continuous-time Markov chains

ℙ ⋄ ?

check the

embedded DTMC:
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Probabilities:

normalised rates



Markov Chains
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Continuous-time Markov chains

ℙ ⋄ ?

𝔼 to ∨ ? 

check the

embedded DTMC:
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Probabilities:

normalised rates

Costs for time:

Sojourn time

expectations 

per state



Markov Chains

CTMC in Modest
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property ETime =

Xmax(T, lost || arrived);

do {

:: rate(1/5) tau;

alt {

:: rate(1/20) tau

:: rate(1/10) {= arrived = true =}; stop

}

:: rate(1/10) tau;

alt {

:: rate(1/30) tau {= arrived = true =}

:: rate(1/90) {= lost = true =}

}; stop

}

Try it with

mosta and

mcsta!



A bit of (branching-time) logic – CSL 



A Triple-Modular Redundant System



CSL Model Checking – Numerical algorithm

• Can all be cast into fixpoint computations

that juggle with matrices and vectors.

Exponential in precision bits. 

• Polynomial in size of model (cubic in practice).

• Linear in length of formula.

• Linear in largest rate occurring.

• Linear in largest interval bound occurring.  



Exponential Distributions – Unleashed

• Absorption time distribution in an absorbing CTMC

• Topologically dense

• Can approximate

arbitrary distributions

with arbitrary precision

• Effective fitting tools available

• “Phase-type Distributions“

• Closed under maximum, minimum, convolution



What This Means

• Absorption time distribution in an absorbing CTMC

• Topologically dense

• Can approximate

arbitrary distributions

with arbitrary precision

• Effective fitting tools available

• “Phase-type Distributions“

• Closed under maximum, minimum, convolution



Composition Operators on Discrete-Time Markov Chains

Only the synchronous product makes sense.

The MCs proceed in 

lock-step through 

discrete time.

What happens 

to the probabilities?

⊗
𝑝 𝑞

𝑝𝑞



Composition of Continuous-Time Markov Chains

|||

𝑝 𝑞

𝑝𝑞

Only the interleaving operator makes sense.

The MCs proceed in 

independently through 

continuous time.

What happens 

to the rates?

𝜇𝜆

𝜆 𝜇



Composition of Continuous-Time Markov Chains

|||

𝑝 𝑞

𝑝𝑞

Only the interleaving operator makes sense.

𝜇𝜆

𝜆 𝜇



Comparing CT-Interleaving with DT-synchrony

Synchronous Composition of DTMCs

Interleaving of CTMCs 



Connecting CT-Interleaving with DT-synchrony

Type equation here.
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Connecting CT-Interleaving with DT-synchrony

Type equation here.

then:

lim
∆→0
( 𝐷∆⊗ 𝐷

′
∆) =M|||M′DD



Where We Stand

nondeter-

minism

MA

LTS DTMC

MDPTA

PTA

time/

clocks

CTMC

MA

IMC

Discrete-time Markov chains:

discrete probabilistic choices

Continuous-time Markov chains:

continuous stochastic time

Markov decision processes:

decisions and uncertainty

Markov automata:

MDP plus CTMC,

compositionally

Probabilistic timed automata:

MDP plus hard real time



Part Two

Markov Decision Processes
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max
𝑎∈𝐴
Σ𝜇∈𝑇(𝑠,𝑎)

𝜇 𝑠′ ⋅ 𝑉ℙ
𝑖−1(𝑠′)



Markov Decision Processes

The main difference: Distr( S )
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Markov Decision Processes

Decision making under uncertainty

Two decisions: bus or walk, walk or taxi

The outcome of (some) choices is probabilistic

𝔼 to ∨ = ? 

Marktoberdorf

station

wrong line

Gymnasium

lost in Marktoberdorf
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ℙ ⋄ = ? results depend

on decisions!

ℙmin, ℙmax,
𝔼min, 𝔼max



Markov Decision Processes
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Computing values in MDP

𝑉ℙ 𝑠 = max
𝑎∈𝐴
 
𝜇∈𝑇(𝑠,𝑎)

𝜇 𝑠′ ⋅ 𝑉ℙ(𝑠
′)ℙmax ⋄ = ?

maximum over

all actions 𝑎
sum over   

𝑎's targets…

…of weighted

target values



Markov Decision Processes
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Value iteration: dynamic programming

𝑉ℙ
𝑖 𝑠 = max

𝑎∈𝐴
 
𝜇∈𝑇(𝑠,𝑎)

𝜇 𝑠′ ⋅ 𝑉ℙ
𝑖−1(𝑠′)ℙmax ⋄ = ?

maximum over

all actions 𝑎
sum over   

𝑎's targets…

…of weighted

target values
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