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From yesterday



Soundness-centric design

LCF-style prover design:

decision
 procedures rewriter

kernel

simplifier

SAT/SMT
FOL provers

custom tools
...

only part that can produce a 
value with theorem type (in SML)

minimal: only implements primitive 
inferences of hosted logic (e.g. HOL)



Idea for going fast

hosted logic (e.g. HOL)

programming language (e.g. SML)

machine code (e.g. Intel x86-64)

implemented as theorem type by prover kernel

compiler generated code for host machine

model the computation you want to perform

reflect the computation 
to a faster layer



Today’s lecture: Milawa

Milawa designed to have best of both worlds:

✓ Soundness story as strong as LCF-style provers

✓ … and at the same time:  speed of non-LCF-style 
kernel implementations

Milawa has a logic similar to ACL2 — motivation is to 
show ACL2 could have LCF-style soundness story.

Part 1:  what is Milawa

Part 2:  proving Milawa sound in HOL4

Today:



Milawa is Jared Davis’ PhD work

https://www.kookamara.com/jared/ 

A Self-Verifying Theorem Prover.  
The University of Texas at Austin. 
December, 2009
https://www.kookamara.com/jared/dissertation.pdf 

Check out his 550-page PhD thesis:

https://www.kookamara.com/jared/
https://www.kookamara.com/jared/dissertation.pdf


Tutorial on Lisp



Lisp

Values in Lisp are called s-expressions:

In the Lisp we consider here, s-expressions are one of:

a natural number

a symbol (think of this as a string)

an ordered pair of s-expressions

e.g.    0		1		500

e.g.   a	hello		nil		+		natp		ord-<

e.g.   (a	.	b)



More Lisp syntax
List syntax such as

(a	b	c)
is short for:

(a	.	(b	.	(c	.	nil)))

Lisp quotes 

'54
is short for

(quote	54)

which is short for (quote	.	(54	.	nil))



Function applications
Functions applications always written in prefix-form

(defun	fib	(n)		
		(if	(<	n	2)		
					n		
					(+	(fib	(-	n	1))		
								(fib	(-	n	2)))))	



Example: testing list membership

Use of car and cdr

(defun	memp	(a	xs)		
		(if	(consp	xs)		
							(or	(equal	a	(car	xs))	
											(memp	a	(cdr	xs)))	
					'nil))	

convention to have suffix p on functions 
that return true (t) or false (nil)

car returns first part of cons pair

cdr returns first part of cons pair

returns quoted nil because want to 
return nil rather than evaluate nil



More Lisp
We use Lisp with primitives:

CONS	CAR	CDR	CONSP	NATP	SYMBOLP	EQUAL	
+	-	<	SYMBOL-<	IF	OR

Macros:

AND	LIST	LET	LET*	COND	FIRST	SECOND	
THIRD	FOURTH	FIFTH	DEFUN

And special functions:

DEFINE	PRINT	ERROR	FUNCALL

note that defun is a macro



Defun and Define
Common definition pattern:

(defun	inc	(n)	(+	n	1))

… is a macro for:

(define	'inc	'(n)	'(+	n	1))

note that if we leave off the quotes then we can 
dynamically provide the function name, …

parameters, …

… and body!



Dynamic function calls: Funcall

This Lisp has no function values.

>	(defun	inc	(n)	(+	n	1))	
NIL	
>	(funcall	'inc	5)	
6	
>	(funcall	(car	'(inc	dec))	5)	
6

However, it has dynamic function calls:

we can compute which function to call



Milawa



core derived rules

decision
 procedures

Comparison with LCF approach

LCF-style approach the Milawa approach
• all proofs pass through the 

core’s primitive inferences
• extensions steer the core

• all proofs must pass the core
• the core proof checker can be 

replaced at runtime

rewriter

core

simplifier

SAT/SMT
FOL provers

custom tools

case splitting

rewriting

‘auto’ tactics
...

...

bo
ot

st
ra

pp
in

g

This stack is called Milawa



Bootstrapping Milawa
Output from Milawa’s bootstrap proof:

(PRINT (1 VERIFY THEOREM-SUBSTITUTE-INTO-NOT-PEQUAL))
(PRINT (2 VERIFY THEOREM-NOT-T-OR-NOT-NIL))
(PRINT (3 DEFINE NOT))
(PRINT (4 VERIFY NOT))
(PRINT (5 DEFINE IFF))
(PRINT (6 VERIFY IFF))
(PRINT (7 VERIFY THEOREM-COMMUTATIVITY-OF-PEQUAL))
...
(PRINT (4611 VERIFY |INSTALL-NEW-PROOFP-LEVEL2.PROOFP|))
(PRINT (4612 SWITCH |LEVEL2.PROOFP|))
(PRINT (4613 VERIFY |BUST-UP-LOGIC.FUNCTION-ARGS-EXPENSIVE|))
...
(PRINT (15685 VERIFY |INSTALL-NEW-PROOFP-LEVEL11.PROOFP|))
(PRINT (15686 SWITCH |LEVEL11.PROOFP|))
...
SUCCESS

starts with very basic definitions and lemmas

up to this point the original core is used

this event switches to a new extended core

the extended core is used from now onwards

10 core extensions during bootstrap



Running Milawa

Demo of the Jitawa Lisp implementation 
running Milawa’s first 100 events.

https://www.cl.cam.ac.uk/~mom22/jitawa/ 

https://www.cl.cam.ac.uk/~mom22/jitawa/jitawa-manual.html  

Download Jitawa from:

   
Some documentation about the Lisp language:

https://www.cl.cam.ac.uk/~mom22/jitawa/
https://www.cl.cam.ac.uk/~mom22/jitawa/jitawa-manual.html


Milawa’s core extensions
Induction and other tactics

Conditional rewriting

Evaluation and unconditional rewriting
Audit trails (in prep for rewriting)

Case splitting

Factoring, splitting help

Assumptions and clauses
Miscellaneous ground work

Rules about primitive functions

Propositional reasoning

Primitive proof checkercore
 level 2

level 3

level 4

level 5

level 6

level 7

level 8

level 9

level 10

level 11

can only process primitive inferences, axioms

supports high-level tactics, similar to ACL2

Soundness preserved: 
each core extension is proved 
correct w.r.t. the current core 
before a switch event is allowed.



Basic architecture

16 Jared Davis, Magnus O. Myreen

The function just checks whether the conclusion of the appeal has the form A_B
where B is the conclusion of the sub-proof, and makes sure that A is a well-formed
formula.

There are similar functions for the other rules of inference. These functions
are then combined to form logic.appeal-step-okp, which can check whether an
arbitrary appeal is valid by just looking at its method and then invoking the ap-
propriate function.

The Proof Checker. The top-level proof checking function is

(logic.proofp x axioms thms atbl),

and it simply calls logic.appeal-step-okp on every step of a proof. All of the
functions we have discussed so far, including logic.proofp, can be regarded as
functions in the logic. We will soon see (Section 5.4) how this is used to allow the
kernel to be reflectively extended.

5.3 The Command Loop

Beyond the proof-checker, the kernel has a command-processing loop that lets you
define functions and check alleged proofs. This part of the kernel makes use of
special Lisp primitives like define, funcall, and error that are not part of the
Milawa logic, so unlike logic.proofp it does not have corresponding Milawa logic
definitions.

There are four kinds of commands:

(verify name formula proof)

Prove a theorem.

(def name formals body measure proofs)

Define a recursive function and prove it terminates.

(witness name bound-var free-vars body)

Define a witness function (to emulate a quantifier).

(switch name)

Use a new proof-checking function (Section 5.4).

The command-processing loop tries to accept a list of these commands. A
command can only be accepted when it meets certain requirements. For instance,
a verify command must have a well-formed formula and a valid proof whose
conclusion is formula. When requirements aren’t met, the kernel calls error to
abort with an error.

Most of these requirements depend on the current state of the system. For
instance, whether or not a formula is well-formed depends on what functions have
been defined. The kernel maintains an explicit state object that has the following
components:

axioms the current list of axioms (formulas)
thms the current list of theorems (formulas)
atbl the current arity table, which governs well-formed syntax
checker the current proof checker (initially logic.proofp)
ftbl the function table of definitions given to the Lisp system

Milawa processes a list of events.

Each event is one of:
checks proofs using current 

proof-checking function
checks proofs using current 

proof-checking function

changes the current proof-checking function



Proof checker functions

They walk an s-expression representing a proof tree.

The function returns a boolean (in Lisp: t or nil).

The initial proof checker is called |LOGIC.PROOFP|

It requires each step of in the tree to be a primitive 
inference step.

Subsequent proof checkers allow longer leaps.



! !

!"#$%&'()$*+$*$'%*,)-

Sho67, KM98

!!!!

!!!
!

!!""!#$
%!!"$!#

!!"&&&&!!!#
"!#

!
"!!

.#&/0$1)2-3*

4&,+#*)+(&,

56/*,7(&,

877&)(*+(9(+:

4"+

!
!#';,7+*,+(*+(&,

<-=%-6(9(+:$86(&3
"&(&"

5>"*%(+:$86(&3
"
#
&(&$

#
%&%"

'
%(%$

'
%&%"

#
%(%"

'
%&%$

#
%(%$

'

<-=-#-,+(*%$?#*,7/*#-,):
"
#
&(&$

#
%&%)))%&%"

*
%(%$

*
%&%+,"

#%
-%)))-%"

*%
.%(%+,$

#%
-%)))-%$

*%
.

@-+*$<-A")+(&,
%%/%"

#
%)))%"

*
%)%0$&1

#
%)))%1

*
$
%
(%0)*"

#
2%1

#
-%)))-%"

*
2%1

*
+

@*7-$59*%"*+(&,
,-.-/&#3'%(%4

B(7/$86(&37
,-.-/&56*78,56*7,"-%$..%(%1

;,A")+(&,

evaluation of any lisp primitive applied to constants

56 axioms describing properties of Lisp primitives
w.r.t. ordinals up to ε0

more details on later 
slides in Part 2Milawa’s logic



Switch command

Switches to a new proof checker.

soundness critical!

User provides name of new proof checker.



Switch command (cont.)
Before switching to use new-proofp as the new 
checker, Milawa checks that user has proved a theorem f
of the form:

The reflective Milawa theorem prover is sound 17

When commands are accepted the state is updated, e.g., after a verify command
has been accepted, its formula will be added to thms. Similarly, a successful def
or witness command results in a new formula, called a definitional axiom, to be
added to the axioms and a new entry to be added to the atbl.

5.4 Reflection and the Switch Command

The most interesting part of Milawa’s kernel is its switch command. This command
lets us replace logic.proofp with a user-defined proof-checking function. That is,
after a switch, the kernel will use the new function instead of logic.proofp to check
the proofs of theorems in verify commands, and also to check the termination
proofs for def commands.

How is this useful? The basic idea is that a new proof checker can be “more
powerful” than logic.proofp. The proofs that logic.proofp accepts must be car-
ried out in full and are very long. In practice, this limits our ability to construct
and check proofs. New proof checkers, in contrast, can accept derived rules of infer-
ence, and hence can permit shorter proofs. These new rules can be very powerful.
For instance, in Section 6, we describe extended proof checkers that can directly
use rewriting, case splitting, etc.

How can this be sound? Roughly speaking, before the kernel will accept a
command like (switch new-proofp), the user must first prove that new-proofp

can only accept theorems. As a basic syntactic criteria, the kernel insists that
new-proofp is the name of a defined function which, like logic.proofp, has four
arguments, e.g.,

(new-proofp x axioms thms atbl).

Then, to establish that new-proofp is semantically acceptable, i.e., it does not
accept proofs of non-theorems, the user must have already proved a formula called
the fidelity claim. This formula is roughly:

8x, axioms, thms, atbl :

(new-proofp x axioms thms atbl)

=)0

@
9p : (logic.appealp p)

^ (logic.proofp p axioms thms atbl)

^ (logic.conclusion p) = (logic.conclusion x)

1

A

Informally, this means that whenever the new proof checker accepts some appeal
x as a proof, there really does exist some fully detailed proof p of the same formula
that is accepted by logic.proofp. When a switch command meets these criteria,
the kernel updates its state so that the checker becomes new-proofp.

The real fidelity claim is slightly more complicated than the above because
the Milawa logic does not have explicit quantifiers. Instead, all free variables in a
Milawa formula are implicitly universally quantified, so we can’t directly write the
above because of the nested 9p.

Instead, we emulate the quantifier using a witness (Skolem) function. Section
8.3 has detailed semantics, but intuitively a witness function just chooses an ele-
ment a that satisfies a predicate P (a) when such an a exists. In this case, we use

for any proof accepted by the new checker …

… there must exist a proof p that passes 
the initial proof checker logic.proofp



Switch command (cont.)

18 Jared Davis, Magnus O. Myreen

the witness function

(logic.provable-witness � axioms thms atbl),

which chooses a valid proof of formula � with respect to these particular axioms,
thms, and atbl when such a proof exists. More formally, the definitional axiom for
logic.provable-witness in the Milawa logic can be understood as follows:

8�, proof , axioms, thms, atbl :

let wit = (logic.provable-witness � axioms thms atbl)

in 0

@
(logic.appealp proof )

^ (logic.proofp proof axioms thms atbl)

^ (logic.conclusion proof ) = �

1

A

=)0

@
(logic.appealp wit)

^ (logic.proofp wit axioms thms atbl)

^ (logic.conclusion wit) = �

1

A

To read this axiom, notice that we quantify over all possible objects proof . If there
is any such object that is a valid proof of � (the hypothesis), then we may conclude
that wit , the object returned by logic.provable-witness, is also a valid proof of �.
On the other hand, if there is no way to prove �, then this implication is vacuous
and tells us nothing about wit .

With this witness in place, it is straightforward to formally define provability
as an ordinary, recursive function:

8�, axioms, thms, atbl :

(logic.provablep � axioms thms atbl)

=
let wit = (logic.provable-witness � axioms thms atbl)

in 0

@
(logic.appealp wit)

^ (logic.proofp wit axioms thms atbl)

^ (logic.conclusion wit) = �

1

A

How does this work? Suppose � really is a provable formula. Then wit must be a
valid proof of �, so it will satisfy the conjuncts. Otherwise, since � is not provable,
we don’t know anything about wit . But whatever it happens to be, it can’t satisfy
these conjuncts: if it did, then it would be a valid proof of �, which we have
assumed does not exist.

Connecting Lisp and the Logic. To support reflection, care is taken so that every
function defined in the Milawa logic has a corresponding definition in the Lisp
runtime.

In the case of an ordinary def command, the kernel executes a Jitawa Lisp
define command to instruct the Lisp system to introduce a new executable func-
tion with the given name, formals, and body. The ftbl records each definition that
was given to the Lisp, and also ensures that the user cannot redefine kernel func-
tions or use names that are Jitawa primitives like error.

Actual check is closer to:



Where’s the reflection?

Note:  user provides logic function for checking proofs and 
          Milawa runs the function outside of the logic.

hosted logic (e.g. Milawa)

programming language (e.g. LIsp)

model the computation you want to perform

reflect the computation 
to a faster layer



Browsing the code of Milawa

https://github.com/HOL-Theorem-Prover/HOL/blob/develop/
examples/theorem-prover/milawa-prover/core.lisp 

The core is here:

Points of interest: 

‣ The main function milawa-main at the bottom

‣ Milawa defines its (initial) proof checker in both 
the hosted logic and in the Lisp programming 
language outside the logic.

‣ The implementation of |CORE.ADMIT-SWITCH|

https://github.com/HOL-Theorem-Prover/HOL/blob/develop/examples/theorem-prover/milawa-prover/core.lisp
https://github.com/HOL-Theorem-Prover/HOL/blob/develop/examples/theorem-prover/milawa-prover/core.lisp


Proving Milawa sound
We design our provers to be sound.

We verify programs with them.

Why not prove the theorem provers sound?



Jitawa
verified 
LISP

Proving Milawa sound

Lisp implementation (x86)
(approx. 7000 64-bit x86 instructions)

semantics of Milawa’s logic

inference rules of Milawa’s logic

Lisp semantics

semantics of x86-64 machine

Milawa theorem prover
(kernel approx. 2000 lines of Milawa Lisp)

Correctness of 
Lisp system
(next lecture)

Correctness of 
Milawa prover
(rest of lecture)



Steps
A. formalise Milawa’s logic

B. prove that Milawa's kernel is faithful to the logic

C. connect the verified Lisp implementation

A—C combine to a top-level theorem that relates the 
logic’s semantics with the execution of the x86 machine code.

‣ syntax, semantics, inference, soundness

‣ run the Lisp parser (in the logic) on Milawa’s kernel
‣ translate (with proof) deep embedding into shallow
‣ prove that Milawa’s (reflective) kernel is faithful to logic

‣ compose with the correctness of Lisp impl.



Syntax

to the logics of NQTHM and ACL2. The objects of the logic are the natural
numbers, symbols, and conses (ordered pairs) of other objects; we call these
objects S-expressions. The logic has primitive functions for working with S-
expressions like equality checking, addition, cons, car, cdr, etc., whose behavior
is given with axioms. Starting from these primitives, we can define recursive
functions that look like Lisp programs. An introduction to the logic can be
found in Chapter 2 of Davis [2].

The Milawa logic is considerably weaker than popular higher-order logics.
Thanks to this, its soundness can be established using higher-order logic as the
meta-logic. In this section, we explain how we have used the HOL4 system to
formalize the syntax (Section 4.1), semantics (4.3) and rules of inference (4.4) of
the Milawa logic, and to mechanically prove the soundness of its inference rules
(4.5) and definition principle (4.6). In later sections we connect these soundness
proofs to the theorem prover’s implementation.

4.1 Syntax of terms and formulas

We formalize the syntax of the Milawa logic as the following datatype:

sexp ::= Val num | Sym string | Dot sexp sexp S-expression

prim ::= If | Equal | Not | Symbolp | Symbol less

| Natp | Add | Sub | Less | Consp | Cons
| Car | Cdr | Rank | Ord less | Ordp

func ::= PrimitiveFun prim primitive functions
| Fun string user-defined

term ::= Const sexp constant S-expression
| Var string variable
| App func (term list) function application
| LamApp (string list) term (term list) � formals body actuals

formula ::= ¬formula negation
| formula _ formula disjunction
| term = term term equality

These type definitions are not quite enough to capture correct Milawa syntax.
We write separate well-formedness predicates called term ok and formula ok to
formalize the additional requirements. In particular,

– every function application must have correct arity and refer to a known
function with respect to the context (see below), and

– every lambda application must have the same number of formal and actual
parameters, must have distinct formal parameters, and its body must not
refer to variables other than its formal parameters; these requirements make
substitution straightforward.

4



Context

A context is a finite partial map
from            to

The term ok and formula ok well-formedness predicates depend on a logical con-
text, ⇡, which will be explained below.

4.2 Context

The definitions of the syntax, semantics and inference rules all depend on infor-
mation regarding user-defined functions. To keep the formalization simple, we
chose to combine all of this information into a single mapping, which we call
the logical context. We model the logical context as a finite partial map ⇡ from
function names, of type string , to elements of type:

string list⇥ func body ⇥ (sexp list ! sexp)

The first component, string list, names the formal parameters for the function.
The second component, func body , gives the syntactic definition for the function.
This func body is usually either (1) the right-hand side of a definition, for an
ordinary function defined by an equation, or (2) a variable name and property,
for a witness (Skolem) function. For reasons that will be explained in Section 4.6,
we also allow the omission of the function body, i.e., a None alternative.

func body ::= Body term concrete term (e.g. recursive function)
| Witness term string property, element name
| None no function body given

Finally, the sexp list ! sexp component is an interpretation function, which is
used in the definition of the semantics. These interpretation functions specify
what meaning the semantics is to assign to applications of user-defined func-
tions. In the next section, we will see a well-formedness criteria that relates the
interpretation functions with the syntax in func body .

4.3 Semantics

Next, we define a semantics of Milawa’s formulas. We present these semantics
in a top-down order. Our topmost definition is validity: a Milawa formula p is
valid, written |=⇡ p, if and only if (1) p is syntactically correct w.r.t. the logical
context ⇡ and (2) p evaluates to true in ⇡ for all variable instantiations i.

(|=⇡ p) = formula ok⇡ p ^ 8i. eval formula i ⇡ p

We define the evaluation of a formula with respect to a particular variable
instantiation i. Our formula evaluator, eval formula i ⇡, is built on top of a term
evaluator, eval term i ⇡, as follows. The syntax overloading can be confusing in
the following definition. On the left-hand side ¬, _ and = are the constructors
for the formula type, while on the right-hand side ¬ and _ are the usual Boolean
connectives and = is HOL’s equality predicate.

eval formula i ⇡ (¬p) = ¬(eval formula i ⇡ p)
eval formula i ⇡ (p _ q) = eval formula i ⇡ p _ eval formula i ⇡ q
eval formula i ⇡ (x = y) = (eval term i ⇡ x = eval term i ⇡ y)
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parameters

syntax of body

semantic interpretation

Syntax, semantics and inference rules depend on a context. 



Semantics

The term ok and formula ok well-formedness predicates depend on a logical con-
text, ⇡, which will be explained below.

4.2 Context

The definitions of the syntax, semantics and inference rules all depend on infor-
mation regarding user-defined functions. To keep the formalization simple, we
chose to combine all of this information into a single mapping, which we call
the logical context. We model the logical context as a finite partial map ⇡ from
function names, of type string , to elements of type:

string list⇥ func body ⇥ (sexp list ! sexp)

The first component, string list, names the formal parameters for the function.
The second component, func body , gives the syntactic definition for the function.
This func body is usually either (1) the right-hand side of a definition, for an
ordinary function defined by an equation, or (2) a variable name and property,
for a witness (Skolem) function. For reasons that will be explained in Section 4.6,
we also allow the omission of the function body, i.e., a None alternative.

func body ::= Body term concrete term (e.g. recursive function)
| Witness term string property, element name
| None no function body given

Finally, the sexp list ! sexp component is an interpretation function, which is
used in the definition of the semantics. These interpretation functions specify
what meaning the semantics is to assign to applications of user-defined func-
tions. In the next section, we will see a well-formedness criteria that relates the
interpretation functions with the syntax in func body .

4.3 Semantics

Next, we define a semantics of Milawa’s formulas. We present these semantics
in a top-down order. Our topmost definition is validity: a Milawa formula p is
valid, written |=⇡ p, if and only if (1) p is syntactically correct w.r.t. the logical
context ⇡ and (2) p evaluates to true in ⇡ for all variable instantiations i.

(|=⇡ p) = formula ok⇡ p ^ 8i. eval formula i ⇡ p

We define the evaluation of a formula with respect to a particular variable
instantiation i. Our formula evaluator, eval formula i ⇡, is built on top of a term
evaluator, eval term i ⇡, as follows. The syntax overloading can be confusing in
the following definition. On the left-hand side ¬, _ and = are the constructors
for the formula type, while on the right-hand side ¬ and _ are the usual Boolean
connectives and = is HOL’s equality predicate.

eval formula i ⇡ (¬p) = ¬(eval formula i ⇡ p)
eval formula i ⇡ (p _ q) = eval formula i ⇡ p _ eval formula i ⇡ q
eval formula i ⇡ (x = y) = (eval term i ⇡ x = eval term i ⇡ y)
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We define term evaluation with respect to a variable instantiation i. Here
[[v0, . . . , vn] 7! [x0, . . . , xn]] is a function which maps vi to xi, for 0  i 
n, and all other variable names to NIL. Below map is a function such that
map f [t0, t1, . . . , tn] = [f t0, f t1, . . . , f tn].

eval term i ⇡ (Const c) = c
eval term i ⇡ (Var v) = i(v)
eval term i ⇡ (App f xs) = eval app (f,map (eval term i ⇡) xs,⇡)
eval term i ⇡ (LambdaApp vs x xs) = let ys = map (eval term i ⇡) xs in

eval term [vs 7! ys] ⇡ x

Application of a function to a list of concrete arguments, a list of type
sexp list, is evaluated according the following eval app function. This function
evaluates primitive functions according to eval primitive and user-defined func-
tions according to the interpretation function interp stored in the logical context.
The interpretation functions will be explained further below.

eval app (PrimitiveFun p, args,⇡) = eval primitive p args
eval app (Fun name, args,⇡) = let ( , , interp) = ⇡(name) in

interp(args)

We omit the definition of eval primitive, which is lengthy and straightforward,
but note that it is a total function. A few example evaluations:

eval primitive Add [Val 2,Val 3] = Val 5
eval primitive Add [Val 2, Sym "a"] = Val 2
eval primitive Cons [Val 2, Sym "a"] = Dot (Val 2) (Sym "a")

The definitions above constitute the semantics of Milawa. Clearly, this se-
mantics is intimately dependent on the interpretation functions stored inside
the context ⇡. In order to make sure that these interpretation functions are ‘the
right ones’, i.e., correspond to the syntactic definitions of the user-defined func-
tions, we require that the context is well-formed, i.e., satisfies a predicate we will
call context ok.

For a context to be well-formed, any user-defined functions with an entry of
the following form in the logical context ⇡,

⇡(name) = (formals ,Body body , interp)

must have the interp function return the same value as an evaluation of body with
appropriate instantiations of the formal parameters, i.e., the following defining
equation must be true:

8i. interp(map i formals) = eval term i ⇡ body

Note that this is a non-trivial equation since eval term, which appears on the
right-hand side of the equation, can refer to interp via eval app. Indeed, proving
soundness of the definition principle requires proving that the termination obli-
gations generated by Milawa imply that our interpetation is total (Section 4.6).
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syntax makes sense truth value



Semantics (cont.)

We define term evaluation with respect to a variable instantiation i. Here
[[v0, . . . , vn] 7! [x0, . . . , xn]] is a function which maps vi to xi, for 0  i 
n, and all other variable names to NIL. Below map is a function such that
map f [t0, t1, . . . , tn] = [f t0, f t1, . . . , f tn].

eval term i ⇡ (Const c) = c
eval term i ⇡ (Var v) = i(v)
eval term i ⇡ (App f xs) = eval app (f,map (eval term i ⇡) xs,⇡)
eval term i ⇡ (LambdaApp vs x xs) = let ys = map (eval term i ⇡) xs in

eval term [vs 7! ys] ⇡ x

Application of a function to a list of concrete arguments, a list of type
sexp list, is evaluated according the following eval app function. This function
evaluates primitive functions according to eval primitive and user-defined func-
tions according to the interpretation function interp stored in the logical context.
The interpretation functions will be explained further below.

eval app (PrimitiveFun p, args,⇡) = eval primitive p args
eval app (Fun name, args,⇡) = let ( , , interp) = ⇡(name) in

interp(args)

We omit the definition of eval primitive, which is lengthy and straightforward,
but note that it is a total function. A few example evaluations:

eval primitive Add [Val 2,Val 3] = Val 5
eval primitive Add [Val 2, Sym "a"] = Val 2
eval primitive Cons [Val 2, Sym "a"] = Dot (Val 2) (Sym "a")

The definitions above constitute the semantics of Milawa. Clearly, this se-
mantics is intimately dependent on the interpretation functions stored inside
the context ⇡. In order to make sure that these interpretation functions are ‘the
right ones’, i.e., correspond to the syntactic definitions of the user-defined func-
tions, we require that the context is well-formed, i.e., satisfies a predicate we will
call context ok.

For a context to be well-formed, any user-defined functions with an entry of
the following form in the logical context ⇡,

⇡(name) = (formals ,Body body , interp)

must have the interp function return the same value as an evaluation of body with
appropriate instantiations of the formal parameters, i.e., the following defining
equation must be true:

8i. interp(map i formals) = eval term i ⇡ body

Note that this is a non-trivial equation since eval term, which appears on the
right-hand side of the equation, can refer to interp via eval app. Indeed, proving
soundness of the definition principle requires proving that the termination obli-
gations generated by Milawa imply that our interpetation is total (Section 4.6).

6

We define term evaluation with respect to a variable instantiation i. Here
[[v0, . . . , vn] 7! [x0, . . . , xn]] is a function which maps vi to xi, for 0  i 
n, and all other variable names to NIL. Below map is a function such that
map f [t0, t1, . . . , tn] = [f t0, f t1, . . . , f tn].

eval term i ⇡ (Const c) = c
eval term i ⇡ (Var v) = i(v)
eval term i ⇡ (App f xs) = eval app (f,map (eval term i ⇡) xs,⇡)
eval term i ⇡ (LambdaApp vs x xs) = let ys = map (eval term i ⇡) xs in

eval term [vs 7! ys] ⇡ x

Application of a function to a list of concrete arguments, a list of type
sexp list, is evaluated according the following eval app function. This function
evaluates primitive functions according to eval primitive and user-defined func-
tions according to the interpretation function interp stored in the logical context.
The interpretation functions will be explained further below.

eval app (PrimitiveFun p, args,⇡) = eval primitive p args
eval app (Fun name, args,⇡) = let ( , , interp) = ⇡(name) in

interp(args)

We omit the definition of eval primitive, which is lengthy and straightforward,
but note that it is a total function. A few example evaluations:

eval primitive Add [Val 2,Val 3] = Val 5
eval primitive Add [Val 2, Sym "a"] = Val 2
eval primitive Cons [Val 2, Sym "a"] = Dot (Val 2) (Sym "a")

The definitions above constitute the semantics of Milawa. Clearly, this se-
mantics is intimately dependent on the interpretation functions stored inside
the context ⇡. In order to make sure that these interpretation functions are ‘the
right ones’, i.e., correspond to the syntactic definitions of the user-defined func-
tions, we require that the context is well-formed, i.e., satisfies a predicate we will
call context ok.

For a context to be well-formed, any user-defined functions with an entry of
the following form in the logical context ⇡,

⇡(name) = (formals ,Body body , interp)

must have the interp function return the same value as an evaluation of body with
appropriate instantiations of the formal parameters, i.e., the following defining
equation must be true:

8i. interp(map i formals) = eval term i ⇡ body

Note that this is a non-trivial equation since eval term, which appears on the
right-hand side of the equation, can refer to interp via eval app. Indeed, proving
soundness of the definition principle requires proving that the termination obli-
gations generated by Milawa imply that our interpetation is total (Section 4.6).

6

semantic interpretation



Well-formedness of context

Semantics only makes sense for well-formed contexts.
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For every entry,

it must be that:

‣ the formals are all distinct
‣ the body is well-formed w.r.t. the context
‣ the interpretation satisfies the defining equation:
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Similarly for the other function types.



Verification of Milawa to 
continue in the next lecture …



Summary

This lecture:

✓ Introduced Lisp including special functions 
such as define and funcall

✓ Milawa’s small kernel for a first-order Lisp logic

✓ Milawa’s switch command which swaps the 
proof checker for a user-provided one

✓ First steps in verification of Milawa’s kernel

Questions?


