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What are Interactive Theorem Provers?

Image from https://isabelle.in.tum.de/overview.html 

Answer: general-purpose provers for powerful logics (e.g. HOL)

Interactive:  
most proofs require 
human guidance 
(through goal-oriented 
“tactics”)

Automatic:  
they provide powerful 
automation (rewriting, 
decision procedures, 
FOL solvers, etc)

https://isabelle.in.tum.de/overview.html


Interactive Theorem Provers (ITPs)

HOL4 
Isabelle/HOL 
HOL Light 
ProofPower 
…

Example ITPs:

Coq 
Lean 
Matita 
(Agda) 
(Idris) 
…

ACL2 
Nqthm 
…

for classical higher-order 
logic (HOL), i.e. Chruch’s 
simply typed lambda calculus:

for constructive logics 
with dependent types:

for first-order logics:



Projects using ITPs

Four-Color Theorem (Coq)

Proof of Kepler Conjecture (HOL Light)

Verification of seL4 microkernel (Isabelle/HOL)

CLI stack (Nqthm)

CompCert (Coq)

CakeML (HOL4)

DeepSpec (on going in Coq)

Verification of AAMP7 processor (ACL2)



All (unverified) compilers have bugs

Finding and Understanding Bugs in C Compilers

Xuejun Yang Yang Chen Eric Eide John Regehr

University of Utah, School of Computing

{ jxyang, chenyang, eeide, regehr }@cs.utah.edu

Abstract

Compilers should be correct. To improve the quality of C compilers,

we created Csmith, a randomized test-case generation tool, and

spent three years using it to find compiler bugs. During this period

we reported more than 325 previously unknown bugs to compiler

developers. Every compiler we tested was found to crash and also

to silently generate wrong code when presented with valid input.

In this paper we present our compiler-testing tool and the results

of our bug-hunting study. Our first contribution is to advance the

state of the art in compiler testing. Unlike previous tools, Csmith

generates programs that cover a large subset of C while avoiding the

undefined and unspecified behaviors that would destroy its ability

to automatically find wrong-code bugs. Our second contribution is a

collection of qualitative and quantitative results about the bugs we

have found in open-source C compilers.

Categories and Subject Descriptors D.2.5 [Software Engineer-

ing]: Testing and Debugging—testing tools; D.3.2 [Programming

Languages]: Language Classifications—C; D.3.4 [Programming

Languages]: Processors—compilers

General Terms Languages, Reliability

Keywords compiler testing, compiler defect, automated testing,

random testing, random program generation

1. Introduction

The theory of compilation is well developed, and there are compiler

frameworks in which many optimizations have been proved correct.

Nevertheless, the practical art of compiler construction involves a

morass of trade-offs between compilation speed, code quality, code

debuggability, compiler modularity, compiler retargetability, and

other goals. It should be no surprise that optimizing compilers—like

all complex software systems—contain bugs.

Miscompilations often happen because optimization safety

checks are inadequate, static analyses are unsound, or transfor-

mations are flawed. These bugs are out of reach for current and

future automated program-verification tools because the specifica-

tions that need to be checked were never written down in a precise

way, if they were written down at all. Where verification is imprac-

tical, however, other methods for improving compiler quality can

succeed. This paper reports our experience in using testing to make

C compilers better.

c� ACM, 2011. This is the author’s version of the work. It is posted here by permission

of ACM for your personal use. Not for redistribution.

The definitive version was published in Proceedings of the 2011 ACM SIGPLAN

Conference on Programming Language Design and Implementation (PLDI), San Jose,

CA, Jun. 2011, http://doi.acm.org/10.
1145/NNNNNNN.NNNNNNN

1 int foo (void) {

2 signed char x = 1;

3 unsigned char y = 255;

4 return x > y;

5 }

Figure 1. We found a bug in the version of GCC that shipped with

Ubuntu Linux 8.04.1 for x86. At all optimization levels it compiles

this function to return 1; the correct result is 0. The Ubuntu compiler

was heavily patched; the base version of GCC did not have this bug.

We created Csmith, a randomized test-case generator that sup-

ports compiler bug-hunting using differential testing. Csmith gen-

erates a C program; a test harness then compiles the program us-

ing several compilers, runs the executables, and compares the out-

puts. Although this compiler-testing approach has been used be-

fore [6, 16, 23], Csmith’s test-generation techniques substantially

advance the state of the art by generating random programs that

are expressive—containing complex code using many C language

features—while also ensuring that every generated program has a

single interpretation. To have a unique interpretation, a program

must not execute any of the 191 kinds of undefined behavior, nor

depend on any of the 52 kinds of unspecified behavior, that are

described in the C99 standard.

For the past three years, we have used Csmith to discover bugs

in C compilers. Our results are perhaps surprising in their extent: to

date, we have found and reported more than 325 bugs in mainstream

C compilers including GCC, LLVM, and commercial tools. Figure 1

shows a representative example. Every compiler that we have tested,

including several that are routinely used to compile safety-critical

embedded systems, has been crashed and also shown to silently

miscompile valid inputs. As measured by the responses to our bug

reports, the defects discovered by Csmith are important. Most of

the bugs we have reported against GCC and LLVM have been

fixed. Twenty-five of our reported GCC bugs have been classified as

P1, the maximum, release-blocking priority for GCC defects. Our

results suggest that fixed test suites—the main way that compilers

are tested—are an inadequate mechanism for quality control.

We claim that Csmith is an effective bug-finding tool in part

because it generates tests that explore atypical combinations of C

language features. Atypical code is not unimportant code, how-

ever; it is simply underrepresented in fixed compiler test suites.

Developers who stray outside the well-tested paths that represent

a compiler’s “comfort zone”—for example by writing kernel code

or embedded systems code, using esoteric compiler options, or au-

tomatically generating code—can encounter bugs quite frequently.

This is a significant problem for complex systems. Wolfe [30], talk-

ing about independent software vendors (ISVs) says: “An ISV with

a complex code can work around correctness, turn off the optimizer

in one or two files, and usually they have to do that for any of the

compilers they use” (emphasis ours). As another example, the front
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“ Every compiler we tested was found to 
crash and also to silently generate 

wrong code when presented with valid input. ”

“ [The verified part of] CompCert is the only compiler 
   we have tested for which Csmith cannot find wrong-code
   errors. This is not for lack of trying: we have devoted 
   about six CPU-years to the task.” 



Soundness emphasised

When you see:

“… developed in the HOL4 theorem prover” 

“... formalised in Isabelle/HOL” 

“... proved correct in Coq”  

then you know:  proofs mechanically checked against formal logic.

HOL or CiC in this case



Motivation



Soundness-centric design

LCF-style prover design:

decision
 procedures rewriter

kernel

simplifier

SAT/SMT
FOL provers

custom tools
...

only part that can produce a 
value with theorem type (in SML)

minimal: only implements primitive 
inferences of hosted logic (e.g. HOL)

attempts to prove a false 
theorem result in an 

exception rather than a 
false theorem

other parts are not 
soundness critical: they 
only steer the kernel

other parts are not 
soundness critical: they 
only steer the kernel

other parts are not 
soundness critical: they 
only steer the kernel



Layers of implementation

hosted logic (e.g. HOL)

programming language (e.g. SML)

machine code (e.g. Intel x86-64)

implemented as theorem type by prover kernel

compiler generated code for host machine

Demo showing theorem type:  HOL4 exposes SML level



As trustworthy as possible …

decision
 procedures rewriter

kernel

simplifier

SAT/SMT
FOL provers

custom tools
...

… by make kernel as small and simple as possible

https://github.com/jrh13/hol-light/blob/master/fusion.ml 
Check out HOL Light’s kernel (only 544 sloc):



Aside: Syntax of HOL

Terms of HOL:

• variables:
• constants: 
• lambda-abstraction: 
• function application:

Types of HOL:

• type variables: 
• type constants/operators:
• function types: 

Sequents:
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Abstract. When doing an interactive proof about a piece of software,
it is important that the underlying programming language’s semantics
does not make the proof unnecessarily di�cult or unwieldy. Both small-
step and big-step semantics are commonly used, and the latter is typi-
cally given by an inductively defined relation. In this paper, we consider
an alternative: using a recursive function akin to an interpreter for the
language. The advantages include a better induction theorem, less du-
plication, accessibility to ordinary functional programmers, and the ease
of doing symbolic simulation in proofs via rewriting. We believe that
this style of semantics is well suited for compiler verification, including
proofs of divergence preservation. We do not claim the invention of this
style of semantics: our contribution here is to clarify its value, and to
explain how it supports several language features that might appear to
require a relational or small-step approach. We illustrate the technique
on a simple imperative language with C-like for-loops and a break state-
ment, and compare it to a variety of other approaches. We also provide
ML and lambda-calculus based examples to illustrate its generality.
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� v. t

t1 t2
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` (8 x. 9 y. P x y) () 9 f . 8 x. P x (f x)
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` PERM L1 L2 () 8 x. FILTER ((=) x) L1 = FILTER ((=) x) L2

` (8 x. 9 y. P x y) () 9 f . 8 x. P x (f x)

` (8n. (8m. m < n ) P m) ) P n) ) 8n. P n

1 Introduction

In the setting of mechanised proof about programming languages, it is often
unclear what kind of operational semantics to use for formalising the language:
common big-step and small-step approaches each have their own strengths and
weaknesses. The choice depends on the size, complexity, and nature of the pro-
gramming language, as well as what is being proved about it. As a rule-of-thumb,
the more complex the language’s features, or the more semantically intricate the
desired theorem, the more likely it is that small-step semantics will be needed.
This is because small-step semantics enable powerful proof techniques, including
syntactic preservation/progress and step-indexed logical relations, by allowing
close observation not only of the result of a program, but also how it got there.



Aside: Syntax of HOL

Terms of HOL:

• variables:
• constants: 
• lambda-abstraction: 
• function application:

Types of HOL:

• type variables: 
• type constants/operators:
• function types: 

defined by inference (conservative ext); 
the only primitive types are bool and ind

only primitive constant is = and choice
others defined by inference (conservative ext)

only binder in the logic!

What about logical connectives, quantifiers etc.?



Aside: HOL Connectives and Quantifiers

They are defined (by inference) as abbrevs for others 

There are two standard axioms:

` P x ) P ((") P)

` 9 f . ONE_ONE f ^ ¬ONTO f

PERM x () y ^ tt
� v. t
t1 t2

` PERM L1 L2 () 8 x. FILTER ((=) x) L1 = FILTER ((=) x) L2

` (8 x. 9 y. P x y) () 9 f . 8 x. P x (f x)

` (8n. (8m. m < n ) P m) ) P n) ) 8n. P n

1 Introduction

In the setting of mechanised proof about programming languages, it is often
unclear what kind of operational semantics to use for formalising the language:
common big-step and small-step approaches each have their own strengths and
weaknesses. The choice depends on the size, complexity, and nature of the pro-
gramming language, as well as what is being proved about it. As a rule-of-thumb,
the more complex the language’s features, or the more semantically intricate the
desired theorem, the more likely it is that small-step semantics will be needed.
This is because small-step semantics enable powerful proof techniques, including
syntactic preservation/progress and step-indexed logical relations, by allowing
close observation not only of the result of a program, but also how it got there.
In contrast, big-step’s advantages arise from following the syntactic structure of
the programming language. This means that they can mesh nicely with similarly
structured compilers, type systems, etc. that one is trying to verify, and reduce
the overhead of mechanised proof.

For large projects, a hybrid approach can be adopted. The CompCert [16,17]
verified C compiler uses big-step for some parts of its semantics and small-step
for others. In the initial version of our own CakeML project [15], we had two
di↵erent semantics for the source language: big-step for the compiler verification
and small-step for the type soundness proof, with an additional proof connecting
the two semantics.

In contrast, this paper advocates functional big-step semantics, which can
support many of the proofs and languages that typically rely on a small-step
approach, but with a structure that follows the language’s syntax. A functional
big-step semantics is essentially an interpreter written in a purely functional
style and equipped with a clock to ensure that the function is total, even when
run on diverging programs. Hence the interpreter can be used in a higher-order
logic of total functions – the kind supported by Coq, HOL4, and Isabelle/HOL –

r =
Rval int

| Rbreak
| Rtimeout
| Rfail

QSORT ord [] = []
QSORT ord (h::t) =
(let (l1,l2) = PARTITION (� y. ord y h) t
in

QSORT ord l1 ++ [h] ++ QSORT ord l2)

PARTITION P l = PART P l [] []

PART P [] l1 l2 = (l1,l2)
PART P (h::rst) l1 l2 =
if P h then PART P rst (h::l1) l2 else PART P rst l1 (h::l2)

` transitive R ^ total R ) SORTS QSORT R

SORTS f R () 8 l. PERM l (f R l) ^ SORTED R (f R l)

SORTED R [] () T
SORTED R [x] () T
SORTED R (x ::y ::rst) () R x y ^ SORTED R (y ::rst)

` T () ((� x. x) = (� x. x))

` (8 ) = (�P. P = (� x. T))

` (^) = (� p q. (� f . f p q) = (� f . f T T))

` COND =
(� t t1 t2.

"x. ((t () T) ) (x = t1)) ^ ((t () F) ) (x = t2)))

` P x ) P ((") P)

` 9 f . ONE_ONE f ^ ¬ONTO f

FILTER P [] = []
FILTER P (h::t) = if P h then h::FILTER P t else FILTER P t

PERM x () y ^ tt
� v. t
t1 t2



• assume, refl
• beta conversion
• antisym
• eq_mp
• term/type instantiation
• comb

https://github.com/CakeML/cakeml/blob/master/candle/standard/syntax/holSyntaxScript.sml
https://raw.githubusercontent.com/jrh13/hol-light/master/fusion.ml 

Aside: HOL Inference rules

Handful of simple inference rules:

Definition principles:
• constant specification
• type definition

conservative extensions: 
one can remove the definitions 
and still prove the same sequent

conservative extensions: 
one can remove the definitions 
and still prove the same sequent

Safety net: one cannot make definitions 
that introduce unsoundness :-)

https://github.com/CakeML/cakeml/blob/master/candle/standard/syntax/holSyntaxScript.sml
https://raw.githubusercontent.com/jrh13/hol-light/master/fusion.ml


What about speed?

decision
 procedures rewriter

kernel

simplifier

SAT/SMT
FOL provers

custom tools
...

… by make kernel as small and simple as possible

https://github.com/jrh13/hol-light/blob/master/fusion.ml 
Check out HOL Light’s kernel (only 544 sloc):

Can this SAT solver be fast?

It has to push all proofs 
through the simple, small 
general-purpose kernel…



Lecture 1: 
  Towards Faster Interactive 
  Theorem Provers

Topic of these lectures

Can we have:  (1) soundness of LCF-style design and          
                     (2) speed of ad hoc implementations?

Answer:  Yes! We need:

Verification

Computation,
Reflection,



Topic of these lectures

Verification

Computation,

Reflection,

expressed inside the ITP

for moving code to faster “layer”

in order to ensure soundness

Touches on topics:

✓ Formalisation 
of logic

✓ Programming 
language semantics

✓ Theorem prover and 
compiler verification



These lectures

1. Towards Faster Interactive Theorem Provers

2. Milawa:  A Reflective Theorem Prover

3.  Verification of Milawa down to Machine Code

4.  Compiler Bootstrapping and Verified HOL ITP 



Idea for going faster

hosted logic (e.g. HOL)

programming language (e.g. SML)

machine code (e.g. Intel x86-64)

implemented as theorem type by prover kernel

compiler generated code for host machine

model the computation you want to perform

reflect the computation 
to a faster layer

Is this possible?



Computation in ITP



Computation and ITP

All major ITPs base their logic on some form of 
lambda calculus (or Lisp)

there is a subset that corresponds to pure functional 
programming (for terminating functions)



Why is non-terimination an issue?

Suppose the logic allowed definitions of 
non-terminating functions such as

f n = f n + 1

then f n - f n = f n + 1 - f n

and 0 = 1

defining equation for f



Example: Odd

A non-computable definition:

Computation 7

The more extreme systems use computation rules is when computation rules
do not replace axioms, but also deduction rules. It is, for instance, the case in
ACL2, where instead of the modus ponens deduction rule, a computation rules

B �! A

(to be used on positive occurrences of B only) is added each time a proposition
A ) B is proved. In the same way [?] introduces, for instance, an associativity rule
for conjunction, jeopardizing the Brouwer-Heyting-Kolmogorov interpretation of
proofs.

How to express some axioms as computation rules is still an research problem.
For instance the axiom of choice

9x (P x) ) (P (chose P ))

is di�cult to express as a rewrite rule, but this can be done if we have proof-terms
and rephrase the axiom as (P (chose P ht,⇡i)) where ht,⇡i is a proof of 9x (P x),
that is ⇡ is a proof of (P t). In this case with the rule

(chose P ht,⇡i) �! t

the proposition (P (chose P ht,⇡i)) is then a theorem as it has the proof ⇡.
Some other axioms are more di�cult to transform into rewrite rules, for

instance the extensionality axiom, expressing that two point-wise equal functions
are equal.

4. Using computation in a proof

Having computation rules in a logic gives new ways to prove theorems. Let us give
a simple example with the case of the proof of the proposition Odd 7.

Consider the following definition of a predicate Odd.

Odd n = 9y. n = 2⇥ y + 1

We can prove that 7 is Odd using the definition directly:

...
7 = 2⇥ 3 + 1

9-intro9y (7 = 2⇥ y + 1)
def

Odd 7

However, such a proof requires providing a witness, in this case 3.
One can make the proof more automatic by building a computable function

recognizing some elements satisfying the predicate Odd, i.e. we can write a function
that computes whether a number will be Odd. In this example, it will recognise
all Odd numbers. Here is a function that can be used for this purpose:

odd 0 = 0
odd (SUC n) = 1� odd n

Which can be used in proofs:

Computation 7

The more extreme systems use computation rules is when computation rules
do not replace axioms, but also deduction rules. It is, for instance, the case in
ACL2, where instead of the modus ponens deduction rule, a computation rules

B �! A

(to be used on positive occurrences of B only) is added each time a proposition
A ) B is proved. In the same way [?] introduces, for instance, an associativity rule
for conjunction, jeopardizing the Brouwer-Heyting-Kolmogorov interpretation of
proofs.

How to express some axioms as computation rules is still an research problem.
For instance the axiom of choice

9x (P x) ) (P (chose P ))

is di�cult to express as a rewrite rule, but this can be done if we have proof-terms
and rephrase the axiom as (P (chose P ht,⇡i)) where ht,⇡i is a proof of 9x (P x),
that is ⇡ is a proof of (P t). In this case with the rule

(chose P ht,⇡i) �! t

the proposition (P (chose P ht,⇡i)) is then a theorem as it has the proof ⇡.
Some other axioms are more di�cult to transform into rewrite rules, for

instance the extensionality axiom, expressing that two point-wise equal functions
are equal.

4. Using computation in a proof

Having computation rules in a logic gives new ways to prove theorems. Let us give
a simple example with the case of the proof of the proposition Odd 7.

Consider the following definition of a predicate Odd.

Odd n = 9y. n = 2⇥ y + 1

We can prove that 7 is Odd using the definition directly:

...
7 = 2⇥ 3 + 1

9-intro9y. 7 = 2⇥ y + 1
def

Odd 7

However, such a proof requires providing a witness, in this case 3.
One can make the proof more automatic by building a computable function

recognizing some elements satisfying the predicate Odd, i.e. we can write a function
that computes whether a number will be Odd. In this example, it will recognise
all Odd numbers. Here is a function that can be used for this purpose:

odd 0 = F

odd (SUC n) = ¬odd n



Example: Odd (continued)

As a functional program:

Computation 7

The more extreme systems use computation rules is when computation rules
do not replace axioms, but also deduction rules. It is, for instance, the case in
ACL2, where instead of the modus ponens deduction rule, a computation rules

B �! A

(to be used on positive occurrences of B only) is added each time a proposition
A ) B is proved. In the same way [?] introduces, for instance, an associativity rule
for conjunction, jeopardizing the Brouwer-Heyting-Kolmogorov interpretation of
proofs.

How to express some axioms as computation rules is still an research problem.
For instance the axiom of choice

9x (P x) ) (P (chose P ))

is di�cult to express as a rewrite rule, but this can be done if we have proof-terms
and rephrase the axiom as (P (chose P ht,⇡i)) where ht,⇡i is a proof of 9x (P x),
that is ⇡ is a proof of (P t). In this case with the rule

(chose P ht,⇡i) �! t

the proposition (P (chose P ht,⇡i)) is then a theorem as it has the proof ⇡.
Some other axioms are more di�cult to transform into rewrite rules, for

instance the extensionality axiom, expressing that two point-wise equal functions
are equal.

4. Using computation in a proof

Having computation rules in a logic gives new ways to prove theorems. Let us give
a simple example with the case of the proof of the proposition Odd 7.

Consider the following definition of a predicate Odd.

Odd n = 9y. n = 2⇥ y + 1

We can prove that 7 is Odd using the definition directly:

...
7 = 2⇥ 3 + 1

9-intro9y. 7 = 2⇥ y + 1
def

Odd 7

However, such a proof requires providing a witness, in this case 3.
One can make the proof more automatic by building a computable function

recognizing some elements satisfying the predicate Odd, i.e. we can write a function
that computes whether a number will be Odd. In this example, it will recognise
all Odd numbers. Here is a function that can be used for this purpose:

odd 0 = F

odd (SUC n) = ¬odd n

8 Gilles Dowek and Magnus O. Myreen

The connection between the function odd and the predicate Odd is:

odd n = T ) Odd n

Such a connection allows proofs by evaluation:

thm8x. odd x = T ) Odd x
8-elim

odd 7 = T ) Odd 7

refl
T = T comp

odd 7 = T
)-elim

Odd 7

5. Using reflection and computation together

A reflection mechanism is a datatype containing codes of propositions of the un-
derlying logic, together with a decoding function, mapping each code to the cor-
responding proposition of the underlying logic.

Reflection is often use with computation: first the computation rules are
used to evaluate the decoding function, then they are used to evaluate a deciding
function of codes of propositions.

This is illustrated by the following example of the proof of the tautology ¬(x^
¬x). Let us start by defining a datatype for the terms capturing the propositions
we want to consider:

prop ::= Var N | Not prop | Conj prop prop

We define a decoding function that maps each term to the corresponding proposi-
tion in the underlying logic.

eval env (Var v) = env v
eval env (Not p) = ¬ eval env p

eval env (Conj p q) = eval env p ^ eval env q

Then we have a truth-table algorithm truth for deciding tautologies. Here environ-
ments are total functions and env [k 7! x] abbreviates �i. if i = k then x else env i.

truth 0 env p = Some (eval env p)
truth (Suc k) env p = case (truth k env [k 7! T] p, truth k env [k 7! F] p) of

| (Some 1, Some 1) ! Some 1
| (Some 0, Some 0) ! Some 0
| ! None

next var (Var v) = v + 1
next var (Not p) = next var p

next var (Conj p q) = max (next var p) (next var q)

decide p = truth (next var p) (�x. F) p

Connection to Odd:

8 Gilles Dowek and Magnus O. Myreen

The connection between the function odd and the predicate Odd is:

odd n = T ) Odd n

Such a connection allows proofs by evaluation:

thm8x. odd x = T ) Odd x
8-elim

odd 7 = T ) Odd 7

refl
T = T comp

odd 7 = T
)-elim

Odd 7

5. Using reflection and computation together

A reflection mechanism is a datatype containing codes of propositions of the un-
derlying logic, together with a decoding function, mapping each code to the cor-
responding proposition of the underlying logic.

Reflection is often use with computation: first the computation rules are
used to evaluate the decoding function, then they are used to evaluate a deciding
function of codes of propositions.

This is illustrated by the following example of the proof of the tautology ¬(x^
¬x). Let us start by defining a datatype for the terms capturing the propositions
we want to consider:

prop ::= Var N | Not prop | Conj prop prop

We define a decoding function that maps each term to the corresponding proposi-
tion in the underlying logic.

eval env (Var v) = env v
eval env (Not p) = ¬ eval env p

eval env (Conj p q) = eval env p ^ eval env q

Then we have a truth-table algorithm truth for deciding tautologies. Here environ-
ments are total functions and env [k 7! x] abbreviates �i. if i = k then x else env i.

truth 0 env p = Some (eval env p)
truth (Suc k) env p = case (truth k env [k 7! T] p, truth k env [k 7! F] p) of

| (Some 1, Some 1) ! Some 1
| (Some 0, Some 0) ! Some 0
| ! None

next var (Var v) = v + 1
next var (Not p) = next var p

next var (Conj p q) = max (next var p) (next var q)

decide p = truth (next var p) (�x. F) p

Improved proof:



Example: Odd (continued)

One can derive computable equations from 
definition of Odd:

Computation 7

The more extreme systems use computation rules is when computation rules
do not replace axioms, but also deduction rules. It is, for instance, the case in
ACL2, where instead of the modus ponens deduction rule, a computation rules

B �! A

(to be used on positive occurrences of B only) is added each time a proposition
A ) B is proved. In the same way [?] introduces, for instance, an associativity rule
for conjunction, jeopardizing the Brouwer-Heyting-Kolmogorov interpretation of
proofs.

How to express some axioms as computation rules is still an research problem.
For instance the axiom of choice

9x (P x) ) (P (chose P ))

is di�cult to express as a rewrite rule, but this can be done if we have proof-terms
and rephrase the axiom as (P (chose P ht,⇡i)) where ht,⇡i is a proof of 9x (P x),
that is ⇡ is a proof of (P t). In this case with the rule

(chose P ht,⇡i) �! t

the proposition (P (chose P ht,⇡i)) is then a theorem as it has the proof ⇡.
Some other axioms are more di�cult to transform into rewrite rules, for

instance the extensionality axiom, expressing that two point-wise equal functions
are equal.

4. Using computation in a proof

Having computation rules in a logic gives new ways to prove theorems. Let us give
a simple example with the case of the proof of the proposition Odd 7.

Consider the following definition of a predicate Odd.

Odd n = 9y. n = 2⇥ y + 1

We can prove that 7 is Odd using the definition directly:

...
7 = 2⇥ 3 + 1

9-intro9y. 7 = 2⇥ y + 1
def

Odd 7

However, such a proof requires providing a witness, in this case 3.
One can make the proof more automatic by building a computable function

recognizing some elements satisfying the predicate Odd, i.e. we can write a function
that computes whether a number will be Odd. In this example, it will recognise
all Odd numbers. Here is a function that can be used for this purpose:

Odd 0 = F ^ 8n. Odd (SUC n) = ¬Odd n

The connection between the function odd and the predicate Odd is:

odd n = T ) Odd n
… and thus the definition of odd could have been avoided.



What are proofs by computation?

Answer:  they are proofs by rewriting/reduction

odd	(SUC	(SUC	(SUC	0)))	=		
¬	odd	(SUC	(SUC	0))	=	
¬	¬	odd	(SUC	0)	=	
¬	¬	¬	odd	0	=	
¬	¬	¬	F	=	
¬	¬	T	=	
¬	F	=	
T	

By default these are “interpreted” by the kernel.



Reflection + Computation



Reflection

When I write “reflection” I mean:

A function/expression is represented (sufficiently) 
equivalently at another level of implementation.



Reminder:

hosted logic (e.g. HOL)

programming language (e.g. SML)

machine code (e.g. Intel x86-64)

implemented as theorem type by prover kernel

compiler generated code for host machine

model the computation you want to perform

reflect the computation 
to a faster layer



A simpler example

hosted logic (e.g. HOL)

programming language (e.g. SML)

implemented as theorem type by prover kernel

   inside the logic:

reflect an expression to a 
different representation

shallow embedding

deep embedding

(terminology will be explained soon)



Deciding simple propositions

Computation 9

With this setup we can use computation to prove simple tautologies, e.g. ¬(x^¬x),
in the underlying logic. We use t to abbreviate Not (Conj (Var 0) (Not (Var 0)))
and e to abbreviate �v. x. Note that computation is used in two proof steps.

thm8e p. decide p = Some T ) eval e p
8-elim

decide t = Some T ) eval e t

refl
Some T = Some T comp
decide t = Some T

)-elim
eval e t comp

¬(x ^ ¬x)
This is one way of automatizing proof search but not the only one. See the

relevant chapter in the book (chapter 9)?

6. Code generation

MM: extraction from definitions (This requires definitions to be computational)
Generating imperative code from functional definitions in the logic
We must worry about the e�ciency of the evaluation already when writing

definitions in the logic

7. Extraction from proofs

GD: Extraction from proofs (used a little bit) and
cut elimination witnesses, program extraction
reuse the “odd” example
Di↵erent proofs can yield more or less e�cient programs (may be an example

with parity on binary numbers, or find a better example)

8. Implementing computation rules in proof assistants

Why di↵erent methods.
Tades o↵ : more of less work, more of less e�cient, size of the trusted base
dilemna : size of the trusted base vs. e�ciency

8.1. Write an interpretor

Simple, small, easy, not e�cient
HOL Ligt, HOL4, Isabelle...
Coq primitive evaluation
(HOL) EVAL by Bruno Barras (HOL kernel optimised) – bootstrapping of a

verified compiler
Write your own compiler
This is related to code generation, as it amounts to generate code evaluate it

to get a normal form (or any kind of result) and come back with this result to the
proof assistant. Using extraction and running the extracted program

To what ?

Example: we want to prove by computation 
properties such as:

We can define a syntax for such expressions:
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Such a connection allows proofs by evaluation:

thm8x. odd x = T ) Odd x
8-elim

odd 7 = T ) Odd 7

refl
T = T comp

odd 7 = T
)-elim

Odd 7

5. Using reflection and computation together

A reflection mechanism is a datatype containing codes of propositions of the un-
derlying logic, together with a decoding function, mapping each code to the cor-
responding proposition of the underlying logic.

Reflection is often use with computation: first the computation rules are
used to evaluate the decoding function, then they are used to evaluate a deciding
function of codes of propositions.

This is illustrated by the following example of the proof of the tautology ¬(x^
¬x). Let us start by defining a datatype for the terms capturing the propositions
we want to consider:

prop ::= Var N | Not prop | Conj prop prop

We define a decoding function that maps each term to the corresponding proposi-
tion in the underlying logic.

eval env (Var v) = env v
eval env (Not p) = ¬ eval env p

eval env (Conj p q) = eval env p ^ eval env q

Then we have a truth-table algorithm truth for deciding tautologies. Here environ-
ments are total functions and env [k 7! x] abbreviates �i. if i = k then x else env i.

truth 0 env p = Some (eval env p)
truth (Suc k) env p = case (truth k env [k 7! T] p, truth k env [k 7! F] p) of

| (Some 1, Some 1) ! Some 1
| (Some 0, Some 0) ! Some 0
| ! None

next var (Var v) = v + 1
next var (Not p) = next var p

next var (Conj p q) = max (next var p) (next var q)

decide p = truth (next var p) (�x. F) p

Using these functions we can prove that a result truth finds carries over to the
decoding of the term.

decide p = Some T ) eval env p
decide p = Some F ) ¬ eval env p

Computation 9

With this setup we can use computation to prove simple tautologies, e.g. ¬(x^¬x),
in the underlying logic. We use t to abbreviate Not (Conj (Var 0) (Not (Var 0)))
and e to abbreviate �v. x. Note that computation is used in two proof steps.

thm8e p. decide p = Some T ) eval e p
8-elim

decide t = Some T ) eval e t

refl
Some T = Some T comp
decide t = Some T

)-elim
eval e t comp

¬(x ^ ¬x)
This is one way of automatizing proof search but not the only one. See the

relevant chapter in the book (chapter 9)?

6. Code generation

MM: extraction from definitions (This requires definitions to be computational)
Generating imperative code from functional definitions in the logic
We must worry about the e�ciency of the evaluation already when writing

definitions in the logic

7. Extraction from proofs

GD: Extraction from proofs (used a little bit) and
cut elimination witnesses, program extraction
reuse the “odd” example
Di↵erent proofs can yield more or less e�cient programs (may be an example

with parity on binary numbers, or find a better example)

8. Implementing computation rules in proof assistants

Why di↵erent methods.
Tades o↵ : more of less work, more of less e�cient, size of the trusted base
dilemna : size of the trusted base vs. e�ciency

8.1. Write an interpretor

Simple, small, easy, not e�cient
HOL Ligt, HOL4, Isabelle...
Coq primitive evaluation
(HOL) EVAL by Bruno Barras (HOL kernel optimised) – bootstrapping of a

verified compiler
Write your own compiler
This is related to code generation, as it amounts to generate code evaluate it

to get a normal form (or any kind of result) and come back with this result to the
proof assistant. Using extraction and running the extracted program

To what ?

And can represent the property above as:



Terminology

Computation 9

With this setup we can use computation to prove simple tautologies, e.g. ¬(x^¬x),
in the underlying logic. We use t to abbreviate Not (Conj (Var 0) (Not (Var 0)))
and e to abbreviate �v. x. Note that computation is used in two proof steps.

thm8e p. decide p = Some T ) eval e p
8-elim

decide t = Some T ) eval e t

refl
Some T = Some T comp
decide t = Some T

)-elim
eval e t comp

¬(x ^ ¬x)
This is one way of automatizing proof search but not the only one. See the

relevant chapter in the book (chapter 9)?

6. Code generation

MM: extraction from definitions (This requires definitions to be computational)
Generating imperative code from functional definitions in the logic
We must worry about the e�ciency of the evaluation already when writing

definitions in the logic

7. Extraction from proofs

GD: Extraction from proofs (used a little bit) and
cut elimination witnesses, program extraction
reuse the “odd” example
Di↵erent proofs can yield more or less e�cient programs (may be an example

with parity on binary numbers, or find a better example)

8. Implementing computation rules in proof assistants

Why di↵erent methods.
Tades o↵ : more of less work, more of less e�cient, size of the trusted base
dilemna : size of the trusted base vs. e�ciency

8.1. Write an interpretor

Simple, small, easy, not e�cient
HOL Ligt, HOL4, Isabelle...
Coq primitive evaluation
(HOL) EVAL by Bruno Barras (HOL kernel optimised) – bootstrapping of a

verified compiler
Write your own compiler
This is related to code generation, as it amounts to generate code evaluate it

to get a normal form (or any kind of result) and come back with this result to the
proof assistant. Using extraction and running the extracted program

To what ?

Computation 9

With this setup we can use computation to prove simple tautologies, e.g. ¬(x^¬x),
in the underlying logic. We use t to abbreviate Not (Conj (Var 0) (Not (Var 0)))
and e to abbreviate �v. x. Note that computation is used in two proof steps.

thm8e p. decide p = Some T ) eval e p
8-elim

decide t = Some T ) eval e t

refl
Some T = Some T comp
decide t = Some T

)-elim
eval e t comp

¬(x ^ ¬x)
This is one way of automatizing proof search but not the only one. See the

relevant chapter in the book (chapter 9)?

6. Code generation

MM: extraction from definitions (This requires definitions to be computational)
Generating imperative code from functional definitions in the logic
We must worry about the e�ciency of the evaluation already when writing

definitions in the logic

7. Extraction from proofs

GD: Extraction from proofs (used a little bit) and
cut elimination witnesses, program extraction
reuse the “odd” example
Di↵erent proofs can yield more or less e�cient programs (may be an example

with parity on binary numbers, or find a better example)

8. Implementing computation rules in proof assistants

Why di↵erent methods.
Tades o↵ : more of less work, more of less e�cient, size of the trusted base
dilemna : size of the trusted base vs. e�ciency

8.1. Write an interpretor

Simple, small, easy, not e�cient
HOL Ligt, HOL4, Isabelle...
Coq primitive evaluation
(HOL) EVAL by Bruno Barras (HOL kernel optimised) – bootstrapping of a

verified compiler
Write your own compiler
This is related to code generation, as it amounts to generate code evaluate it

to get a normal form (or any kind of result) and come back with this result to the
proof assistant. Using extraction and running the extracted program

To what ?

Example: we want to prove by computation 
properties such as:

We can define a syntax for such expressions:
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Such a connection allows proofs by evaluation:

thm8x. odd x = T ) Odd x
8-elim

odd 7 = T ) Odd 7

refl
T = T comp

odd 7 = T
)-elim

Odd 7

5. Using reflection and computation together

A reflection mechanism is a datatype containing codes of propositions of the un-
derlying logic, together with a decoding function, mapping each code to the cor-
responding proposition of the underlying logic.

Reflection is often use with computation: first the computation rules are
used to evaluate the decoding function, then they are used to evaluate a deciding
function of codes of propositions.

This is illustrated by the following example of the proof of the tautology ¬(x^
¬x). Let us start by defining a datatype for the terms capturing the propositions
we want to consider:

prop ::= Var N | Not prop | Conj prop prop

We define a decoding function that maps each term to the corresponding proposi-
tion in the underlying logic.

eval env (Var v) = env v
eval env (Not p) = ¬ eval env p

eval env (Conj p q) = eval env p ^ eval env q

Then we have a truth-table algorithm truth for deciding tautologies. Here environ-
ments are total functions and env [k 7! x] abbreviates �i. if i = k then x else env i.

truth 0 env p = Some (eval env p)
truth (Suc k) env p = case (truth k env [k 7! T] p, truth k env [k 7! F] p) of

| (Some 1, Some 1) ! Some 1
| (Some 0, Some 0) ! Some 0
| ! None

next var (Var v) = v + 1
next var (Not p) = next var p

next var (Conj p q) = max (next var p) (next var q)

decide p = truth (next var p) (�x. F) p

Using these functions we can prove that a result truth finds carries over to the
decoding of the term.

decide p = Some T ) eval env p
decide p = Some F ) ¬ eval env p

And can represent the property above as:

this is a shallow embedding

this is a deep embedding

this is a variable of 
the host logic

this is a constructor 
of the prop datatype



Connection between deep and shallow

We define a function in the logic that interprets the 
deep embeddings:
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Such a connection allows proofs by evaluation:

thm8x. odd x = T ) Odd x
8-elim

odd 7 = T ) Odd 7

refl
T = T comp

odd 7 = T
)-elim

Odd 7

5. Using reflection and computation together

A reflection mechanism is a datatype containing codes of propositions of the un-
derlying logic, together with a decoding function, mapping each code to the cor-
responding proposition of the underlying logic.

Reflection is often use with computation: first the computation rules are
used to evaluate the decoding function, then they are used to evaluate a deciding
function of codes of propositions.

This is illustrated by the following example of the proof of the tautology ¬(x^
¬x). Let us start by defining a datatype for the terms capturing the propositions
we want to consider:

prop ::= Var N | Not prop | Conj prop prop

We define a decoding function that maps each term to the corresponding proposi-
tion in the underlying logic.

eval env (Var v) = env v
eval env (Not p) = ¬ eval env p

eval env (Conj p q) = eval env p ^ eval env q

Then we have a truth-table algorithm truth for deciding tautologies. Here environ-
ments are total functions and env [k 7! x] abbreviates �i. if i = k then x else env i.

truth 0 env p = Some (eval env p)
truth (Suc k) env p = case (truth k env [k 7! T] p, truth k env [k 7! F] p) of

| (Some 1, Some 1) ! Some 1
| (Some 0, Some 0) ! Some 0
| ! None

next var (Var v) = v + 1
next var (Not p) = next var p

next var (Conj p q) = max (next var p) (next var q)

decide p = truth (next var p) (�x. F) p

Using these functions we can prove that a result truth finds carries over to the
decoding of the term.

decide p = Some T ) eval env p
decide p = Some F ) ¬ eval env p

Example application:

8 Gilles Dowek and Magnus O. Myreen

Such a connection allows proofs by evaluation:

thm8x. odd x = T ) Odd x
8-elim

odd 7 = T ) Odd 7

refl
T = T comp

odd 7 = T
)-elim

Odd 7

5. Using reflection and computation together

A reflection mechanism is a datatype containing codes of propositions of the un-
derlying logic, together with a decoding function, mapping each code to the cor-
responding proposition of the underlying logic.

Reflection is often use with computation: first the computation rules are
used to evaluate the decoding function, then they are used to evaluate a deciding
function of codes of propositions.

This is illustrated by the following example of the proof of the tautology ¬(x^
¬x). Let us start by defining a datatype for the terms capturing the propositions
we want to consider:

prop ::= Var N | Not prop | Conj prop prop

We define a decoding function that maps each term to the corresponding proposi-
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eval env (Var v) = env v
eval env (Not p) = ¬ eval env p
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eval (�v. x) (Not (Conj (Var 0) (Not (Var 0)))) = ¬(x ^ ¬x)
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next var (Conj p q) = max (next var p) (next var q)

decide p = truth (next var p) (�x. F) p

Using these functions we can prove that a result truth finds carries over to the
decoding of the term.

decide p = Some T ) eval env p
decide p = Some F ) ¬ eval env p
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Using it for proof

A proof that uses computation twice:

Computation 9

With this setup we can use computation to prove simple tautologies, e.g. ¬(x^¬x),
in the underlying logic. We use t to abbreviate Not (Conj (Var 0) (Not (Var 0)))
and e to abbreviate �v. x. Note that computation is used in two proof steps.

thm8e p. decide p = Some T ) eval e p
8-elim

decide t = Some T ) eval e t
comp

decide t = Some T
)-elim

eval e t comp
¬(x ^ ¬x)

This is one way of automatizing proof search but not the only one. See the
relevant chapter in the book (chapter 9)?

6. Code generation

MM: extraction from definitions (This requires definitions to be computational)
Generating imperative code from functional definitions in the logic
We must worry about the e�ciency of the evaluation already when writing

definitions in the logic

7. Extraction from proofs

GD: Extraction from proofs (used a little bit) and
cut elimination witnesses, program extraction
reuse the “odd” example
Di↵erent proofs can yield more or less e�cient programs (may be an example

with parity on binary numbers, or find a better example)

8. Implementing computation rules in proof assistants

Why di↵erent methods.
Tades o↵ : more of less work, more of less e�cient, size of the trusted base
dilemna : size of the trusted base vs. e�ciency

8.1. Write an interpretor

Simple, small, easy, not e�cient
HOL Ligt, HOL4, Isabelle...
Coq primitive evaluation
(HOL) EVAL by Bruno Barras (HOL kernel optimised) – bootstrapping of a

verified compiler
Write your own compiler
This is related to code generation, as it amounts to generate code evaluate it

to get a normal form (or any kind of result) and come back with this result to the
proof assistant. Using extraction and running the extracted program

To what ?
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Can we get this 
to go fast?



Speed of a slow interpreter

hosted logic (e.g. HOL)

programming language (e.g. SML)

implemented as theorem type by prover kernel

   inside the logic: 

    proof by rewriting and beta-reduction:
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5. Using reflection and computation together

A reflection mechanism is a datatype containing codes of propositions of the un-
derlying logic, together with a decoding function, mapping each code to the cor-
responding proposition of the underlying logic.

Reflection is often use with computation: first the computation rules are
used to evaluate the decoding function, then they are used to evaluate a deciding
function of codes of propositions.

This is illustrated by the following example of the proof of the tautology ¬(x^
¬x). Let us start by defining a datatype for the terms capturing the propositions
we want to consider:

prop ::= Var N | Not prop | Conj prop prop

We define a decoding function that maps each term to the corresponding proposi-
tion in the underlying logic.

eval env (Var v) = env v
eval env (Not p) = ¬ eval env p

eval env (Conj p q) = eval env p ^ eval env q

eval (�v. x) (Not (Conj (Var 0) (Not (Var 0)))) = ¬(x ^ ¬x)

decide (Not (Conj (Var 0) (Not (Var 0)))) = SOME T

Then we have a truth-table algorithm truth for deciding tautologies. Here environ-
ments are total functions and env [k 7! x] abbreviates �i. if i = k then x else env i.

truth 0 env p = Some (eval env p)
truth (Suc k) env p = case (truth k env [k 7! T] p, truth k env [k 7! F] p) of

| (Some T, Some T) ! Some T

| (Some F, Some F) ! Some F

| ! None

next var (Var v) = v + 1
next var (Not p) = next var p

next var (Conj p q) = max (next var p) (next var q)

decide p = truth (next var p) (�x. F) p
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reflect the computation 
to a faster layer

Warning: uses questionable 
extensions of kernel 



State of the art



Milawa and ACL2

ACL2 and Milawa are systems that host logics that
are very similar to a pure subset of Lisp.

ACL2 is an industrial strength ITP, which lacks an 
LCF-style design, but has strong soundness story for 
computation due to the logic’s proximity with Lisp.

Milawa is a proof-of-concept prover:

✓ has the strongest soundness story regarding 
fast computation

Next two lectures are about Milawa.



Computation in Coq

http://gallium.inria.fr/blog/coq-eval/ 

compute, an interpreter that supports evaluation (with 
different evaluation orders: call-by-value, lazy, …)

vm_compute relies on compilation to the bytecode of 
a virtual machine, delivers performance comparable to 
that of the OCaml bytecode compiler.

native_compute, uses OCaml native-code compiler to 
produce even higher performance.

Coq offers 3 ways of doing computation:

Xavier Leroy has interesting blog post on this:

http://gallium.inria.fr/blog/coq-eval/


Compute ≠ Extraction 

Compiles C source code to assembly

Has good performance numbers

CompCert C compiler

Leroy et al.  Source: http://compcert.inria.fr/

needs to be extracted to OCaml to be run.



Isabelle/HOL (and other HOLs)

Isabelle/HOL has well developed code generator too

Coq users call with code extraction

Possible to:
1. define functions in logic
2. generate code for them
3. evaluate a closed term outside of the logic
4. get a theorem based on 3. in the logic

However, theorem will be tagged 
“you are trusting non-kernel code”

Including for imperative features, search “Imperative HOL”



Summary

This lecture:

✓ Introduced Interactive Theorem Provers (ITPs) and 
their soundness-centric design (LCF-style design)

✓ Looked at computation inside an ITP

✓ Introduced the concept of reflection for 
computation

✓ Summarised the state of the art

Questions?


